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CHAPTER  IV   -   MORE IMPORTANT APPLICATIONS OF 
(BGEA) 

 
Section  0.   Introduction. 

 
 In this chapter we will use units derived from (BGEA) to solve diophantine 
equations unsolved before, we will approximate irrationals by the periodic (BGEA) 
algorithm and obtain n-dimensional Fibonacci numbers. 

Section I. (BGEA) Algorithmic approximation of some second, third and fifth 
degree irrationals 

 
 This section deals with approximation of irrationals of degree n=2,3,5. Most 
simple rational fractions are approximation irrationals, especially of the type 

1D 2 + , 3 3 1D + and 5 5 1D + , with d=1, leading to the most simple ones of 
.2 ,2 ,2 53  Through approximations of these irrationals in a variety of patterns are 

known, the results under discussion here are new and practical. 
The main algebraic machine-tool which is the starting point and the main ingredient 
of this result is again (BGEA) algorithm. 

DEFINITION 1. We form the numbers 
(1.1)    v

iδ=(v)
iA , the Kronecker delta i,v=0,1,…n-1    

Let a (BGEA) of a (0) hold. The recursion formula 

(1.2)   ∑
=

++ ===
1-n

0j

(v)
0

j)(v
i

v
j

v)(n
i 0,1... v;1b,AbA     

generates the “matricians” of the (BGEA) of a(0). L.Bernstein [I] has proved the 
following formulas for the real algebraic fields, and the author [1] proved that they are 
also true for the complex fields. 
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(1.4)   
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0,1,...v
0,1,...;i

 ,1a ;

Aa

Aa

a (v)
01-n

0j

j)(v
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(v)
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1-n

1j

j)(v
i

(v)
j

(0)
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 Perron [VIII] proved the following theorem which is a generalization of the 
original theorem on convergence of simple continued fractions. In our terminology 
this would yield.  

THEOREM 1. Let a (BGEA) of some 1-n
(0) Ea ∈ hold. If the components of all 

companion vectors are positive and the (BGEA) of this (0)a  is periodic then  

(1.5)    0,1,...i ,
A

A
lima

(v)
0

(v)
i

v

(0)
i ==

∞→
    

where ,A (v)
i (i=0,1,…n-1; v=0,1,…) are the matricians of the (BGEA) of .a (0)  

 The fractions 
(v)
0

(v)
i

A

A
 are called the “convergents” of the (BGEA) of (o)a . 

 The reader should note that if the (BGEA) of some (0)a  is periodic then exists 
an (v)a  in this (BGEA) such that the (BGEA) of (v)a  is  purely periodic. With this in 
mind the author [1] has proved. 
 THEOREM 2.   Let 
(1.6)    w an n-th degree integer (n ≥ 2),     

and (0)a  a fixed vector such that 

(1.7)   






=

=

1).-1,...n(i integers algebraic (w)a

))w(a ),...,w(a (w),a(a
(0)
i

(0)
1-n

(0)
2

(0)
1

(0)

   

 Let the (BGEA) of (0)a  be purely periodic with length of the primitive period 
l. Let the components of the companion vectors be algebraic integers. Then  

(1.8)  






=
++++ −+++

1,2,....      v                    

Aa...AaAaA )1(v
0

(0)
1-n

2)(v
0

(0)
2

1)(v
0

(0)
1

)(v
0

nllll

  

and units, namely the v-th powers of  
.Aa...AaAaA )1n(

0
(0)

1-n
2)(

0
(0)
2

1)(
0

(0)
1

)(
0

−+++ ++++ llll  
 In this context we shall need the formula which was also used the author 
before in Chapter 2. 
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(1.9)   )1(
0

(k)
1-n

1)(
0

(k)
1

)(k
0

k

1i

(i)
1-n Aa...AaAa −++

=
+++=∏ nkk    

 If the (BGEA) of (0)a  in En-1 is purely periodic with length of the primitive 
period l, then it follows from (1.9) 

(1.10)   ∑∏
=

+

=
==

1-n

0j

j)(
0

(0)
1

1-

0i

(i)
1-n Aaa e l

l
 ,  e a unit    

since in this case .aa (0)
1-n

)(
1-n =l  

 We also have the formula, in virtue of (1.10)  

(1.11)   

                         

1,2,...f                   

Aa...AaAe 1)-n(f
0

(0)
1-n

1)(f
0

(0)
1

)(f
0

f







=
+++= ++ lll

   

 
 1*.Approximation of irrationals - case n=2 
 Through this case is well known from the expansion of real quadratic 
irrationals as simple continued fractions, we shall include it in our discussion. 
 Let 

(1*.1)   irrational quadric a  wN,D ,1Dw 2 ∈+=    
That w is irrational (for D>0) is banal. 
 We chose the fixed vector 
(1*.2)     a(0)= w + D,       
since here n-1=1. Thus ,aa (0)

1-n
(0)
1 =  and we shall generally denote  

(1*.3)   .a of (BGEA) allfor  )w(aa 0,1,...; v,aa (0)
vvv

(v) ===   
In conformity with (1*3) we shall also denote 

0,1...  v,bb v
(v) ==  

 For the calculation of the companion vectors we use the rule 
(1*.4)    0,1,...  v),D(abb vv

(v) ===    
and have 
(1*.5)    2D)Dw(b Dw0 =+= =     
hence, by (1*.1) 
(1*.6)   Dw)D-w(1D]2)Dw[(a 1-1

1 +==⋅−+= −   

since .1D wfrom )Dw(D)-(w 22-1 =−+=  Thus  
(1*.7)    0,1,...  v,a...aa v10 ===     
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and the (BGEA) of Dwa 0 +=  is purely periodic with length of the primitive period 
l=1. Further, in this case,  
(1*.8)   vv b2DD[w]D][w][a ==+=+=    
the (BGEA) of w+D coincides with the Euclidian algorithm, and we have, in the 
notation of continued fractions 

]D[2Dwa 0 =+=  
 For the calculation of the matricians of a(0) we have from (1.1) and (1.2) 

(1*.9)  

0,1,...n

,DA2AA ,1A ,0A

,DA2AAA ,0A ,1A
1)(n
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 Formula (1.4) yields  

(1*.10)   ,
A)Dw(A

A)Dw(A
Dw

1)(v
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(v)
0

1)(v
1

(v)
1

+

+
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(1*.11)  ,A)Dw(AA)Dw(D)A(w 1)(v
1

(v)
1

1)(v
0

2(v)
0

++ ++=+++   
and comparing in (1*.10) coefficients of w (namely the highest irrational power of w), 
we obtain 
(1*.12)   2)(v

1
1)(v

0
(v)
0

1)(v
1 ADA2AA +++ =+=     

  
 2*. Explicit representation of the matricians 
 We shall give an explicit representation of 3,...) 2,(v A (v)

0 = . 
 By formula (1*12) which, because of (1*11) will also provide an explicit 
representation of 2,3,...)(v A (v)

1 = , we obtain from (1*.8), by means of Euler’s 
function 
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∞
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Hence 
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(x sufficiently small) 
Choosing i=n, we obtain by comparison of coefficients of xn 

212 y2yy

21

212)(n
0 x)D2(

y ,y

yy
A ++ ∑ 




 +
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1
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



=+  

(2*.1)    



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A 2i-n

2
n
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We obtain from (2*.1), for n⇒2n-2 

(2*.2)   1,2,...n   ,)2D(
i      

i-2-2n
A 2i-2-2n

1-n

0i

(2n)
0 =





= ∑

=
   

and for n⇒2n-1 
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







=







= ∑
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(2D) 
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A 2i-1-2n

1-n

0i

1)(2n
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We shall verify formulas (2*.2), (2*.3), comparing the results with these from (1*.8). 
 We obtain from the latter 
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.D16D121DA2AA

;8DD4DA2AA

;D41DA2AA

2D,DA2AA ,1A

42(5)
0

(4)
0

(6)
0

3(4)
0
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(2)
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(1)
0
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(2)
0

++=+=

+=+=

+=+=
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From (2*.2) we obtain for n=1,2,3 
(2*.4)   .D16D121A ;D41A ,1A 42(6)

0
2(4)

0
(2)
0 ++=+==    

From (2*.3) we obtain for n=1,2,3 

(2*.5)   2D)2D( 
i       

i-1-2n
A )2i-1-2n(

1-n

0i

(3)
0 =





= ∑

=
   

.D3232DD6A

,)2D((2D) 
1
4

2D 
2
3
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i  
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A
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(2D)D2 
1
2

(2D) 
i      

i-1-2n
A
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0

532i-5
2

0i
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0
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0
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1
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0
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+





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
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
=
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=





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∑
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 From (2*.3) we obtain 

(2*.6)  
.D3232D6D

)16D12D(1 D28D4DDA2AA
53

423(6)
0

(5)
0

(7)
0

++=

++++=+=
  

 
 3*. The convergents of 2  
   We obtain from formula (1.5), since in our case n=2, 

,
A

A
limaa

(v)
0

(v)
1

v

(0)
1

(0)

∞→
==  

(3*.1)    1,2...m ,
A

A
Dw

1)(m
0

1)(m
1 =≈+

+

+

    

 With (1*.11), we obtain from (3*.1) 

(3*.2)   
1)(m

0

(m)
0

1)(m
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1)(m
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(m)
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A
2D
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DA2A
Dw
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+=
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(3*.3)    .
A

A
Dw

1)(m
0

(m)
0

+
+≈      

 We investigate the special case D=1 and obtain from (3*.3) 

414.1
70
29

12 6,m

413.1
29
12

12 5,m

416.1
12
5

12 4,m

4.1
5
2

12 3,m

5.1
2
1

12 2,m

=+≈=

=+≈=

=+≈=

=+≈=

=+≈=

 

Thus for m=5,6 we already obtain quite a tolerable approximation for 2 . 
 As known, 5 occupies an exceptional place in number theory. We set D=2, 
and obtain, with formula (3*.3) 

(3*.4)    .
A

A
25w

1)(m
0

(m)
0

+
+≈=     

We obtain from previous calculations of the matricians with D=2: 
1294A ,305A ,72A ,17A ,4A (7)

0
(6)
0

(5)
0

(4)
0

(3)
0 =====  

we obtain the approximation values 

.235.2,235.2 ,235.25
1294
305

2 ,
305
72

2 ,
72
17

2 ,
17
4

25

≈≈≈

+≈+≈+≈+≈
 

 Thus 2.236 is a good approximation of 5 . That ( ) 1A ,A 1)(m
0

(m)
0 =+  follows 

from (1.3) 
 
 4*. The case n=3 
 We denote again 

(4*.1)    3 3 1Dw +=      
and choose the fixed vector 
(4*.2)   ).DDw w2D,w(a 22(0) +++=    
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With ))w(a ),w(a(a (0)
2

(0)
1

(0) = , we again apply the rule for calculating the 
components of the companion vectors 

0,1,... v1,2;i ),D(ab (v)
i

(v)
i ===  

We proceed with the (BGEA) of a(0). 

(4*.3)   
)3D 3D,(b

)DD.DD 2D,D(b
2(0)

22(0)

=

+++=
   

),1 D),2D)(w-(w(D)-(w        

)1 ,2D-Dww(D)-(w        

)1 ,3DDDww()3D-2Dw(a

1-

221-

2221(1)

+=

=+=

−+++= −

 

(4*.3)   .a)DDw w2D,w(a (0)22(1) =+++=    

By (4*.4) the (BGEA) of 3 322(0) 1D w),DwD w2),((wa +=+++=  is 
purely periodic and the length of its primitive period l=1. We shall proceed to 
calculate the matricians of the (BGEA) of this a(0). 
 We have with 1,2,... v),3D 3D,(bb 2(v)(0) ===  

(4*.5)  






=
++==== +++

0,1,...n                                    

AD3DA3AA ,0AA ,1A 2)(n
0

21)(n
0

(n)
0

3)(n
0

(2)
0

(1)
0

(0)
0   

∑∑
∞

=
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∞

=
+++=

0n

3n3)(n
0

2(2)
0

(1)
0

0n

(0)
0

n(n)
0 xAxAxAAxA  

∑

∑

∑∑

∑ ∑∑

∑

∑

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

++
∞

=

++

∞

=

++

∞

=

+
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=




 +−−+

+




 +−++=

=+++=

=+++=

=+=

0n

22n(n)
0

223

0n

n(n)
0

(1)
0

(0)
0

2

0n

n(n)
0

(0)
0

0n

2n(n)
0

3

0n 0n

2n2)(n
0

2

0n

1n1)(n
0

2n(n)
0

3

0n

n2)(n
0

21)(n
0

(n)
0

3

0n

n3)(n
0

3

x,D3Dx3xA)xD3Dx3x(1

xAxAAx3D

xAA3DxxAx1

xAx3DxA3DxxAx1

)xA3D3DA(Ax1

xAx1
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,
x)3D3Dx(x-1

x
1xA

,
)x3Dxx(3D-1

)3Dxx(3D-1
xA

,3Dx-x3D1xA )]x3Dxx(3D-[1

223

3

0n

n(n)
0

322

22

0n

n(n)
0

22n(n)
0

0n

322

++
+=

++
+=

−=++

∑

∑

∑

∞

=

∞

=

∞

=

 

and as before 

(4*.6)   ∑∑
∞

=

∞

=

+ ++=
ok

k223

0n

n3)(n
0 )xD33Dxx(xA    

for sufficiently small x. 
 Comparing coefficients of xn on both sides (4*.6) we obtain 

∑
=++

+





 ++
=

nyy23y

y2y

321

3213)(n
0

321

32 )3D((3D) 
y    ,y   ,y

yyy
A  

(4*.7)  













≡





=






 ++
= ∑

=++

+++

.1
0
0

 0,1,...;n                               

3D3 
y    ,y   ,y

yyy
A

nyy23y

y2yyy

321

3213)(n

321

3232

  

From (4*.7) the matricians are easily calculated, finding y1, y2, y3, from the simple 
linear equations 3y1 + 2y2 + y3 = n. One proceeds in a lexiconographic order. We have 

;1A  ;0yyy 0;n (3)
0321 =====  

;D3A  0; yy ,1y 1;n 2(4)
0213 =====  

; 2y0,yy 1; y,y0y 2;n 321231 =======  

;9DD3A 4(5)
0 +=  

1;y1,y ,0y ;0y 0, y 1,y 3;n 321321 =======  
; 3y0,yy 321 ===  

,D3D321A 6332(6)
0 +⋅+=  

.D27D181A 63(6)
0 ++=  

0;y2,y ,0y ;1y 0, y 1,y 4;n 321321 =======  
; 4y0,yy; 2y 1,y ,0y 321321 ======  
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.D81D81D15A

D3)D3D(3
2
3

D31D32A

852(7)
0

8422222(7)
0

++=

+⋅





+⋅+⋅=

 

 One could verify these results by means of formula (4*.5). From this we 
obtain 

++=++= 4(7)
0

(6)
0

(5)
0

(8)
0 9DD3DA3DA3AA  

=++++++ )D81D81D15(3D)3D27D18D(1 852263  

.D243D324108D6D         1074 +++=  
=++= (8)

0
2(7)

0
(6)
0

(9)
0 AD3DA3AA  

++++++= )D81D81D15( 3D27D18D1  85263  

).D243D324D108D6(3D 10742 ++++  

.D729D1215594D81D1  A 12963(9)
0 ++++=  

It would be an interesting problem whether calculating preference should be given to 
formula (4*.5) or (4*.7) 
 We shall shortly discuss the number of solutions of  3y1+2y2+y3=3n 

0yy  n;y 321 ===    1 solution 
3;y 0,y  1;y 1,y 1;ny 32321 ====−=   2 solutions 

6;y 0,y  4;y 1,y                 

2;y 2,y  0;y 3,y 2;ny

3232

32321

====
====−=

   4 solutions 

9;y 0,y                 

7;y 1,y  5;y 2,y                 

3;y 3,y  1;y 4,y 3;ny

32

3232

32321

==
====
====−=

      5 solutions 

 Thus the number of solutions of 3y1 + 2y2 + y3 = 3n equals 
...)1311()108()75()42(1S3n +++++++++=  (n numbers) 












≈



























 −



++












 −



+≈

++++++++=

2
n3

2
n

31
2
n

2.231
2
n

2      

...)11852(...)741(S
2

3n

 

Thus, approximately 

(4*.8)     











≈

2
3n

S
2

3n      
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For n=2, 6
2
23

7S
2

6 =⋅≈=  

From the other side, (3n)
0A  contains exactly 2(n-1)+1=2n-1 summands, as the 

reader can easily verify.  
In order to calculate (3n)

0A  by formula (4*.5), one has to calculate the 

preceding 3n matricians 1)-(3n
0

(1)
0

(0)
0 A ,...,A ,A , so the number of these manipulations 

equals 3n(2n-1). The author therefore conjectures, that it is preferable to calculate the 
matricians, from a time and operation saving profit view, by formula (4*.7). 

We shall now calculate the matricians (v)
2

(v)
1 A and A , expressing them as 

linear functions of .A (t)
0 We have, with )D Dw w2D,(w aa 22(0)(1) +++== , and in 

virtue of formula (1.4) 

2)(n
0

221)(n
0

(n)
0

2)(n
1

221)(n
1

(n)
1

A)DDww(A)D2w(A

A)DDww(A)D2w(A
2Dw

++

++

+++++

+++++
=+  

(4*.9)  






+++++

=++++++
++

++

.A)DDww(A)Dw( A             

A)DDww(A)Dw(A)D2w(
2)(n

1
221)(n

1
(n)
1

2)(n
0

221)(n
0

(n)
0   

Comparing the coefficients of the powers of the irrational w2 on both sides of 
(4*.9), we obtain 
(4*.10)    2)(n

0
)1(n

0
2)(n

1 DA3AA +++ +=     
In the same way we obtain from 

2)(n
2

22)1(n
2

(n)
2

2)(n
0

221)(n
0

(n)
0

22

A)DDww(A)2Dw(A                   

A)DDww(A)D2w(A)DDww(
++

++

+++++=

=+++++++
 

(4*.11)   2)(n
0

21)(n
0

(n)
0

2)(n
2 AD3DA3AA +++ ++=    

 
 

5*.  The convergents of 3 3 1D +  

We obtain in case n=3 with ,1Dw 3 3 +=  

,DDwwa 2D,wa 22(0)
2

(0)
1 ++=+=  

and by formulas (1.5), (4*.10), (4*.11) 

.
A

A
lim3D 

A

DA3A
lim

A

A
lim2Dw

1)(n
0

(n)
0

n1)(n
0

1)(n
0

(n)
0

n1)(n
0

1)(n
1

n +∞→+

+

∞→+

+

∞→
+=

+
==+  
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(5*.1)     .
A

A
limDw

1)(n
0

(n)
0

n +∞→
+=      

Substituting in (5*.1) the values for the matricians (v)
0A  from (4*.7), we obtain 

with n ⇒ n+3. 

(5*.2)  

∑
+=++

++++

∑
=++

++++

∞→
+=















1n3y 22y13y
3y22y

D3y2y
3 

3y ,2y ,1y 

3y2y1y

n3y 22y13y
3y22y

D3y2y
3 

3y ,2y ,1y 

3y2y1y

n
limDw   

(5*.2) is a very interesting and simple formula for calculating the convergents of  
3 3 .1D +   
We further obtain by the same method 

 

=
+

+

∞→
++=

+

+

∞→
+

+∞→
+=

=
+

++++

∞→
=

+

+

∞→
=++











)
2n

0A

1n
0A

n
limD(D2w

2)(n
0A

1)(n
0A

n
lim3D

2)(n
0A

(n)
0A

n
lim23D

2)(n
0A

2)(n
0A23D1)(n

03DA(n)
0A

n
lim

2)(n
0A

2)(n
2A

n
lim2DDw2w

 

   )
2n

0A

1n
0A

n
limD(D2w











+

+

∞→
++= ,

A

A
limD3

A

A
limD2

)2n(
0

)1n(
0

n)2n(
0

)n(
0

n

2
+

+

∞→+∞→
++=  
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(5*.3)  
































 ++






 ++

+






 ++






 ++

+=

++=

∑

∑

∑

∑

−=++

++

−=++

++

−=++

++

−=++

++

∞→

+

+

∞→+∞→

1nyy2y3

y2yyy

321

321

2nyy2y3

y2yyy

321

321

1nyy2y3

y2yyy

321

321

3nyy2y3

y2yyy

321

321

n

22

)2n(
0

)1n(
0

n)2n(
0

)n(
0

n

22

321

3232

321

3232

321

3232

321

3232

D3
y,y,y

yyy

D3
y,y,y

yyy

D2

D3
y,y,y

yyy

D3
y,y,y

yyy

limDw

A

A
limD2

A

A
limDw

  

This limiting expression for w2 takes on a special simple form for D=1. 
 For D=1 the matricians, which were calculated previously, became 

2620.(9)
0A681,(8)

0A177,(7)
0A46,(6)

0A12,(5)
0A3,(4)

0A1,(3)
0A =======  

With those values we obtain from the formula (4*.11) 

.26.1,26.1,26.1,26.1,25.1,3.12

,
2620
681

1,
681
177

1,
177
46

1,
46
12

1,
12
3

1,
3
1

12

,
A

A
lim12

3

3

)1n(
0

)n(
0

n

3

≈

++++++≈

+=
+∞→

 

 Thus 26.123 =  is quite an exact approximation. We have 
000376.226.12 3 =≈  

We further obtain from the first line of (5*.3) with D=1 

.
2620
1362

2620
177

1,
681
354

681
46

1

,
177
92

177
12

1,
46
24

16
3

1,
2
1

12
1

14

,
A

A2

A

A
14

3

)2n(
0

)1n(
0

)2n(
0

)n(
03

++++

++++++≈

++≈
+

+

+
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.58.1,59.1,59.1,59.1,58.143 = Thus 59.143 =  is a satisfying approximation. 

 For .3381w,2D 332 ===  

 Thus also 3  can be easily and perfectly approximated by formula (4*.11). 
 
 6*.  The case n=5 
 We denote again 

(6*.1)     5 5 1Dw +=      
and choose the fixed vector 
(6*.2) )4Dw3D2w2D3Dw4w,34DD22w3w,26D3wD2w4D,(w(0)a +++++++++=

With ))w(a),w(a),w(a),w(a(a )0(
4

)0(
3

)0(
2

)0(
1

)0( = , we again apply the rule for 
calculating the components of the companion vectors 

,...1,0v;4,3,2,1i),D(ab )v(
i

)v(
i ===  

 We proceed with the (BGEA) of a )0(a  and have  
)DDDDD,D4D3D2D,D6D3D,D4D(b 444443333222)0( ++++++++++=

(6*.3)   






































=

=

.D
4
5

,D
3
5

,D
2
5

,D
1
5

b

)D5,D10,D10,D5(b

432)0(

432)0(

   

)),DwDDwDww)(Dw(,D4wD3Dw2w)(Dw(

),D6wD3w)(Dw(),D4w)(Dw(()Dw(a

),1,D5DwDwDDww,D10D4wD3Dw2w

,D10D6wD3w()D5D4w(a

4322343223

221)1(

443223433223

2221)1(

++++−+++−

++−+−⋅−=

−++++−+++

−++⋅−+=

−

−

.aa )0()1( =     (6*.4) 
 Since .1Dw)DwDDwDww)(Dw( 55432233 =−=++++−  Thus the 
(BGEA) of a(0) is purely periodic with lengths of primitive period l=1. We shall 
calculate the matricians of a(0). 
 With (4*.6) we have 

(6*.5) 










=
++++=

=====
+++++

,....1,0n

,AD5AD10AD10DA5AA

0AAAA,1A
)4n(

0
4)3n(

0
3)2n(

0
2)1n(

0
)n(

0
)5n(

0

)4(
0

)3(
0

)2(
0

)1(
0

)0(
0

 

 Proceeding as in case n=2,3 using Euler’s functions, we obtain  
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);xA1(xD5)xA1(xD10)xA1(xD10

x)xA1(D5xAx

x)AD5AD10AD10DA5A(1

xA1xA

0n

n)n(4

0n

n)n(
0

23

0n

n)n(
0

33

4

0n

n)n(
0

0n

n)n(
0

5

0n

5n)4n(
0

4)3n(
0

3)2n(
0

2)1n(
0

)n(
0

0n 0n

5n)5n(
0

n)n(
0

∑∑∑

∑∑

∑

∑ ∑

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

+++++

∞

=

∞

=

++

+−++−++−+

++−+=

⋅+++++=

=+=

 

 

),xD5xD10xD10Dx5(

xA)]xD5xD10xD10Dx5x(1[

423324
0n

)n()n(4233245

+++−=

=++++− ∑
∞

=  

∑

∑
∞

=

∞

=

+

++++=

=
++++−

=

ok

4233245

4233245
0n

n)5n(
0

).xD5xD10xD10Dx5x(

)xD5xD10xD10Dx5x(1

1
xA

 

Hence 

∑

∑

=++++

+++++++

=++++

+






 ++++
=






 ++++
=

nyy2y3y4y5

y4y3y2yyyyyyy

54321

54321

nyy2y3y4y5

y4y3y2y

5,4321

54321)5n(
0

54321

5432435432

54321

5432

5

D25
y,y,y,y,y

yyyyy

)D5()D10()D10()D5(
yy,y,y,y

yyyyy
A

(6*.6)  













=

∑

∑ 














= ++++

=−
=

+ =
+

=
+

∑ ∑

,...1,0n

D25

y,yyy,y

y
A ,543243

4

1k
1k

4

0i
1i

y4y3y2yyy
y

ny)i5( 54,3,21

5

1k
k)5n(

0  

 Formula (6*.6) is, indeed a bit frightening, but it calculates explicitly any 

)5n(
0A + (n=0,1,…) just by solving the linear equations ∑

=
+ =−

4

oi
1i .ny)i5(  

 We shall calculate a few matricians from formula (6*.6). When one of the yi-s 
will not be mentioned, its value is understood to equal zero. 
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,3y)iii;1yy)ii;1y)i;3n

;D25D10A;2y)ii;1y)i;2n

;D5A,1y;1n

5543

83)7(
054

4)6(
05

=====
+====

===

 

;D125D100D10A 1272)8(
0 ++=  

 ;2y,1y)iv,2y)iii;1yy)ii;1y)i;4n 544532 =======  

 161166)9(
05 D625D750D100D100D5A,4y)v ++++== , 

;D625D750D200D5A 16116)9(
0 +++=  

;2y,1y)iv,1yy)iii;1yy)ii;1y)i;5n 5343321 ========  
,5y)vii;3y,1y)vi;1y,2y)v 55454 =====  

.D3125D5000D2250D2501A

.D3125D5000D1500D750D200D501A
2015105)10(

0

2015101055)10(
0

++++=

++++++=
 

 We shall further calculate the matricians .4,3,2,1i,A )v(
i =  We have  

(6*.7) 


















+++++

+++++

+++++++=

=+++++

+++++

++++++

+

+

++

+

+

++

.A)DwDwDDww(

A)D4wD3Dw2w(

A)D6Dw3w(A)D4w(A)D4w(

A)DwDwDDww(

A)D4wD3Dw2w(

A)D6Dw3w(A)D4w(A

)4n(
0

432234

)3n(
0

3223

)2n(
0

22)1n(
0

)n(
0

)4n(
1

432234

)3n(
1

3223

)2n(
1

22)1n(
1

)n(
1

  

 Comparing powers of w4 on both sides of (6*.7) we obtained 
(6*.8)    .DA5AA )4n(

0
)3n(

0
)4n(

1
+++ +=    

Further 
=++++++ ++ )4n(

2
44)1n(

2
)n(

2 A)D...w(...A)D4w(A  
)2n(

0
22)n(

0
22 A)D6Dw3w(...A)[D6Dw3w( +++++++=  

].A)DwDwDDww(A)D4Dw3Dw2w( )2n(
0

432234)3n(
0

3223 ++ +++++++++  

(6*.9)   )4n(
0

2)3n(
0

)2n(
0

)4n(
2 AD10DA5AA ++++ ++=    

 We leave it to the reader to verify, by the same method the results 
(6*.10)  )4n(

0
3)3n(

0
2)2n(

0
)1n(

0
)4n(

3 AD10AD10DA5AA +++++ +++=   
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(6*.11)  .AD5AD10AD10DA5AA )4n(
0

4)3n(
0

3)2n(
0

2)1n(
0

)n(
0

)4n(
4

+++++ ++++=  
 

We thus have obtained 
)4n(

0
)3n(

0
)4n(

1 A
1
5

AA +++






+=  

)4n(
0

)3n(
0

)2n(
0

)4n(
2 A

2
5

A
1
5

AA ++++






+





+=  

)4n(
0

3)3n(
0

2)2n(
0

)1n(
0

)4n(
3 AD

3
5

AD
2
5

DA
1
5

AA +++++






+





+





+=  

)4n(
0

4)3n(
0

3)2n(
0

2)1n(
0

)n(
0

)4n(
4 AD

4
5

AD
3
5

AD
2
5

DA
1
5

AA +++++






+





+





+





+=  

(6*.12)  ,...1,0n,4,3,2,1i,D
ji

5
AA ji

i

0j

)j4n(
0

)4n(
i ==





−

= −

=

−++ ∑   

To conclude with this paper of the sequence, we shall still approximate the 
number .4,2 55  From (6*.1) we have, with D=1, .2w 5=  
From (6*.2) we obtain, with Theorem 1, and from (6*.8) 

(6*.13) 
6)(n

0A

5)(n
0A

n
lim1w,

6)(n
0A

6)(n
1A

n
lim4w,

6)(n
0A

6)(n
1A

n
lim4w

+

+

∞→
+=

+

+

∞→
=+

+

+

∞→
=+  

From (6*.14) and (6*.6) we finally obtain 
(6*.15) +≈125           

∑

∑

+=++++

+++++++

=++++

+++++++






 ++++






 ++++

1nyy2y3y4y5

)y4y3y2y()yy()yyyy(

5,4321

54321

nyy2y3y4y5

)y4y3y2y()yy()yyyy(

5,4321

54321

54321

5432435432

5

54321

5432435432

5

D25
yy,y,y,y

yyyyy

D25
yy,y,y,y

yyyyy

Substituting in (6*.14) the values for n=1,2,3,4 we obtain 

.149.1,149.1,149.1,143.12

,
10626
1580

1,
1580
235

1,
235
35

1,
35
5

12w

5

5

≈

++++≈=
 

 It seems that 1.149 is a good approximation of .25 Indeed, 2149.1 2 ≈ . 
 From (6*.2) and Theorem 1 we further obtain, in virtue of (6*.9) 
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,
A

A
lim

A

A
limD5D10

A

A
limD6wD3w

)4n(
0

)2n(
0

n)4n(
0

)3n(
0

n

2
)4n(

0

)4n(
2

n

22
+

+

∞→+

+

∞→+

+

∞→
++==++  

)4n(
0

)2n(
0

n)4n(
0

)3n(
0

n

22
)4n(

0

)3n(
0

n

2

A

A
lim

A

A
limD5D10D6

A

A
limDD3w

+

+

∞→+

+

∞→+

+

∞→
++=+












++ , 

Hence 

)4n(
0

)2n(
0

n)4n(
0

)3n(
0

n

22

A

A
lim

A

A
limD2Dw

+

+

∞→+

+

∞→
++=  

with D=1, and the approximate value of w, we obtain. 

)4n(
0

)2n(
02

A

A
149,021w

+

+

+⋅+≈   or  
)4n(

0

)2n(
02

A

A
298.1w

+

+

+≈  

From here w2 can be easily evaluated exact to two places.  
 
 

Section  2. Some new combinatorial identities derived from units in algebraic 
number fields 

 
 Two new combinatorial identities are derived from explicitly states units in 
algebraic number fields of degree n=3. Let Dwe −=  be a units in a cubic field where 

ND,1Dw 33 ∈+= and n=0,1,… Then 2nn
2

1nn tttz ++ −=  and n2n
2

1nn zzzt −− −=  
are two combinatorial identities where 1z2n zandt ++  are obtained from some 
recursion formula. Both have the same structure. 
 
 1*. Introduction. 
 One could be surprised why such a mathematical field as combinatorics should 
be coupled with the units in algebraic number fields. The connection between these 
two, seemingly different domains of mathematics, rests upon the fact that Bernstein 
invented a method from which combinatorial identities can be derived from explicitly 
stated units in algebraic number fields of any degree n•2. I t is not really necessary to 
make use of the theory of units to produce such results since Carlitz, who is the master 
of these results, obtained Bernstein’s combinatorial identities and many other more 
difficult ones using the classical method. This method is interesting since, sometimes 
Bernstein’s method is capable of producing some results with simpler computations. 
The difference between the combinatorial identities established by Bernstein and 
those generated in this section rests, of course, with the choice of units. 
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 We choose our units from the set of units given by 

.ns,Zd,ND,Dd,dDw,ns1,
Dw

)Dw(
e nn

ss

s
∈∈+=≤<

−
−=  

 The author derived these units from the periodicity of (BGEA) developed 
before. 
 THEOREM 1.   Let Dwe −=  be a unit in a cubic field where 1Dw 33 += , 
D∈N, and n=0,1,…Then  

n2n
2

1nn2nn
2

1nn zzztandtttz −−++ −=−=  
are two combinatorial identities where tn+2 and zn+1 are as follows: 

3232

321
321

32 xx2xx

nxx2x3
ixxx 321

xx
2n D3

x,x,x
i

)1(t ++

=++
=++

+
+ ∑ 





−=  

and  

3232

321
321

y2yyy

nyy2y3
iyyy 321

1n D3
y,y,y

i
z ++

=++
=++

+ ∑ 





=  

 2*. Positive powers of  e 
 In this section we shall calculate positive powers of e=w-D, taking in 
consideration that 1Dw 33 += : 

.w)1D9(Dw5D10D9)Dw(e

,wD6w)1D3()D4D3()Dw(e

,Dw3wD31)Dw(e

,w1Dw2D)Dw(e

,w0w1DDwe

,w0w011e

232555

223444

2233

2222

2

20

−−−+=−=

+−−−−=−=

−+=−=

⋅+−=−=

⋅+⋅+−=−=

⋅+⋅+==

 

 We now denote 
(2*.1)  ,...,1,0n,Zt,s,r,wtwsr)Dw(e nnn

2
nnn

nn =∈++=−=   
 From our previous calculations we have 



 
 
 
 
 
 
 
 
 
 
 
80                                      MORE  IMPORTANT  APPLICATIONS  OF  (BGEA) 

(2*.2)   

.1D9t,D5s,D10D9r

,D6t,1D3s,D4D3r

,D3t,D3s,1r

,1t,D2s,Dr

,0t'1s,Dr

,0t,0s,1r

3
55

25
5

2
4

3
4

4
4

3
2

33

22
2

2

111

000

+−=−=+=

=+−=−−=

−===

=−==

===
===

   

 We denote 
(2*.3)     m1Dw 33 =+=      
and multiply both sides of (2*.1) by e = w-D, we obtain 

(2*.4)   
.w)Dts(w)Dsr(Drmt

)Dww(t)Dww(s)Dw(re
2

nnnnnn

23
n

2
nn

1n

−+−+−=

−+−+−=+
  

From (2*.1) and (2*.4) we have 
(2*.5a)     ,Drmtr nn1n −=+      
(2*.5b)     ,Dsrs nn1n −=+      
(2*.5c)     .Dtst nn1n −=+      

From (2*.5c) we obtain  
(2*.6)      .Dtts n1nn += +      

From (2*.5b) and (2*.6) we obtain 
(2*.7)    .tDDt2tr n

2
1n2nn ++= ++     

From (2*.5a) and (2*.7) we obtain 
)tDDt2t(DmttDDt2t n

2
1n2nn1n

2
2n3n ++−=++ +++++  

n
3

1n
2

2nn
3 tDtD2Dtt)1D( −−−+= ++  

(2*.8)    .Dt3tD3tt 2n1n
2

n3n +++ −−=    
Substituting the values of sn, rn, from (2*.6), (2*.7) in (2*.1) 

(2*.9)   
2n1n

2
n3n

2
nn1nn

2
1n2n

n

Dt3tD3tt

,wtw)Dtt(tDDt2te

+++

+++

−−=

+++++=
  

(2*.9) expresses en by one parameter tn recursively given and w. For t0=t1, t2=1 
as in (2*.2) we calculate tn by using Euler’s generating function:  

∑
∞

=
+

++=∑
∞

=
+++=∑

∞

= 0n

3nu3nt2u
3n

nunt2u2tu1touot0n

nunt  
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∑
∞

=
++ −−+=

0n

n
2n1n

2
n

32 u)Dt3tD3t(uu  

∑∑∑
∞

=

+
+

∞

=

+
+

∞

=
−−+=

0n

2n
2n

0n

1n
1n

0n

22n
n

32 utDu3utuD3utuu  

,utututDu3ututuD3utuu 1
0

o
0n

n
n

0
0

0n

n
n

22

0n

n
n

32












−−





−












−





−+= ∑∑∑

∞

=

∞

=

∞

=

and since t0=t1=0, 

,utDu3utuD3utuuut
0n

n
n

0n

n
n

22

0n

n
n

32

0n

n
n ∑∑∑∑

∞

=

∞

=

∞

=

∞

=
−−+=  

,uut)Du3uD3u1( 2

0n

n
n

223 =++− ∑
∞

=
 

,
)Du3uD3u(1

u
ut

223

2

0n

n
n

−−−
=∑

∞

=
 

)Du3uD3u(1

u
ututut

223

2

2n

n
n1

0
o

−−−
=++ ∑

∞

=
 

,
)Du3uD3u(1

u
ut

223

2

0n

2n
2n

−−−
=∑

∞

=

+
+  

(2*.10)   .
)Du3uD3u(1

1
ut

223
0n

n
2n

−−−
=∑

∞

=
+    

We choose u sufficiently small such that 

(2*.11)    .1Du3uD3u 223 <−−     

It suffices to choose D9/1u <  

.1
3
1

D3
1

D3
1

D9
D3

D81

D3

D729

1

uD3uD3uDu3uD3u

3

2

3

223223

<++<++<

++≤−−
 

Since D>1 we expressed the right-hand side of (2*.10) as an infinite, 
absolutely convergent series and obtain: 

(2*.12)   .)Du3uD3u(ut
0j

j223

0n

n
2n ∑∑

∞

=

∞

=
+ −−=    
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We find tn+2 (n=1,2,…) from (2*.12) by comparison of coefficients. Now, we 
are looking for the coefficients of un in the expansion on the right-hand side. 
Here the exponent j varies from 0 to ∞. Since the polynomial which is being raised to 
the power j has the highest power u3, the exponent j, in order to obtain un cannot be 

smaller than 



 n
3
1

 and since this polynomial has the smallest power u, the exponent j 

cannot be larger than n. Thus in order to obtain all powers of un in the expansion of 
the right-hand side of (2*.12) we have to investigate the sum  

(2*.13)    .)Du3uD3u(
n

]3/n[i

i223∑
=

−−     

We expand the polynomial in (2*.13) by the multinomial formula and obtain 

(2*.14) 321

321

xx22x3

ixxx 32,1

i223 )Du3()uD3()u(
x,xx

i
)Du3uD3u( −−





=−− ∑

=++
 

or 
(2*.15)

.3x22x13x
u3x22x

D3x2x
33x2x

1)(
i3x2x1x 3x,2x1,x

ii3Du)2u23D3(u
+−+++−∑

=++ 









=−−

 
now we are looking for elements un and we have to set 
(2*.16)     nxx2x3 321 =++     
  
From the two conditions 
(2*.17)    ,nxx2x3,ixxx 321321 =++=++    
and the bounds of i, we finally have 

(2*.18)  ∑ ∑
=

=++
=++

+++
+ 





−=

n

]3/n[i
nxx2x3

ixxx

xx2xx

321

xx
2n

321

321

323232 D3
x,x,x

i
)1(t   

(2*.18) is the formula which states tn in an explicit form. 
 The bounds of i are already given by the two restriction (2*.17), so that 
formula (2*.18) can also be written as 

(2*.19)  ∑
=++

=++

+++
+ 





−=

nxx2x3
ixxx

xx2xx

321

xx
2n

321

321

323232 D3
x,x,x

i
)1(t   
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3*.  Negative powers of  e 
 

This section is devoted to the calculation of the negative powers of e. Since 
this problem is essentially the same as the finding of the positive powers in the 
previous section, we shall carry out many operations without giving again the 
necessary explanations. We shall set out with calculating a few initial values of e-1, 
with e=w-D, w3=D3+1, we have w3-D3=1, (w-D)(w2+Dw+D2)=1. 

(3*.1)   ,wDwD
Dw

1
)Dw(e 2211 ++=

−
=−= −−    

.wD3w)1D3(D2D3)wDwD(e 22342222 ++++=++=−  
Denoting 
(3*.2)  ,0nfor,Zz,y,x,...,1,0n,wzwyxe nnn

2
nnn

n >∈=++=−   
we have for the initial values 

(3*.3)   

.D3z,1D3y,D2D3x

,1z,Dy,Dx

,0z,0y,1x

2
2

3
2

4
2

11
2

1

0oo

=+=+=

===

===

   

From (3*.2) we obtain, multiplying both sides by ,wDwDe 221 ++=−  

.w)zDDyx(w]z)1D(yDDx[

z)1D(Dy)1D(xDe
2

n
2

nnn
3

n
2

n

n
3

n
3

n
2)1n(

+++++++

++++=+−
 

Hence by definition 
(3*.4a)   ,z)1D(Dy)1D(xDx n

3
n

3
n

2
1n ++++=+     

(3*.4b)   ,z)1D(yDDxy n
3

n
2

n1n +++=+     

(3*.4c)   .zDDyxz n
2

nn1n ++=+      
From (3*.4) we obtain, making the operations (3*.4a)-D(3*.4b), (3*.4b)-

D(3*.4c),  
(3*.5)   ,zDzy,yDyx n1n1nn1n1n =−=− ++++    
From (3*.5)   ,Dyyx,Dyyx n1nn1nn1n +=+= +++  

(3*.6)  .zDDz2zx,Dzzy n
2

1n2nn1nn1n ++=+= −−++   
From (3*.4c) we obtain the recursion formula 

n
2

1n2n1n zD3Dz3zz ++= −−+    or 

(3*.7)    ,zD3Dz3zz 2n
2

1nn3n +++ ++=     

(3*.8)  .wzw)Dzz(zDDz2ze 2
nn1nn

2
1n2n

n +++++= −−−
−   
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With the recursion formula (3*.7) we can calculate zn explicitly by Euler’s 
generating function, viz. 

(3*.9)    .uzuzuzzuz
3n

n
n

2
210

0n

n
n ∑∑

∞

=

∞

=
+++=    

Substituting in (3*.9) the first initial values of zn from the table (3*.3) we obtain 

∑∑
∞

=

+
+

∞

=
++=

0n

3n
3n

22

0n

n
n uzuD3uuz  

∑
∞

=
++ ++++=

0n

n
2n

2
1nn

322 u)zD3Dz3z(uuD3u  

∑ ∑∑
∞

=

∞

=

+
+

+
+

∞

=
++++=

0n 0n

2n
2n

21n
1n

2

0n

n
n

322 uzuD3uzDu3uzuuD3u  












−−





+

=











−





+++=

∑

∑ ∑
∞

=

∞

=

∞

=

uzuzuzuD3

uzuzDu3uzuuD3u

1
0

0
0n

n
n

2

0n

0
0

0n

n
n

2n
n

322

 

22

0n

n
n

2

0n

n
n

0n

2n
n

322 uD3uzuD3uzDu3uzuuD3u −++++= ∑∑∑
∞

=

∞

=

∞

=
 

.uzuD3uzDu3uzuu
0n

n
n

2

0n

n
n

0n

2n
n

3 ∑∑∑
∞

=

∞

=

∞

=
+++=  

Thus 

∑
∞

=
=++−

0n

n
n

223 ,uuz)]uD3Du3u(1[  

∑
∞

= ++−
=

0n
223

n
n ,

)uD3Du3u(1

u
uz  

∑
∞

=

+
+

++−
=+

0n
223

1n
1n

0
0 ,

)uD3Du3u(1

u
uzuz  

(3*.10)   ∑
∞

=
+

++−
=

0n
223

n
1n .

)uD3Du3u(1

1
uz    

Choosing u<1/9D2 we have 1uD3Du3u 223 <++  so that from (3*.10) we obtain 
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(3*.11)   ∑ ∑
∞

=

∞

=
+ ++=

0n 0i

i223n
1n )uD3Du3u(uz    

Using the multinomial formula we obtain 

,)uD3()Du3(u
yy,y

i
)uD3Du3u( 321

321

y2y2y3

iyyy 3,21

i223 ∑
=++







=++  

.uD3
yy,y

i
)uD3Du3u( 3213232

321

yy2y3y2yyy

iyyy 3,21

i223 ++++

=++
∑ 





=++  

To find the coefficient of un in the expansion on the right side of (3*.11) we obtain  

(3*.12)   .D3
y,y,y

i
z 3232

321

321

y2yyy

nyy2y3
iyyy 321

1n
++

=++
=++

+ ∑ 





=   

The values of i in (3*.12) are determined by two diophantine equations 
,nyy2y3,iyyy 321321 =++=++  

(3*.13)   .nin
3
1

;0y,y,y,0n 321 ≤≤



≥≥     

 
 4*. New combinatorial identities 
 We have 
(4*.1)  1)wzwyx)(wtwsr(ee 2

nnn
2

nnn
nn =++++=−   

Multiplying on the right-hand side of (4*.1) and substituting 
,mww,m1Dw 433 ==+= we obtain 

(4*.12)   
2

nnnnnn
2

nn

nnnn
2

nnnnnn

wxtwzmtymtwys

wxszmswzrwyrxr1

++++

++++=
   

 From (4*.2) we obtain, by comparison of coefficients of equal powers of w 
(and because w is a third degree algebraic irrational) 

(4*.3)    

.0zrysxt

,0zmtyrxs

,1zmsymtxr

nnnnnn

nnnnnn

nnnnnn

=++
=++

=++
   

 In (4*.3) we consider xn, yn, zn as indeterminates, and rn, sn, tn as coefficiential 
factors and 

(4*.4)     ∆ = 

nnn

nnn

nnn

rst

mtrs

msmtr
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The determinant (4*.4) is the norm of en. We have  

(4*.5)    

.wrwmtmswe

,wswrmtwe

,wtwsre

2
nnn

2n

2
nnn

n

2
nnn

n

++=

++=

++=

   

 From (4*.5) we obtain 

(4*.6)   ∆===

nnn

nnn

nnn

nnn

nnn

nnn
n

rst

mtrs

msmtr

rmtms

srmt

tsr

)e(N   

We shall now calculate N(en). 
(4*.7)     ,)]e(N[)e(N nn =     

(4*.8)  ).wD(N)wD(N)1()]wD([N)Dw(N)e(N 3 −−=−−=−−=−=  

(4*.9)   
3/i22

3333

e,1)wD)(wD)(wD(

1wD,w1D
π=ρ−=ρ−ρ−−

−=−=+
  

We thus obtain 1)1(1)wD(N)e(N =−−=−−= .      

(4*.10)    ∆=== 1)e(N)e(N n      
From (4*.3), by Cramer’s rule and Ä=1 we have 
(4*.11)     .trsz nn

2
nn −=      

Substituting in (4*.11) the values for sn and rn from (2*.9) we obtain 

nn
2

1n2n
2

n1nn t)tDDt2t()Dtt(z ++−+= +++    or

(4*.12)   ,...1,0n,tttz 2nn
2

1nn =−= ++     
 Substituting in (4*.12) the values of zn from (3*.12) and tn from (2*.12), we 
obtain the first wanted combinatorial identities. 

We return to the system equation (4*.3) and rearrange it, considering rn, sn, tn, 
as indeterminates where the determinant of the equations this time equals 

(4*.13)    .

xyz

mzxy

mymzx

nnn

nnn

nnn

1 =∆     

As before .11))e(N()e(N 11n
1 ====∆ −−−  In a similar way we obtain 

(4*.14)     .zxyt nn
2
nn −=     

Substituting in (4*.14) the values of xn, yn from (3*.8) we obtain 

(4*.15) )nz2D1n2Dz2n(znz2)nDz1n(znt +−+−−+−=   or  .zzzt n2n
2

1nn −− −=  
(4*.15) supplies a second combinatorial identity. Both have the same structure.
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Section  3.   Some diophantine equations and identities from (BGEA) 

 
 In this section we shall investigate Diophantine equations of the second and 
third degree of a special type. The general equations of the second and third degrees 
are far from being totally solved. It suffices to look up Mordell’s book on Diophantine 
equations, to learn how little we actually know about the general second and third 
degree Diophantine equations, in spite of the many numerous results on this subject 
that have been gained by mathematicians with no little effort. The famous Thue 
theorem stating that the equations  

cyaxya...yxaxa n
n

1n
1n

1n
1

n
0 =++++ −

−
−  

(ai, rational integers, i=0,1,…,n;n>2)  
has only a finite number of (rational) solutions is an amazing discovery. It leaves open 
the question how to find these solutions and what is their exact number, and one 
would conjecture that it will remain open for (all) times to come. 
 The questions considered in this part of the book are: 

i) The equation, known (wrongly) as Pell’s equation, namely  
,1myx 22 ±=−  

ii) The equation ,1mxyz3zmmyx 3233 =−++  
iii) and  

.1

xmvmumzmy

yxmvmumz

zyxmvmu

uzyxmv

vuzyx

=  

 Infinitely many solutions of each of these equations will be stated 
explicitly. Now, it is known that the solutions of EULER-PELL’s equation is well 
exploited. Still, we found it necessary to include it here because of the simple method 
we shall use in solving this equation here, which has such a wide range of application 
in various branches of exact sciences. Also, we will derive some new combinatorial 
identities. 

 Since we are going to use some formulas obtained before introduce them here 
too. 
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(3.1)   










=
+===

+===
++

++

,...1,0n

DA2AA,1A,0A

DA2AA,0A,1A
)1n(

1
)n(

1
)2n(

1
)1(

1
)0(

1

)1n(
0

)n(
0

)2n(
0

)1(
0

)0(
0

  

(3.2)    .ADA2AA )2v(
1

)1v(
0

)v(
0

)1v(
1

+++ =+=    

(3.3) ...2,1n,)D2(
i

i2n2
A i22n2

1n

0i

)n2(
0 =




 −−
= −−

−

=
∑   

        for n⇒2n-1. 

(3.4)  ,...2,1n,)D2(
i

i1n2
A i21n2

1n

0i

)1n2(
0 =




 −−
= −−

−

=

+ ∑    

(3.5)  ,...2,1f,Aa...aAe )1nf(
0

)0(
1n

)f(

0
)0(

1
)f(

0
f =+++= −+

−
+ lll 1

  

(3.6)   )1n(v

)1nv(
1n

)1v(
1n

)v(
1n

)1nv(
1

)1v(
1

)v(
1

)1nv(
0

)1v(
0

)v(
0

)1(

A....,A,A
................

A....,A,A

A....,A,A
−

−+
−

+
−−

−++

−++

−=    

(3.7)  






=
++==== +++

,...1,0n

AD3DA3AA,0AA,1A )2n(
0

2)1n(
0

)n(
0

)3n(
0

)2(
0

)1(
0

)0(
0  

(3.8)    )2n(
0

)1n(
0

)2n(
1 DA3AA +++ +=     

(3.9)   )2n(
0

2)1n(
0

)n(
0

)2n(
2 AD3DA3AA +++ ++=    

(3.10)       )1nk(
0

)k(
1n

)1k(
0

)k(
1

)k(
0

k

1i

)i(
1n Aa...AaAa −+

−
+

=
− +++=∏   

(3.11)  













≡





=






 ++
= ∑

=++

+++

1
0
0

,...;1,0n

D3
yyy

yyy
A

nyy2y3

y2yyy

3,2,1

321)3n(
0

321

3232

 

(3.12) 










=
++++=

=====
+++++

,...1,0n

AD5AD10AD10DA5AA

.0AAAA,1A
)4n(

0
4)3n(

0
3)2n(

0
2)1n(

0
)n(

0
)5n(

0

)4(
0

)3(
0

)2(
0

)1(
0

)0(
0
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 1*.   Euler-Pell’s equation. 

 We denote 

(1*.1)    






∈
+==+=

.squareperfectanot,ND

,1Dw,m1Dw 222
   

 We obtain from (3.6) with n=2, 

(1*.2)    










=

−= −
+

+

,...1,0n

)1(
AA

AA n)12(
)1n(

0
)n(

1

)1n(
0

)n(
0

   

and from (3.1), (3.2) 

=
+

=
++

+

++

+

)1n(
0

)n(
0

)1n(
0

)1n(
0

)n(
0

)2n(
0

)1n(
0

)1n(
0

)n(
0

DA2AA

AA

AA

AA
 

,A)1D()DAA(AADA2A
222 )1n(

0
22)1n(

0
)n(

0
)1n(

0
)1n(

0
)n(

0
)n(

0
++++ +−+=−+  

(1*.3)   .n)1()
2)1n(

0mA2))1n(
0DA)n(

0A( −=+−++    

 We have obtained EULER-PELL’S equations  

(1*.4)    






=+=

=−=−
++ )1n(

0n
)1n(

0
)n(

0n

n2
n

2
n

Ay,DAAx

,...1,0n,)1(myx
   

(1*.5)   






=−

=+= ++

.1myx

Ay,DAAx
2

n2
2

n2

)1n2(
0n2

)1n2(
0

)n2(
0n2   

(1*.6)   






−=−

=+=

++

+
+

++
+

.1myx

Ay,DAAx
2

1n2
2

1n2

)2n2(
01n2

)2n2(
0

)1n2(
01n2   

 Thus we obtained infinitely many solutions of 1myx 22 ±=− , and, as is 
known from the theory of continued fractions, these are all solutions of these two 
equations, the so-called plus and minus cases of  Euler-Pell’s equations.  
 With (3.3), (3.4), formulas (1*.5), (1*.6) take the forms  

,)D2(
i

i1n2

2
1

)D2(
i

i2n2
x i2n2i22n2

1n

0i
n2

−−−
−

=





 −−
+




 −−
= ∑  

,)D2(
i

i1n2
y

1n

0i

i21n2
n2 ∑

−

=

−−





 −−
=  
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,...1,0n,1myx 2
n2

2
n2 ==−  

,)D2(
i

in2
)D2(

i

i1n2
x i21n2

n

0i

i21n2
1n

0i
1n2

−+

=

−−
−

=
+ ∑∑ 




 −
+




 −−
=  

,...1,0n,)D2(
i

in2
y i2n2

n

1i
1n2 =




 −
= −

=
+ ∑  

.1myx 2
1n2

2
1n2 −=− ++  

 With the calculation of )v(
0A  from the formulas introduced at the beginning we 

have: 
,0yA;1ADAAx 1

)1(
0

)0(
0

)1(
0

)0(
00 ====+=  

.10)1D(1myx 222
0

2
0 =⋅+−==  

,1Ay,DDAAx )2(
01

)2(
0

)1(
01 ===+=  

.11)1D(Dmyx 222
1

2
1 −=⋅+−=−  

,D2y;D21DAAx 2
2)3(

0
)2(

02 =+=+=  

1D4)D1()D21(myx 22222
2

2
2 =⋅+++=− , 

,D41y;D4D3DAAx 2
3

3)4(
0

)3(
03 +=+=+=  

,1)D41)(D1()D4D3(myx 222232
3

2
3 −=++−+=−  

,D8D4y;D8D81x 3
4

42
4 +=++=  

.1)D8D4)(D1()D8D81(myx 2322422
4

4
4 =++−++=−  

 
 

 2*.  Units in Q(w), 12Dw +=  
 It is clear that 

(2*.1)     Dwe +=       
is a unit in Q(w). For e is an integer, and e-1=w-D, an integer. 
 The (BGEA) of a(0) = w + D is purely periodic with length of its primitive 
period m=1; hence we have from formula (3.5) 

(2*.2)   .A)Dw(A)Dw(e )1n(
0

)n(
0

nn +++=+=    
 From (2*2) we get an interesting combinatorial identity 

)1n2(
0

)n2(
0

n2 A)Dw(A)Dw( +++=+  

,wADAA)Dw( )1n2(
0

)1n2(
0

)n2(
0

n2 ++ ++=+  
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hence from (1*.5) 
(2*.3)    .wyx)Dw( n2n2

n2 +=+     

With m1Dw 22 =+= , the reader will easily verify the formulas 

(2*.4)  .wmD
1i2

n2
mD

i2
n2

)Dw( i1n1i2
1n

0i

n

0i

ini2n2












+

+











=+ −−+

−

==

− ∑∑  

 From (2*.3) and (2*.4), and using the expressions for x2n and y2n from the 
previous paragraph, we obtain the combinatorial identities 

(2*.5)  













+





=














 −−
+




 −−

∑

∑

=

−

−

=

−−−

n

0i

in2i2

1n

0i

i2n2i22n2

.)1D(D
i2
n2

)D2(
i

i1n2

2
1

)D2(
i

i2n2

  

 

(2*.6)  ∑ ∑
−

=

−

=

−++−−












+





+

=




 −−1n

0i

1n

0i

i1n21i2i21n2 .)1D(D
1i2

n2
)D2(

i
i1n2

  

Similar identities are obtainable from 
.wyx)Dw( 1n21n2

1n2
++

+ +=+  
 

 3*.  The cubic diophantine equations. 
 We shall need formulas (3.6), (3.7), (3.8), (3.9) for n=3, viz. 

(3*.1)    1

AAA

AAA

AAA

)3n(
2

)2n(
2

)1n(
2

)3n(
0

)2n(
1

)1n(
1

)3n(
0

)2n(
0

)1n(
0

=
+++

+++

+++

   

(3*.2)   














++=

+=

++=

===

++++

+++

+++

.AD3DA3AA

DA3AA

,AD3DA3AA

,0AA,1A

)3n(
0

2)2n(
0

)1n(
0

)3n(
2

)3n(
0

)2n(
0

)3n(
1

)2n(
0

2)1n(
0

)n(
0

)3n(
0

)2(
0

)1(
0

)0(
0

   

Substituting in (3*.1) the values for ,A,A )i(
2

)i(
1  i=n+3 from (3*.2), we obtain, 

after simple rearrangements 
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)3n(
0A2D3

)2n(
0DA3

)1n(
0A

)2n(
0A2D3

)1n(
0DA3

)n(
0A

)1n(
0A2D3

)n(
0DA3

)1n(
0A

)3n(
0DA3

)2n(
0A

)2n(
0DA3

)1n(
0A

)1n(
0DA3

)n(
0A

)3n(
0A

)2n(
0A

)1n(
0A

I
+++++++++++++

++++++++

+++

=

=
)1n(

0A)n(
0A)1n(

0A

)2n(
0A)1n(

0A)n(
0A

)3n(
0A)2n(

0A)1n(
0A

+−

++

+++

 

We now denote  

(3*.3)    






=
=== +−

,...2,1n

Az,Ay,Ax )1n(
0

)n(
0

)1n(
0    

and obtain for the above determinant 

.
zyz

Azy
A3D3Dzyz3D3Dyxz

1 2)(n
0

3)(n
0

22

+

+++++
=  

Subtracting from the first row the 3D multiple of the third and the 3D2 of the 
second, we obtain, 

(3*.4)   1.
zyx

z3D3Dyxzy
yxy3D3Dx2

2

2

=++
−−

  

We leave it to the reader to expand the determinant in (3*.4) to obtain the 
Diophantine equation of the third degree as 

(3*.5)  






=−−−++

++−++++

1yzD6xDz3zy)D3D9(xyD12

zxD3yDx6xyz)3D9(zy)1D9(x
2222422

22233333

 

Even for D=1, equation (3*.5) complicated form as 
(3*.6) 1yz6xz3zy6xy12zx3yx6xyz6zy10x 222222323 =−−+++++++  

In section 1 we have calculated the solution triples ,A )n(
0  ,...1,0n,A,A )2n(

0
)1n(

0 =++  
(x,y,z)=(1,0,0), (0,0,1), (0,1,3), (1,3,12), (3,12,46), (12,46,177). 

We shall check the solution 
(x3, y3, z3)=(1,3,12). 

Substituting these values in (3*.6), we obtain: 
1+270+1728+216+18+36+108+648-432-2592=1, 3025-3024=1 
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 For larger values of D and n the verification of (3*.5) is only possible by 
computer, and without knowing (3*.3) even a computer would have its problems. 
 As we shall soon see, there is a much simpler third degree Diophantine 
equation which can be regarded as, and indeed in a certain case represents, a 
generalization of Euler-Pell’s equation to the third degree.  
 
 
 4*.  Units in the cubic field. 
 As we have seen in Chapter 2 the (BGEA) of the vector 3

)0( Ea ∈ , with 

)DDww,D2w(a,ND,1Dw 22)0(3 3 +++=∈+= , is purely periodic with 
length of primitive period m=1. Hence, by theorem 2 of Chapter 2 Section 6* and 
formula (3.10) 

(4*.1)     22 DDwwe ++=     
is a unit in Q(w), and 

(4*.2)   






=
+++++= ++

,...1,0v

A)DDww(A)D2w(Ae )2v(
0

22)1v(
0

)v(
0

v
  

Thus 

(4*.3)  .
wADwDAA(

ADDA2A)DDww(
2)2v(

0
2)2v(

0
)1v(

0

)2v(
0

2)1v(
0

)v(
0

v22







+++

++=++
+++

++

  

We shall find the field equation of the expressions (1*.3) in Q(w). 
 We denote 

(4*.4)    










=

+=

++=

+

++

++

)2v(
0v

)2v(
0

)1v(
0v

)2v(
0

2)1v(
0

)v(
0v

Az

DAAy

,ADDA2Ax

   

and have 

(4*.5)    














+==

++=

++=

++=

1Dwm

wxwmzmyew

wywxmzwe

wzwyxe

33

2
vvv

v2

2
vvv

v

2
vvv

v

    

 Hence 
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(4*.6)     1

xmzmy

yxmz

zyx

vvv

vvv

vvv

=     

since N(e)=1, as the reader will easily verify. 
 Expanding the determinant in (4*.6), we obtain 

(4*.7)         






=
=−++

,...1,0v),4.*4(fromz,y,x

1zymx3zmmyx

vvv

vvv
3
v

23
v

3
v    

 The Diophantine equation  
1mxyz3zmmyx 3233 =−++  

is indeed Euler-Pell’s equation generalized to the third dimension. It is simpler 
compared with (3*.6) and it has as solutions (4*.4). 

 We shall verify formula (4*.5), first line for v=1,2. We have, from (4*.4). 
,DADDA2Ax 2)3(

0
2)2(

0
)1(

01 =++=  

,DDAAy )3(
0

)2(
01 =+=  

.1Az )3(
01 ==  

=⋅+−⋅++++ DD)1D(31)1D(D)1D()D( 23233332  

;1D3D31D2DDDD 3636366 =−−+++++  
)4(

0
2)3(

0
)2(

02 ADDA2Ax ++=  

,D3D2D3DD2x 422
2 +=⋅+=  

3)4(
0

)3(
02 D31DAAy +=+=  

.D3Az 2)4(
02 ==  

 We obtain substituting (x2,y2,z2) in (4*.7) 
,1)D27D54D33D6(3D81D162D99D181 1296312923 =+++−++++  

We shall now extract a few interesting identities from formula (4*.3). 
We have, by the binomial theorem 

=+=++ ∑
=

−
n3

0i

i2in22n322 )DDw()w()DDww(  

∑ ∑
= =

−− =





=
n3

0i

i

0j

j2jii2n6 D)Dw(j
iwi

n3  
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=











= −+

=
=

−∑ jiji
n3

i,...,1,0j
0i

i2n6 wD
j
i

w
i
n3

 

.Dw
j
i

i
n3n3

i,...,1,0j
0i

ji)ji(n6∑
=

=

++−












=  

In the sum ,Dwj
i

i
n3 ji)ji(n6 ++−∑ 





 i=0,1,…,3n; j=0,1,…,i; we want to find 

the coefficient of powers of w3n, so that since 1Dmw 33 +== , 
this sum becomes rational. For this purpose we have to set i+j≡0(3) and obtain 

(4*.8)  
















∑

≤≤≤≤
=

≤=+
−













=++

3niij0
0,1,...,2ns

6n3sji

3sD3s6nw
j
i

i
3n3n)2DDw2(w    

(4*.8) is an appealing formula for the expression n322 )DDww( ++ , through 
this expression could also be calculated by the multinomial theorem. 
We have, in order to illustrate its application; n=1, s=0,1,2. 

).3i(.3j,3i;2s
;0j;3i;1j,2i;1s

;0ji;0s

≤===
=====

===
 

 Hence we have for the rational part of e3: 

,DwD7wD
3
3

3
3

Dw
0
3

3
3

Dw
1
2

2
3

w
0
0

0
3

)DDww(

63366

33336322

++=











+

+











+











+











=++

 

.DwD3wD3wDDw3

wD6wD3wD3Dw3w

)DDw()DDw(w3)DDw(w3w)]DDw(w[

65243342

33424256

32222246322

+++++

+++++=

=++++++=++
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 The rational members of this sum are 633336 DwDwD6w +++ , as was 

calculated above, with .1Dmw 33 +==  The formula (4*.8) is easily applicable 
since there is no difficulty to solve the linear equations i+j=3s. 

 We shall still find the rational part of .)DDww(e 6226 ++=  By formula 
(4*.8), with  

;6j,6i;4s
;4j,5i
,3j,6i;3s
;3j,3i
;2j,4i
;1j,5i
,0j,6i;2s

;1j,2i
,0j,3i;1s

;0ji;0s
;6ij,s3ji;4,3,2,1,0s,2n

===
==
===
==
==
==
===
==
===

===
≤≤=+==

 

we obtain 

+



















+











+










 3912 Dw
1

2

2

6

0

3

3

6
w

0

0

0

6
 

+



















+











+











+











+ 66Dw

3

3

3

6

2

4

4

6

1

5

5

6

0

6

6

6
 

=











+




















+











+ 1293 D

6
6

6
6

Dw
4
5

5
6

3
6

6
6

.w1Dm

,DmD50Dm141Dm50m

DDw50Dw141Dw50m

33

12962334

1293663912

=+=

++++=

=++++=

 

We thus have the final results, viz. The rational part of  n322n3 )DDww(e ++=  
equals 

(4*.9)   ∑
≤≤≤≤

=
≤=+

− +=












n3iij0
n2,...,1,0s
n6s3ji

3s3sn2 .1Dm,Dm
j
i

i
n3
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 We shall now find the coefficient of w in  
 

∑
=
=

++−











n3

i,...,1,0j
0i

ji)ji(n6 Dw
j
i

i
n3

 

 
and demand, to this end, 

(4*.10)    






−=
+=+≡+

≡+−

1n2,...,1,0s
2s3ji),3(2ji
),3(mod1)ji(n6

    

and obtain thus, that this coefficient equals 

(4*.11)   ∑
≤≤≤

−=
+=+

++−













n3ij0
1n2,...,1,0s

2s3ji

2s3)2s3(n6 .Dw
j
i

i
n3

   

But 

.1Dwm

,wmw

ww

33

)1s(n21)]1s(n2[3

1)3s3(n6)2s3(n6

+==

==

==
+−++−

++−+−

 

Hence, 
The coefficient of w in n322 )DDww( ++ equals 

(4*.12)    ∑
≤≤≤

−=
+=+

−−+













n3ij0
1n2,...,1,0s

2s3ji

1sn22s3

j
i

i
n3

mD    

Illustration of (4*.12): 

2j,3i;1s
;1j,1i;0j,2i;0s;1,0s;1n

===
=======

 

The coefficient of w in the expansion of 322 )DDww( ++  equals 

,D3D6
2

3

3

3
D

1

1

1

3

0

2

2

3
mD 5252 +=




















+




















+











 

as the reader can verify. 
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.5j,6i;3s
;3j,4i;2j,5i;1j;6i;2s
;2j,3i;1j;4i;0j,5i;1s

;1j;1i;0j;2i;0s
.i6n3;3,2,1,0s;2n

===
=======
=======

=====
≥===

 

The coefficient of w in 622 )DDww( ++  equals 

.D6mD126mD12mD21

D
5
6

0
6

mD
3
4

4
6

2
5

5
6

1
6

6
6

mD
1
1

1
6

0
5

5
6

mD
1
1

1
6

0
2

2
6

1182532

118

2532

+++=

=



















+




















+











+











+

+



















+











+




















+












 

The reader will now prove without any difficulty that: 
The coefficient of n3222 )DDww(inw ++  equals 

(4*.13)                                 1sn21s3

n3ij0
,1n2,...,1,0s

1s3ji
mD

j
i

i
n3 −−+

≤≤≤
−=

+=+
∑ 











  

But by (4*.3) we have 

.wADw]DAA[

]ADDA2A[)DDww(
2)2n3(

0
2)2n3(

0
)1n3(

0

)2n3(
0

2)1n3(
0

)n3(
0

n322

+++

++

+++

+++=++
 

With (4*.9), (4*.12), (4*.13) we obtain the identities 

(4*.14)         ∑
≤≤≤
≤=+

++− ++=












n3ij0
n6s3ji

)2n3(
0

2)1n3(
0

)n3(
0

s32n2 .ADDA2ADm
j
i

i
n3

  

(4*.14a)           ∑
≤≤≤

−≤+=+

++−−+ +=












n3ij0
1n62s3ji

)2n3(
0

)1n3(
0

1sn22s3 .DAAmD
j
i

i
n3

  

(4*.14b)               ∑
≤≤≤

−≤+=+

+−−+ =












n3ij0
2n61s3ji

)2n3(
0

21sn21s3 .ADmD
j
i

i
n3

   

If we substitute in (4*.14),(4*.14a),(4*.14b) the values of ,A,A,A )2n3(
0

)1n3(
0

)n3(
0

++ we 
indeed arrive at some new combinatorial identities. We proceed to obtain further 
identities for the third dimension. 
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 5*.  More identities.  
 We return to formula (4*.2) 

,A)DDww(A)D2w(A)DDww( )2v(
0

22)1v(
0

)v(
0

v22 ++ +++++=++  

and have with ,1)DDww)(Dw( 22 =++−  

(5*.1)  .
A)DDww(A)D2w(A

1
)Dw(

)2v(
0

22)1v(
0

)v(
0

v
++ +++++

=−  

 We want to rationalize the denominator in (5*.1) so that 
(5*.2) .1)cwbwa](A)DDww(A)D2w(A[ 2)2v(

0
22)1v(

0
)v(

0 =+++++++ ++   
 We obtain, with a, b, c  rationals, 

(5*.3) 











=++++++++++

=++++++++++

=++++++++++

0c
)2v(

0A2D
)1v(

0DA2
)v(

0A(b)
)2v(

0DA
)1v(

0A(a
)2v(

0A

,0c
)2v(

0mAb)
)2v(

0A2D
)1v(

0DA2
)v(

0A(a)
)2v(

0DA
)1v(

0A(

,1mc)
)2v(

0DA
)1v(

0A(b
)2v(

0mAa)
)2v(

0A2D
)1v(

0DA2
)v(

0A(

  

 The determinant of this system of equations (5*.3) equals, with 
)2v(

0v
)2v(

0
)1v(

0v
)2v(

0
2)1v(

0
)v(

0v Az;DAAy;ADDA2Ax +++++ =+=++=  

.1zymx3zmmyx
xyz

mzxy
mymzx

vvv
3
v

23
v

3
v

vvv

vvv

vvv
=−++=  

Hence we obtain from (5*.3) 

vv
2
v

vv

vv

vv
zmyx

xy0
mzx0
mymz1

a −==  

vv
2
v

vv

vv

vv
yxmz

x0z
mz0y
my1x

b −==  

.zxy
0yz
0xy
1mzx

c vv
2
v

vv

vv

vv
−==  

 Thus we have obtained the identity. 
2

vv
2
vvv

2
vvv

2
v

2 w)zxy(w)yxmz(zmyx)Dw( −+−+−=− or 

.w)zx3y(w)yx3mz(zmyx)Dw( 2
v3v3

2
v3v3v3

2
v3v3v3

2
v3

v3 −+−+−=− (5*.4) 

Expanding v3)Dw( − , we obtain, with )1D(mw 33 +==  
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(5*.5)  

























+

−+

+











+

−+





−=−

+−−
−

=

+

+−−
−

=

−

=

∑

∑∑

213ii1v
1v

0i

1i

23ii1v
1v

0i

i3iiv
v

0i

i3v

wDm
13i

3v
1)(

wDm
23i

3v
1)(Dm

3i
3v

1)(D)(w

   
 With (5*.4), (5*.5) we obtain some new identities 

(5*.6)  


















=

−=





+

−

−=





+

−

−=





−

+−−
−

=

+

+−−
−

=

−

=

∑

∑

∑

).4.*4(fromz,y,x,...;1,0v

;zxyDm
1i3

v3
)1(

;yxmzDm
2i3

v3
)1(

;zmyxDm
i3
v3

)1(

vvv

v3v3
2
v3

1i3i1v
1v

0i

1i

v3v3
2
v3

2i3i1v
1v

0i

i

v3v3
2
v3

i3iv
v

0i

i

  

 Substituting for xv, yv, zv, the values from (4*.4), and the values of A(v) from 
(3.11) the identities (5*.6) take the form 
 
 6*.  Fifth degree diophantine equations. 
 We return to formula (2*.6) with n=5, and obtain 

(6*.1)  

,...1,0n

,1)1(

AAAAA

AAAAA

AAAAA

AAAAA

AAAAA

)4n)(15(

)7n(
4

)7n(
4

)6n(
4

)5n(
4

)4n(
4

)7n(
3

)7n(
3

)6n(
3

)5n(
3

)4n(
3

)7n(
2

)7n(
2

)6n(
2

)5n(
2

)4n(
2

)7n(
1

)7n(
1

)6n(
1

)5n(
1

)4n(
1

)8n(
0

)7n(
0

)6n(
0

)5n(
0

)4n(
0

=

=−= +−

+++++

+++++

+++++

+++++

+++++

  

 Substituting for ,A )v(
i i=1,2,3,4; v=n+4,…,n+8; their representation as forms 

of )jn(
0A + , j=1,2,3,4, we obtain the matrix equality. 

(6*.2)  ,1

AAAAA

AAAAA

AAAAA

AAAAA

AAAAA

)4n(
0

)3n(
0

)2n(
0

)1n(
0

)n(
0

)5n(
0

)4n(
0

)3n(
0

)2n(
0

)1n(
0

)6n(
0

)5n(
0

)4n(
0

)3n(
0

)2n(
0

)7n(
0

)6n(
0

)5n(
0

)4n(
0

)3n(
0

)8n(
0

)7n(
0

)6n(
0

)5n(
0

)4n(
0

=

++++

+++++

+++++

+++++

+++++
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 We denote 
(6*.3)  xA,yA,zA,uA,vA )n(

0
)1n(

0
)2n(

0
)3n(

0
)4n(

0 ===== ++++   
and with formula (3.12), viz. 

.AD5AD10AD10AD5AA )4n(
0

4)3n(
0

3)2n(
0

2)1n(
0

)n(
0

)5n(
0

+++++ ++++=  
 We also denote  

(6*.4)   
).ba,ba;ba;ba(

,aD5,aD10,aD10,aD5
)0(

41
)0(

32
)0(

23
)0(

14

1
4

2
3

3
2

4

====

====
   

 We then proceed as follows (in order to represent (6*.2) as an expression in 
powers of x,y,z,u,v): 

i) from the first row we subtract the a1 multiple of the second row, then 
the a2 multiple of the third row, then the a3 multiple of the fourth row, 
then the a4 multiple of fifth row. 

ii) From the second row we subtract the a1 multiple of third row, then the 
a2 multiple of the fourth row, then the a3 multiple of the fifth row. 

iii) From the third row we subtract the a1 multiple of fourth row, then the 
a2 multiple of the fifth row. 

iv) From the fourth row we subtract the a1 multiple of the fifth row, and 
obtain, always applying formula (3.12) and the notations (6*.3), (6*.4 

(6*.5)     

1

vuzyx
uazayaxuavzauyazxay

uazayzayaxzauavyazauxayaz
uazzayyaxyazauavxayazau

uzyxxayazauav

2341111

3434212121

444321321

4321

=
+++−−−−

+−+−−−−−−−
+++−−−−−−

−−−−

with the values of a1, a2, a3, a4 from (6*.4), x,y,z,u,v from (6*.3) where n=0,1,… The 
expansion of the determinant (6*.5) would yield the expression. Even with D=1, it 
will still be very complicated. For n=0, x=1, y = z = u = v = 0, the determinant in 
(6*.5) becomes 

,1

00001
1000a
0100a
0010a
0001a

1

2

3

4

=
−
−
−
−

 

and for n = 1, u =  z = y = x = 0, v = 1, the determinant becomes 
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,1

10000
01000
00100
00010
00001

=  

but these elementary determinants can hardly serve as a verification for formula 
(6*.5). For n=2 the test is also simple. 
 Let try for n=3, 

)v,u,z,y,x()aa,a,1,0,0()A,A,A,A,A( 2
121

)7(
0

)6(
0

)5(
0

)4(
0

)3(
0 =+=  

=

+
+−+−
+−−+−

+−−+−
−−+

2
121

213
2
1

2
1211

31432
2
1

2
1211

4142
2
1

2
1212

12
2
1

2
12

aaa100
aaaaaaaa10
aaaaaaaaaa1

aa1a0aaaaaa
a100aaaa

=

+
+
+

+

2
121

2132

3143

414

1

aaa100
aaaa010
aaaa001

aa1a000
a1000

 

 
and subtracting the a1 multiple of the fourth column from the fifth 

==

21

32

43

4

aa100
aa010
aa001
1a000
01000

.1
a10
a01
100

1

aa10
aa01
1a00
0100

1
2

3

21

32

4 =⋅=⋅  

 
 
 

7*.  Fifth degree identities.  
As we have seen, the (BGEA) of the fixed vector 

)DwDwDDww,D4wD3Dw2w,D6Dw3w,D4w(

a
432234322322

)0(

++++++++++

=

is purely periodic with length of the primitive period l=1. Hence we have the formula 
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(7*.1)  

.2.CHfrom,...)6,5v(A

,...2,1,0n

,A)DwDwDDww(

A)D4wD3Dw2w(

A)D6Dw3w(A)D4w(A

)DwDwDDww(e

)v(
0

)4n(
0

432234

)3n(
0

3223

)2n(
0

22)1n(
0

)n(
0

n432234n

=

=
+++++

+++++

++++++

=++++=

+

+

++

   

From (7*.1) we obtain  

(7*.2)  

.w)Aw)DAA(

w)ADDA2A(

w)ADAD3DA3A(

ADAD4AD6DA4A

)DwDwDDww(

4)4n5(
0

3)4n5(
0

)3n5(
0

2)4n5(
0

2)3n5(
0

)2n5(
0

)4n5(
0

3)3n5(
0

2)2n5(
0

)1n5(
0

)4n5(
0

4)3n5(
0

3)2n5(
0

2)1n5(
0

)n5(
0

n5432234

+++

+++

++++

++++

+++

++++

+++++

+++++=

=++++

  

We shall now arrange n5432234 )DwDwDDww( ++++  in descending 
powers of w. The first step will be to achieve this arrangement in powers of w5s, s=0, 
1, 2, 3, …,4n, since the highest power of w in that expression is w 20n, so we look for 
the rational part of it. We have by the multinomial theorem 

 (7*.3) 54324321

n20,...,1,0k
,kn205y44y33y22y

k4y3y22y31y4

y4y3y2yyy2y3y4

n5432234

Dw

)DwDwDDww(

5y,4y,3y,2y,1y

5y4y3y2y1y ++++++ ⋅






=++++

∑
=

−=+++
=+++

++++
 

since the sum of the exponents of w and D in the above expansion equals 
20n=k+(20n-k). We also have from (7*.3) 

(7*.4)   
n5yyyyy

n20y4y4y4y4y4

54321

54321

=++++
=++++

   

 Since we are looking for 5-multiples of the exponents of w-hence also of D-we 
obtain from (7*.3), (7*.4): 
 The rational part in the expansion of 
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(7*.5)   

).1D(wm,0s

Dm
y,y,y,y,y

n5

equals)DwDwDDww(

55

n20s5y)i5(

s5n20s

54321

n5432234

4

1i
1

+==≥

∑







++++

∑
=

≤=−

−   

The equation    follows from n5yyyyy 54321 =++++  in the multinomial 
coefficient. 
 As an illustration to (7*.5) we shall find the rational part in the expansion of 

.1n,)DwDwDDww( 5432234 =++++  We obtain from (7*.5) that this equals 

(7*.6)   ∑
∑








=
≤=−

−

4

1i
1 n20s5y)i5(

s520s

54321
Dm

y,y,y,y,y
5

  

 We solve the equations, s=0, 1, 2, 3, 4 

.5y,0yyyy

5yyyyy,0yy2y3y4;0s

54321

543214321

=====
=++++=+++=

 

 The corresponding member in (7*.6) equals  

.DDm
5
5 200200 =




 −  

,5yyyyy,5yy2y3y4;1s 543214321 =++++=+++=  
.3y;0yy;1yy 53241 =====  

.3y;0y;1yy;0y 54321 =====  
.2y;2y;0y;1y;0y 54321 =====  

.1y;3y;1y;0yy 54321 =====  
.2y;1y;2y;0yy 54321 =====  

.5y;0yyyy 45321 =====  
 The corresponding member in (7*.6) equals  

.m121mD
5,0,0,0,0

5
2,1,2,0,0

5

1,3,1,0,0
5

2,2,0,1,0
5

3,0,1,1,0
5

3,0,0,1,1
5

1515 =









+





+

+









+





+





+






 

.5yyyyy;10yy2y3y4;2s 543214321 =++++=+++=  
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 We shall write )y,y,y,y,y( 54321  for the solution of the above linear 
equations. 

( )

).0,2,2,0,1();1,0,3,0,1();0,0,5,0,0(
);0,1,3,1,0();0,2,1,2,0();0,1,3,1,0(
);1,0,2,2,0();1,1,0,3,0();1,1,1,1,1(
);2,0,0,2,1();1,2,0,0,2(;2,0,1,0,2

 

 The corresponding member in (7*.6) equals 
 

.Dm381Dm)302012030203020120303030(

0,2,2,0,1
5

1,0,3,0,1
5

0,0,5,0,0
5

0,1,3,1,0
5

0,2,1,2,0
5

0,1,3,1,0
5

1,0,2,2,0
5

1,1,0,3,0
5

,1,1,1,1,1
5

2,0,0,2,1
5

1,2,0,0,2
5

2,0,1,0,2
5

102102 =+++++++++++=

=









+





+





+





+

+





+





+





+





+

+









+





+





+






 

;5yyyyy;15yy2y3y4;3s 543214321 =++++=+++=  

);0,0,0,5,0();,0,0,1,3,1();0,0,2,1,2(
);0,1,1,0,3();0,1,0,2,2();1,0,0,1,3(

 

 The corresponding members in (7*.6) equals 

5353

53

Dm121Dm)12030203020(

Dm
0,0,0,5,0

5
0,0,1,3,1

5

0,0,2,1,2
5

0,1,1,0,3
5

0,1,0,2,2
5

1,0,0,1,3
5

=+++++=

=









+





+

+









+





+





+






 

.5yyyyy;20yy2y3y4;4s 543214321 =++++=+++=  
 The only solution is (5,0,0,0,0) and the corresponding member in (7*.6) equals 

.mm
0,0,0,0,5

5 44 =





 

 Thus the formula (7*.5) yields, for n=1, the sum  
(7*.7)   .DmD121Dm381Dm121m 2015102534 ++++   
 From the other side we have 
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+++++=

=++++
4163172181920

5432234

Dw70Dw35Dw15Dw5w

)DwDwDDww(
 

(7*.8) 

.DwD5Dw15Dw35

Dw70Dw121Dw185Dw255

Dw320Dw365wD365wD381Dw365

Dw320Dw255Dw185Dw121

2019182173

164155146137

12811910101010911

812713614515

++++

+++++

++++++

+++++

  

 That the expansion in (7*.8) is symmetric (the coefficients of i20iDw −  and 
,Dw ii20−  are equal) is clear. The rational part equals 

201522534

20155101051520

DmD121Dm381Dm121m

DDw121Dw381Dw121w

++++=

=++++
 

as should be by (7*.7). 
 Comparing formulas (7*.2) with (7*.5), we obtain the identity  

(7*.9)

5,6,...v.6),(7formA1,2,...;n

.AD
i
4

y,y,y,y,y
5n

*(v)
0

4

0i

i)(5n
0

i

Dm

20n5si)y(50
54321

5s20ns

4

1i
i

==







=

∑





 ∑∑
=

+

≤=−≤

−

=

 

 Substitution of the values of )v(
0A  from (7*.6) in (7*.9) would yield a new 

expression for (7*.9). The reader can prove the statements: 
 The coefficient of w in the expansion of 

n5432234 )DwDwDDww( ++++  equals 

(7*.10)   

1n4,...,1,0s

Dm
y,y,y,y,y

n5 1s5n20s

;n201s5y)i5(
543214

1i
i

−=

∑





 −−

≤+=−

∑
=

  

Furthermore, the coefficient of wi in the expansion of  
n5432234 )DwDwDDww( ++++  equal, with i=0,1,2,3,4. 

(7*.11)   

4,...,1,0i,1n4,...,1,0s

Dm
y,y,y,y,y

n5 is5n20s

;n20is5y)i5(i
543214

1i
i

=−=

∑





 −−

≤+=−≤

∑
=

  

 Comparing (7*.2) with (7*.11) we have finally the five identities, 
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(7*.12)   

.4,3,2,1,0i

AD
j

i4

Dm
y,y,y,y,y

n5

)jin5(
0

j
i4

0j

is5n20s

;n20is5y)j5(i
543214

1ji
j

=






 −
=

=

∑







++
−

=

−−

≤+=−≤

∑

∑
=

  

We shall give a verification for formula (7*.12) with i=0, formula (7*.9), D=1, 
n=1;we have ,0AAAA,1A,21Dm )4(

0
)3(

0
)2(

0
)1(

0
)0(

0
3 ======+=  

.1580A,235A,35A

,5A,1A,A5A10A10A5AA
)9(

0
)8(

0
)7(

0

)6(
0

)5(
0

)4n(
0

)3n(
0

)3n(
0

)1n(
0

)n(
0

)5n(
0

===

==++++= +++++

 

 This yields 
.27511580940210201121214381812116 =++++=+⋅+⋅+⋅+  

 It is also easy to verify the identities (7*.12) for n=2. 
 
 8*.  More about units and identities. 
 Since 1)DwDwDDww)(Dw(Dw 43223455 =++++−=− , we have 

also, )1Dw( 55 +=  

,
)DwDwDDww(

1
)Dw(e

4432234
vv

++++
=−=−  

and with formula (7*.2), and setting v=5n, 
 

(8*.1)   
)).12.*7(from(4,...,0i,AD

j
i4

a

wawawawaa

1
)Dw(

)jin5(
0

j
i4

0j
i5

4
1

3
2

2
345

n5

=




 −
=

++++
=−

++
−

=
− ∑

  

 We shall now rationalize the denominator in (8*.1) and demand  
(8*.2) ).wcwcwcwcc)(wawawawaa(1 5

5
3

4
2

321
4

1
3

2
2

345 ++++++++=  

 Expanding (8*.2), with 1Dwm 55 +== , we obtain 
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(8*.3)   

.0cacacacaca

0cmacacacaca

0cmacmacacaca

0cmacmacmacaca

1cmacmacmacmaca

5544332211

5145342312

5241352413

5342312514

5443322115

=++++
=++++
=++++
=++++
=++++

   

The determinant of the system of linear equations (8*.3) equals, interchanging 
columns with rows, 

(8*.4)   

51234

45123

34512

23451

12345

amamamama
aamamama
aaamama
aaaama
aaaaa

=∆     

Now, the reader will verify that the field equation of  
4

1
3

2
2

345
n5 wawawawaae ++++=  

has exactly the free element=1, since e is a unit, as in case n=3. We thus obtain 
(8*.5)   4

5
3

4
2

321
n5 wcwcwcwcc)Dw( ++++=−    

Expanding n5)Dw( −  we obtain the result. The rational part in the expansion 
of (8*.5) equals 

(8*.6)    .wD)1(
n

0i

i5n5i5i∑
=

−−      

Comparing (8*.6) with c1 and calculating c1 from (8*.3), (8*.4), we obtain the 
identity, with 1Dmw 55 +==  

(8*.7)   

5123

4512

3451

2345
n

0i

ini5i

amamama
aamama
aaama
aaaa

mD)1( =−∑
=

−    

We substitute the values of ai, i=1,…,5; from (8*.1) and obtain  

(8*.8)    =−∑
=

−
n

0i

ini5i mD)1(       
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)jn5(
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0j

)jn5(
0

j
4

0j

)j3n5(
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0j
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0
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j
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j
4

0j
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0

)j3n5(
0

j
1

0j

)j2n5(
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j
2

0j

)j1n5(
0

j
3

0j

)jn5(
0
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4
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j
4
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j
4

mAD
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mAD
j
2

m
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j
3

AmAAD
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1

m
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j
2
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j
1
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j
4
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j
1
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j
2
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j
3
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j
4
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=
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=

++
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=
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=
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=
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=

+

=

+
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=
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=

++

=

+

=

∑∑∑∑

∑∑

∑∑∑

∑∑∑∑



















































































 

 Comparing the powers of wi (i=1,2,3,4) on both sides of (8*.5) we obtain four 
more identities with ci (i=2,3,4,5) calculated from system (8*.3). To have a complete 
view of (8*.8) the values of ,A )in5(

0
+ (i=0,1,2,3,4) will have to be substituted from 

(7*.6). This would yield very complicated expressions. 
 Let us only limit at the difficulties of writing out in full-but not calculating-the 
determinant (8*.8) in a simple case at D=n=1. We have for the left side of (8*.8) 

1DmmD)1( 5
1

0i

ini5i =−=−∑
=

−  

For the right side we calculate  
.1580A,235A,35A,5A,1A )9(

0
)8(

0
)7(

0
)6(

0
)5(

0 =====  
Thus the determinant (8*.8) becomes, with the values from (8*.1), viz 

275115802354356541A
j
4

a
4

0j

)j5(
05 =+⋅+⋅+⋅+=





= ∑

=

+  

2395158023533535A
j
3

a
3

0j

)j6(
04 =+⋅+⋅+=





= ∑

=

+  
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20851580235235A
j
2

a
2

0j

)j7(
03 =+⋅+=





= ∑

=

+  

18151580235A
j
1

a
1

0j

)j8(
02 =+=





= ∑

=

+  

2m,1580A
j
0

a
0

0j

)j9(
01 ==





= ∑

=

+  

1

2751316036304170
2395275131603630
2085239527513160
1815208523952751

=  

 Thus formula (8*.8) has been verified for D=n=1. The entries in the right hand 
determinant become a challenge for n, D>1. 

On the combined subject about “Diophantine Equations, Units and Identities”  
there is not much literature. 

 
 

Section 4. n-Dimensional Fibonacci numbers and their application from (BGEA) 
 
 Bernstein investigated the F(n) function. This function was derived from a 
special kind of numbers which could well be defined as 3-dimensional Fibonacci 
numbers. The original Fibonacci numbers should then be called 2-dimensional 
Fibonacci numbers. This section deals with n-dimensional Fibonacci numbers in a 
sense to be explained in the sequel. Also, Bernstein derived an interesting identity that 
was based on 3-dimensional Fibonacci numbers. Carlitz deals with this subject too. 
 If we remember the original Fibonacci numbers are generated by the formula 

,...,2,1n,
i

in
)n(F

2
n

0i
=




 −
= ∑







=
 

then the function  

∑
=






 −
−=

0i

i

i
i2n

)1()n(F  

can be regarded as a generalization of the first, and the author thought that  

∑
=

=




 −
−=

0i

i ,...,2,1k,
i

kin
)1()n(F  
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could serve as a k-1-dimensional generalization of the original Fibonaccci numbers, 
but, regretfully, this consideration led nowhere. From the fact that Fibonacci numbers 
are derived from the periodic expansion by the Euclidian algorithm of 5 , there is 
opened a new horizon for the wanted generalization. 
(BGEA) leades to an n-dimensional generalization of Fibonacci numbers. 

In this section, the author is introducing the (BGEA) to investigate the various 
properties and applications of her k-dimensional Fibonacci numbers. It first turns out 
that these k-dimensional Fibonacci numbers are most useful for a good approximation 
of algebraic irrationals by rational integers. Further, the author proceeded to 
investigate higher-degree Diophantine equations and to state identities of a larger 
magnitude than those investigated before, in an explicit and simple form. 

The following formulas were given in Section 1 of this chapter 

(4.1)   

;1ba;1n,...,1,0k);D(ab

;1n,...1,0s;1n,...,1,0j,i

,deltakerKronethe;A

,...1,0v;AbA

)v(
0

)v(
0

)v(
k

)v(
k

j
i

j
i

)j(
i

1n

0k

)kv(
s

)v(
k

)nv(
s

==−==

−=−=
δδ=

== ∑
−

=

++

  

)v(
sA  are called the matricians of (BGEA) then the three formulas hold: 

(4.2)   )1n(v

)1nv(
1n

)1v(
1n

)v(
1n

)1nv(
1

)1v(
1

)v(
1

)1nv(
0

)1v(
0

)v(
0

)1(

A...AA
............

A...AA

A...AA
−

−+
−

+
−−

−++

−++

−=    

(4.3)  1n,...,0s,...;1,0v,

Aa

Aa

a
1n

0k

)kv(
0

)v(
k

1n

0k

)kv(
s

)v(
k

)0(
s −===

∑

∑
−

=

+

−

=

+

  

(4.4)    ∑∏
−

=

+

=
− =

1n

0k

)kv(
0

)v(
k

v

1k

)k(
1n Aaa     

Perron proved the following theorem which, under the conditions of the 
(BGEA) (D 1≥ ), becomes 

 
THEOREM 1.     The (BGEA) is convergent in the sense that 
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(4.5)    






−==

∞→

∞→ 1n,...,1s,
Alim

Alim
a

)v(
0v

)v(
0v)0(

s    

)v(
0

)v(
s A:A is called the v th convergent of (BGEA). 

In Chapter 2 the author proved 
 
 THEOREM 2. If the (BGEA) of a(0) is purely periodic with m=length of the 
primitive period, then 

(4.6)    
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=
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From (4.6) the formula follows, in virtue of (4.4), 

(4.7)   ,...2,1v,Aaa
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
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+
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=
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1*.  Periodic (BGEA). 
 In this section, we construct a periodic (BGEA), with length of primitive 
period m=1. The fixed vector a(0) must be chosen accordingly, and this may look 
complicated at first. We prove 
  
 THEOREM 3.   The (BGEA) of the fixed vector 

(1*.1)   













−=






 +−−
=

=

−

=

−

∑
1n,...,1s

Dw
i

i1sn
a

)a,...,a,...a,a(a

iis
s

0i

)0(
s

)0(
1n

)0(
s

)0(
2

)0(
1

)0(

   

is purely periodic and the length of its primitive period m=1. 
 Proof: We shall first need the formula 

(1*.2)   .1n,...,1s,
s

n

i

i1sns

0i
−=





=




 +−−∑
=

  

This is proved by induction. The proof is to the reader. We have, from (1*.1), the 
following components of a(0) which we shall use later: 
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(1*.3)   .Dwa;D)1n(wa i
1n

0i

i1n)0(
1n

)0(
1 ∑

−

=

−−
− =−+=    

Since ,1Dw nn =− we also have 

(1*.4)    1
1n

0i

ii1n )Dw(Dw −
−

=

−− −=∑     

 The vectors )v(
ib (i=1,…,n -1;v=0,1,…) obtained from )w(a )v(

i by the defining 
rule of (BGEA) are called their corresponding companion vectors. We shall calculate 
the companion vector b(0) of a(0) and have 
 

,
i

i1sn
DDD

i

i1sn
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s

0i
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s
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
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so that, by (1*.2) 
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
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Thus, 

.D
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n
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2

n
,D

1

n
b 1n2)0(
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
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
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
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
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
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We shall now calculate the vector a(1). From (BGEA) it follows  
(1*.6)   )1,ba,...,ba()ba(a )0(

1n
)0(
1n

)0(
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)0(
2

1)0(
1

)0(
1

)1(
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From (1*.3), (1*.4), and (1*.5) we obtain: 

(1*.7)   
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We can prove the relation 
(1*.8)   1n,...,2s,a)ba)(ba( )1(

1s
1)0(

1
)0(

1
)0(

s
)0(

s −==−− −
−   

Since the proof is elementary, we leave it to the reader. 
 From (1*.6) it follows that 

(1*.9)   




==
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 This proves Theorem 3. 
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2*.  Explicit matricians )nv(
0A +  

 We shall proceed to find an explicit formula for the “zero-degree matricians ” 
)nv(

0A + , v=0,1,…, and shall make use, for this purpose, of the defining formula (4.1), 
and the fact that the (BGEA) is purely periodic with length of the primitive period 
m=1. Taking into account (1*.5) and (1*.9) we have 
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 We shall now make use of Euler’s generating function. We have  
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 For x sufficiently small. Thus, since 0A...A )1n(
0

1
0 === − , we have 
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and comparing coefficients of powers xv on both sides of (2*.2), we obtain 
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 Formula (2*.4) looks very complicated. )nv(
0A +  can also be calculated by the 

recurrency relation (4.1). It is conjectured thet it is easier to do so by formula (2*.4), 
and would be a challenging computer problem.  
  

3*.  Matricians of degree  s, s=1,2,…,n-1 
 Here, we shall express “s-degree matricians” 

,A )v(
s s=1,…,n -1 

by means of zero=degree matricians. This is not an easy task. Now we shall prove 
very important theorem. 
 
 THEOREM 4. The s-degree matricians are expressed through the zero-degree 
matricians by means of the relations 
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 Proof: From formula (4.6) it follows that 
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 Or, writing ai for )0(
ia , i=0,…,n -1, and substituting their values from (1*.1), 

we obtain 
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 We shall now compare coefficients of wn-1 on both sides of (3*.3). The power 
of wn-1 appears, on the right side only in 
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and its coefficients are 
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Thus, we have obtained the partial sum of coefficients of wn-1 in the left side. 
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Now the next power of as on the left side is ws-1 with coefficient  
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 To obtain 1s1n w,w −−  must be multiplied by n-s, so we must start with the 
first term of an-s, the second term of aa-s+1,…, etc. Compared with the previous sum, to 

be replaced by s-1. The sum will then be multiplied by D
1

sn





 −
, and the member of 

summands will be smaller by one. We then obtain the partial sum: 
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Proceeding in this way, we obtained the partial sums: 
 
 
 


