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CHAPTER IV - MORE IMPORTANT APPLICATIONS OF
(BGEA)

Section 0. Introduction.

In this chapter we will use units derived from (BGEA) to solve diophantine
equations unsolved before, we will approximate irrationals by the periodic (BGEA)
algorithm and obtain n-dimensional Fibonacci numbers.

Section I. (BGEA) Algorithmic approximation of some second, third and fifth
degree irrationals

This section deals with approximation of irrationals of degree n=2,3,5. Most
simple rational fractions are approximation irrationals, especially of the type
\/D2 +1, 3\/D3 +1and YD’ +1, with d=1, leading to the most simple ones of
\/5, 3\/5, 2. Through approximations of these irrationals in a variety of patterns are

known, the results under discussion here are new and practical.
The main algebraic machine-tool which is the starting point and the main ingredient
of this result is again (BGEA) algorithm.
DEFINITION 1. We form the numbers
(1.1 A" =8, the Kronecker delta i,v=0,1,...n-1
Let a (BGEA) of a  hold. The recursion formula

n-1 .
(1.2) A" =Y bYAMY by =1 v=0,1..
=0

generates the “matricians” of the (BGEA) of a®. L.Bernstein [I] has proved the
following formulas for the real algebraic fields, and the author [1] proved that they are
also true for the complex fields.

) (v+1) (v+n-1)
A AN L AS

(V) A (v+D) (v+n-1)
(1.3) AVTCATT LA, (=¥ @D
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n-1
Zagv)Ai(vﬂ) .

(1.4) P ! =_0(;11,-..;}
Zagv)Agvﬂ) v=0,1,...
=0

Perron [VIII] proved the following theorem which is a generalization of the
original theorem on convergence of simple continued fractions. In our terminology
this would yield.

THEOREM 1. Let a (BGEA) of some a® e E, hold. If the components of all

companion vectors are positive and the (BGEA) of this a® is periodic then
W)
A
(1.5) a” = 1im = i=0,1,...
V—oo A(()V)

where Ai(v), (i=0,1,...n-1; v=0,1,...) are the matricians of the (BGEA) of 2@,
AY
The fractions tv) are called the “convergents” of the (BGEA) of a©®.
Ag
The reader should note that if the (BGEA) of some a©@ is periodic then exists

an a® in this (BGEA) such that the (BGEA) of a®" is purely periodic. With this in
mind the author [1] has proved.

THEOREM 2. Let
(1.6) w an n-th degree integer (n = 2),

and 2@ a fixed vector such that

0 2@ =@{” (w).a3" (W)....a}) (W)
ai(o) (w) algebraicintegers (i=1,...n - 1).

Let the (BGEA) of a® be purely periodic with length of the primitive period
[. Let the components of the companion vectors be algebraic integers. Then

i) (0) , (vI+]) (0) A (VI+2) (0) A (vI+n-1)
Ay +a A +a, Ay +..+a A,
v=1,2,....
and units, namely the v-th powers of
0 0) » (I41) 0) » (I+2) (0) A (I+n-1)
Ag +a; Ay T Hay, Ay T+ ta A, .

In this context we shall need the formula which was also used the author
before in Chapter 2.

(1.8)
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(1.9) Ha(l) _A(k) +alk)A(k+1) i +a(k)A(k+n D

If the (BGEA) of a® in B, is purely periodic with length of the primitive
period /, then it follows from (1.9)

-1 n-1 .
(1.10) e:HaS?l :Za?))Agﬂ) , €aunit
since in this case a"! )1 a(O)
We also have the formula, in virtue of (1.10)
f :Agfl) +a§O)A§)fl+1) + +a(O)A(fl+n -1)
(1.1D) f=12,..

1*. Approximation of irrationals - case n=2

Through this case is well known from the expansion of real quadratic
irrationals as simple continued fractions, we shall include it in our discussion.

Let

(1*%.1) W=\/D2 +1,De N, w a quadric irrational
That w is irrational (for D>0) is banal.
We chose the fixed vector

(1*.2) a%=w + D,
since here n-1=1. Thus gO) = a(o) , and we shall generally denote
(1*.3) a®=a_ ,v=0,1,.;a, =a, (w)forallBGEA)of a®
In conformity with (1*#3) we shall also denote
b™ =b,, v=0,1...

For the calculation of the companion vectors we use the rule
(1*.4) b™ =b, =a (D), v=0.1,...
and have
(1*.5) by =(w+D),_p=2D
hence, by (1".1)
(1%.6) a;=[(w+D)-2D]" -1=(w-D)'=w+D

since (w -D)'l =(w+D) from w2 —D? =1. Thus
1*.7) ag=aj..=a,, v=0,1,.
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and the (BGEA) of aj =w + D is purely periodic with length of the primitive period
[=1. Further, in this case,

(1*%.8) [a,]=[w+D]=[w]+D=2D=b,

the (BGEA) of w+D coincides with the Euclidian algorithm, and we have, in the
notation of continued fractions

ay =w+D=[2D]
For the calculation of the matricians of a” we have from (1.1) and (1.2)
0 _ M _ (n+2) _ A (0+2) _ A () (n+1)
Ay =LA =0,A"7 =AY =AY +2DAJT,

1*.9 0 _ @ _ +2) _ 4 () (n+1)
(1%.9) AP =0, AV =1, A" =A™ +2DA™D,
n=0,1,...
Formula (1.4) yields
AY 4+ (w+ DAY
AY +(w+D)AYD

(1*.11) (w+D)AY + (w + D)QAE)V“) =AY + (w+D)AMD,

and comparing in (1*.10) coefficients of w (namely the highest irrational power of w),
we obtain

(v+) _ A (V) (v _ A (V+2)
(1%.12) ANV = AN 1 2DAY) = Al

(1*.10) w+D=

2*. Explicit representation of the matricians

We shall give an explicit representation of AE)V) v=2,3,..).

By formula (1*12) which, because of (1*11) will also provide an explicit
representation of Aiv) (v=2,3,...), we obtain from (1*.8), by means of Euler’s
function

Y AUK =AY + ADx+ Y ADK =1+ ALK =
i=2 i=0

i=0

:1+Z(A(()‘) +2DA(()1+1))Xi+2 :1+X22Ag)xi +2Dx ZA(()HI)XHI —
i=0

i=0 i=0
- 2N A Oy AO LN A
=1+x") AJx' +2Dx(-A," +) AJX").
i=0 i=0

Hence
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(1-x*-2Dx0)) A§’x" =1-2Dx,

i=0
> N _ 2
ZA(()I)XIZ 1 22DX . ;( ’
=0 1-(x~ +2Dx) 1-(x° +2Dx)

o0 ) 2
L . . X

AY +A<”x+§ AV :1+§ AMPPx ==

LR e 1-(x* +2Dx)

Y Afx =Y (x* +2Dx)k.
i=0 k=0
(x sufficiently small)
Choosing i=n, we obtain by comparison of coefficients of x"
A(()n+2) — Z Yyit+Yy2 2D)YZ X2y]+y2
Yi-¥2

But 2y;+y2=n, y1+y2=n-yy,

n -
Agl+2) — Z( Y1 }2D)n-2yl

Y1

n

A
(2*.1) Ay = Z[ni 1]<2D>“'2'

i=0
n=0,1...

We obtain from (2*.1), for n=2n-2

ol Mon-2-i -
(2%.2) AV =Y T 2D n=12,.

i=0 !
and for n=2n-1

A(2n+1) — nz_lt 2n N 1 - 1 (2D)2n-1-21
(2*.3) 0 v W
n=1,2,...

We shall verify formulas (2%*.2), (2*.3), comparing the results with these from (1*.8).
We obtain from the latter
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AP =1,A0 =A +2DAY = 2D,
AP =AY +2DAY =1+4D?;
AY =AY +2DAJ” =4D +8D%;

AP =AY +2DAY =1+12D? +16D*.
From (2*.2) we obtain for n=1,2,3

(2%.4) AP =1,A =1+4D% A =1+12D% +16D*.
From (2*.3) we obtain for n=1,2,3
x 3) _ o(2n-1-i (2n-1-2i) _
(2*.5) Ay = Z ~|(2D) =2D
i=0 1

L (2n-1-i - 2
0 Z[ i ]( ) | (2D)

i=0

A =4D+8D".
2 (5] . (3 4

AP =Y epy @ <[ |ap+| @Dy + 2Dy,
W 2 1

A’ =6D+32D° +32D°.

From (2*.3) we obtain
AY =AY +2DAJ =4D+8D’ +2D (1+12D* +16D*)

(2*.6)
=6D +32D° +32D°.
3* The convergents of V2
We obtain from formula (1.5), since in our case n=2,
A(V)
a® zafo) = lim ——,
V—>o0 AE)V)
(m+1)
~_ 1 _
(3*.1) W+D~A(m+1) ,m=1,2...
0
With (1*.11), we obtain from (3*.1)
A +2DASMY A
(3*.2) w+D=—2 0 -72$p+—2

(m+1) (m+1)
Ag Ag
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(3*.3) we=D+—2

We investigate the special case D=1 and obtain from (3*.3)

m:2,\/5z1+%:1.5

m:3,\/§zl+%=l.4

m=4,ﬁz1+%=1.416

m:5,\/§z1+£:1.413
29

m=6,42~14+22=1414
70

Thus for m=5,6 we already obtain quite a tolerable approximation for J2.

As known, V5 occupies an exceptional place in number theory. We set D=2,
and obtain, with formula (3*.3)
A(m)
(3*.4) w=~5=24—0
N
0
We obtain from previous calculations of the matricians with D=2:

A =4, A =17,AD =72, A =305, A" =1294

we obtain the approximation values

\/§z2+i,z2+£,z2+£,z2+ﬁ
17 72 305 1294

V5 =2.235,~2.235,~2.235.

Thus 2.236 is a good approximation of /5. That (Agn) ,Agnﬂ) ):1 follows
from (1.3)

4*_ The case n=3
We denote again

(4%.1) w=3D’ +1
and choose the fixed vector
(4*.2) a® =(w+2D,w? + Dw + D?).
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with a© = (a gO) (w), a(20) (w)), we again apply the rule for calculating the
components of the companion vectors
b =aM(D),i=1,2;v=0,1,...

We proceed with the (BGEA) of a®,

b® =D +2D,D? +D.D+D?)

b©® =3D,3D?)
a) =(w+2D-3D)" (w? + Dw + D? -3D?,1)

=(w-D)'(w? +Dw-2D?,1)=

=(w-D) ((w - D)(w +2D), 1),
(4+.3) a’ =(w+2D,w? +Dw+D?)=a®.

By (4*.4) the (BGEA) of a@® =((w+2),w? +wD+D?),w=3VD> +1 is

purely periodic and the length of its primitive period /=1. We shall proceed to
calculate the matricians of the (BGEA) of this a®,

We have with b©@ =b®™ =(3D,3D?),v=1.2....
© _1 A() _ @) _ A0+3) _ 4 () (n+1) 2\ (042)
AV = AD AP =0, Al = AW 4 3DAMD 4 3D2A0 }
n=0,1,...

(4*.3)

(4%.5)

T ADK = AL 4A x4 ADR2 4 3 AT
n=0 n=0

:1+X3ZA81+3)XH —

:1+XSZ(A81) +3DA(()n+l) +3D2A(()n+2))xn

oo

=1+x’ Y APx" +3Dx* ) AGx™ +3D XZAS‘*Z)X‘”Z =
n=0

n=0

=Lex L AD +3Dx2[—Af)°) +Y ADx" }+

n=0

+3D2x( AY - A<‘>X+ZA<"> “]—

n=0

=1+(x’ +3Dx* +3D’x))_ A"x" —3Dx* -3D’x,
n=0
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Y [1-(3D*x +3Dx* +x7)]A("x" =1-3D”x - 3Dx°,

n=0
iA“‘)x“ _ 1-(3D*x +3Dx?)
=0 1-(3D%x +3Dx2 + x%)
[ee] 3
YA =
=0 1-(x” +3Dx” +3D"x)
and as before
(4%.6) Y A x" =Y (x? +3Dx? +3D%x)"
n=0 k=0

for sufficiently small x. .
Comparing coefficients of x" on both sides (4 .6) we obtain

+y, +
A(()n+3) _ (YI Y273 ](31))}’2 (3D2)Y3
3y,+2y,+y,=n\ V1> Y20 Y3
A _

[}ﬁ Y2 tys ]3y2+y33Dy2+2y3
3y, +2y,+y,=n\ V1> Y2, Y3

0
n=0,1,...;

4*.7)
1.

69

From (4%*.7) the matricians are easily calculated, finding y;, y2, y3, from the simple
linear equations 3y; + 2y, + y3 = n. One proceeds in a lexiconographic order. We have

n=0y; =y, =y3=0; A(()3) =1
n=1ly; =1y, =y, =0; A(()4) =3D?;
n=2y;=0=y3,y, =Ly; =y, =0,y3=2;

AP =3D+9D%;
n=3y;=Ly;=0,y3 =0y, =0,y, =L y; =1;

Y1=Y2=0,y3=3;

AP =1+2.3°D? +3°D°,
A =1+18D% +27D°.
n=4y, =Ly;=0y3=Ly; =0y, =2,y3=0;
y1=0.y,=1y3 =21y, =y, =0,y3 =4;
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3
A’ =2.3D% +1.3?D? +(2]~3D(3D2)2 +34p?8

A" =15D* +81D” +81D®.
One could verify these results by means of formula (4%*.5). From this we
obtain

AP =AY +3DAY +3DA{ =3D +9D* +
+(1+18D% +27D%)3D +3D?(15D? + 81D> +81D%) =

=6D +108D* +324D7 +243D'°.

A =AY +3DAY +3D%AY =
=1+18D% +27D% +3D (15D? +81D° +81D%) +
+3D?(6D +108D* +324D7 +243D!Y).
A =1+81D? +594D° +1215D° +729D'2.

It would be an interesting problem whether calculating preference should be given to
formula (4*.5) or (4*.7)
We shall shortly discuss the number of solutions of 3y;+2y,+y3=3n
y;=n; y,=y3=0 1 solution
y;=n—-1;y,=1,y5=1; y, =0,y3 =3; 2 solutions
yi=n-2y;=3,y3=0; y; =2,y;=2;
y2=Ly3=4;y,=0,y3=6;
yi=n-3yy=4y3=1Ly;=3y3=3
Y2 =2,y3=5;y,=1y3=T; 5 solutions
y2=0,y3=9;
Thus the number of solutions of 3y; + 2y, + y3= 3n equals
S3, =1+2+4)+(S+7)+(@8+10)+ (11+13) +... (n numbers)

Sz, =1+4+7+.)+2+5+8+11+...)

EERIEER R EEES

Thus, approximately

4 solutions

.
(4+.8) Ss, :{&
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3.22

Forn=2, S¢ =7= =6

From the other side, Ag’n) contains exactly 2(n-1)+1=2n-1 summands, as the
reader can easily verify.

In order to calculate A(()3n) by formula (4*.5), one has to calculate the

preceding 3n matricians AE)O), Agl),..., Agn'l), so the number of these manipulations

equals 3n(2n-1). The author therefore conjectures, that it is preferable to calculate the
matricians, from a time and operation saving profit view, by formula (4*.7).

We shall now calculate the matricians Al(v) and A(ZV), expressing them as

linear functions of Ag) . We have, with al) =0 = (w+2D, w? +Dw+ D2) ,and in
virtue of formula (1.4)

A 4+ (w+2D)AMY 4 (w? +Dw + DHA

AY +(w+2D) AT + (w2 + Dw +DHATH?

(w+2D)AY + (w+ D)AT +(w? + Dw+DHAT =

w+2D=

(4+.9) 1 ,
A™ +(w+D)AM + (w? +Dw + DH)AM?,

Comparing the coefficients of the powers of the irrational w? on both sides of
(4*.9), we obtain

(4*.10) A§n+2) — A(()n+1) +3DA(()n+2)
In the same way we obtain from
(w? +Dw+DHAY +(w +2D)AT + (w? + Dw + DA =

=AY +(w+2D)ATY + (w? + Dw +D?)ATH?
(4%.11) AP = A 1 3DATY +3D2A 0

5*. The convergents of 3\/ D3 +1
We obtain in case n=3 with w = 3\/ D3 +1,

aio) =w +2D,a(20) =w? +Dw+D?,
and by formulas (1.5), (4*.10), (4*.11)
' A(n+l) . Af)n) + 3DAén+l) ' A(n)
w + 2D = lim =3D+ lim

e Agm) T e Agm) e Agm)‘
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A (n)

* — : 0
(5*%.1) W D+HIE>I:° Agn+1> )

Substituting in (5*.1) the values for the matricians AE)V) from (4*.7), we obtain
with n = n+3.
yi+ya2+y + +2
y 1 2 3 3}’2 Y3 DY2 Y3
3y1+2}I2+ Y3=I1 Y1.-¥2-¥3

(5*.2) w=D+ lim
n—oo

3y1+2yp+y3=n+l{ ¥1.¥2,¥3
(56*.2) is a very interesting and simple formula for calculating the convergents of
D3 +1.

We further obtain by the same method

, , A(2n+2) Agn)+3DAgn+1)+3D2Agn+2)
w +Dw+D“= lim —=—= lim
noow A+ e A(N+2)
0 0
A A@+D Aln*l)
=302+ tlim —9 43D Iim -9 —wZ4DD+ lim -0 )=
nooe A1F2) e A(142) n e (1+2)
0 0 0
5 A(n+lj A AFD
—wZiDD+ lim —0— y=2D% 4 lim —% 43D lim -2,
n— o0 ,(N+2) nseo A (1+2) nee A (142)
A0 0 0
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A(n) A(n+1)

+2D li
N—>00 A(()n+2) nl_I)I:O A(n+2)

YitYatYs Lyt DY2+2y3

Yity2tys

[ Y2+Y3 ) ¥2+2ys
3y1+2y2+y3:n_1 YI’ YZ’ Y3

(5*.3) w2 =D? + lim 3Y1+2YZ+y3:n—3[ Yi> Yo, Y3 ]]:

(yl tY2tYy3 }3}’2+Y3 DY2+2}’3
3y, 42y, +va=n—2\ Y1> Y2, Y3
+2D Yiteyoty3=n
(yl tY2tYs })’2+Y3 DY2+2Y3
3yl+2y2+y3:n_1 Y1’ Y2’ Y3

This limiting expression for w” takes on a special simple form for D=1.
For D=1 the matricians, which were calculated previously, became

AP Z1 AW 23 40) 219 A0 _ 46 AD 2177 A®) Z 681 4D = 2620,

0 0 0 0 0 0 70
With those values we obtain from the formula (4*.11)
A(n)
{/_ 1+ lim
ne A (4

Vomledige S 141280, 177, 681
27467 1777 6817 2620

2 ~1.3,1.25,1.26,1.26,1.26,1.26.
Thus 3/2 =1.26 is quite an exact approximation. We have

2~1.26% =2.000376
We further obtain from the first line of (5%*.3) with D=1

(n) (n+1)
3/4 ~1 AO + 2AO
(n+2) (n+2)
A, A,

B

2 16 46 177 177°
46 354 177 1362
—+ 1+

s + .
681 681 2620 2620

Va ~ 1+—2+ll 3 24 1+£+2
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V4= 1.58,1.59,1.59,1.59,1.58. Thus Y4=159 isa satisfying approximation.
For D=2,w? =3/81=3%3.
Thus also +/3 can be easily and perfectly approximated by formula (4*.11).

6*. The case n=5
We denote again

(6*.1) w=3D> +1
and choose the fixed vector
(6*.2)21(0) =(w +4D,w2 +3WD+6D2,W3 + 2w2D +4D3,w4 +Dw3 +D2w2 +D3w +D4)
With a©@ = (afo) (w), a(zo) (w), ago) (w), ago) (w)), we again apply the rule for
calculating the components of the companion vectors
b =a" (D), i=1,2,3,4; v=0,1,..

We proceed with the (BGEA) of a a® and have

b® =D +4D, D? +3D? +6D?%, D +2D* +3D3 +4D3, D* + D* + D* + D* + D*)

b©® =(5D,10D2,10D>,5D%)

SR (YA S

a’ =(w+4D-5D)"! - (w? +3wD + 6D? —10D?,
w3 +2w?D+3wD? +4D% —10D?, w* + Dw? + D?w? + D*w + D* —=5D*.1),
a® =(w-D)™- (w—D)(w +4D),(w — D)(w? +3wD + 6D?),
(w—D)(w> +2w’D +3wD? +4D°, (w -D)(w* + w’D+ w?D? + wD? + D)),
a(1) :a(O). (6%.4)

Since (w —D)(w3 +w’D+w?D? + wD? +D4)=w5 —D>=1. Thus the

(BGEA) of a¥ is purely ];()((;,)riodic with lengths of primitive period /=1. We shall

calculate the matricians of a™".
With (4*.6) we have
O _1 AU _A@ _ A0 _ A (4) _
AP =1L,A) =AP =AY =A{" =0
©6*.5) AP =AM +5DAMY +10DZA? +10D? AT + 5DATY,

n=0,1,....

Proceeding as in case n=2,3 using Euler’s functions, we obtain
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ZAg)n)xn =1+ ZAE)MS)X“JFS =
=0 n=0
=1+ Y (AJY +5DAT +10D? A + 10D’ AT +5D*A ) x5
n=0
=x> Y A" +5D(-1+ Y AV xM)x* +
=0 n=0

+10D°x* (-1+ Y AJVx™) +10Dx* (-1+ Y AJVx™) +5D*x(-1+ Y. A®x™);
n=0 n=0 n=0

[1-(x” +5Dx* +10Dx> +10D°x* + 5D*x)1 )} A®Wx ™ =
n=0
=—(5Dx* +10D%x> +10D>*x 2 + 5D*x),

iA(IH—S)Xn _ 1 _
=0 1— (x> +5Dx* +10D2x° +10D3x 2 + 5D%*x)

=Y (x> +5Dx* +10D*x” +10D’x * + 5D*x).

k=0
Hence
Vi+Yr +y3+ya+y
Al = P72 A3 T4 TS hspy Y (10D 2)Y3 (10D %)Y (5D*)Ys
Syi+ay,+3y;+2y,+ys=n( Y10 Y20 Y3> Ya5Ys

YitYo2t+tys+ystys Yo+y3+tystys 2y3+y4 Dy2+2y3+3y4+4y5
5y,+4y,+3y3+2y4+ys=n Y. Y25 Y35 Y4, Y5

5 4
ADFS) _ 2 vk &ywzym DY 243y, 4y,
% 0o = Z k=1 )
(6*.6) . -
§(5—1)ym=n Y1:¥2,Y3,Y4-Y5
n=0,1,...
Formula (6*.6) is, indeed a bit frightening, but it calculates explicitly any

4
A(()n+5) (n=0,1,..) just by solving the linear equations Z 5-1)y;4 =n.
i=0
We shall calculate a few matricians from formula (6*.6). When one of the y;-s
will not be mentioned, its value is understood to equal zero.
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n=Lys=1A =5D*;
n=2 1)y, =L ii)ys =2; A" =10D° + 25D*;
n=3;1) y3=Li)y, =ys=11ii)ys =3,
AY =10D? +100D7 +125D'?;
n=4 i)y, =lii)y; =ys =L i)y, =2, iv)y, =Lys =2;
v)ys =4, A’ =5D +100D° +100D° +750D"" +625D'°,
A =5D +200D° +750D" +625D'°;
n=51) y;=Li)y, =y3=Lii)y; =y, =L iv)y3=1Ly5=2;
V)¥4 =2, ys =lvi)yy =1, ys =3;vi) ys =5,
AY? =1+50D° +200D° + 750D +1500D"° +5000D" +3125D%°.
A§” =1+250D° +2250D"" +5000D" +3125D%.
We shall further calculate the matricians Ai(v) , 1=1,2,3,4. We have
A 4 (w+4D)AMD 4 (w? +3Dw +6D?)A ") 4
+(w? +2w?D +3wD? +4DH)AMY 4

+(w* +Dw? + D?w? + D w + DHAMY =

6*.7) |
=(w+4D)AJ" + (w +4D)AT™ + (w? +3Dw + 6D?)A T +
+ (w3 +2w?D+3wD? +4D*)AM™Y +
+(w* +Dw? +D2w? +D3w + DAY,
Comparing powers of w* on both sides of (6*.7) we obtained
(6*.8) A§n+4) _ A(()n+3) +5DA8“+4).
Further

A + (w+4D)AT + L+ (wh +.+ DHATY =
=(w? +3Dw +6D*)[AJY +...+ (W +3Dw + 6D*)A Y
+(w? +2w°D +3Dw? +4DHAT™Y + (w? +Dw’ + D?w? + D w + DA
(6*.9) AT = AT +5DATY +10DZA Y

We leave it to the reader to verify, by the same method the results
(n+4) _ A (n+1) (n+2) 2 A (n+3) 3\ (n+4)
(6*.10) A3n —AOn +5DA0n +10D AOrl +10D AOn
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(n+4) _ A (n) (n+1) 2 5 (n+2) 34 (n+3) 4 A (n+4)
(6*.11) AP = A 1 SDATY £ 10D?A? +10D° A +5DHATT.

We thus have obtained

A _ A0+ +(T}A8n+4)
A+ A (142) 5) 3 (I, (n+a)
2 =hy  F | o + 5 [0
A | (D) S5t me2) (SN 20 m3) (D)3, (i)
3 =A, + Ay + Ay + Ao
1 2 3
5 5 5 5
AT :Agn) +(1 )DASM) +(2)D2Af)“+2) +(3)D3Af)“+3) N [4]D4Ag’+4)

1
(6%.12) A =Y AT [5 _]Di_j, i=1,234,n=0,1,...
i=0 )
To conclude with this paper of the sequence, we shall still approximate the
number %,5 4. From (6*.1) we have, with D=1, w :%.
From (6*.2) we obtain, with Theorem 1, and from (6*.8)

A(n+6) A(n+6) A(n+5)
6*13)w+4= lim —— w+d= lim —— w=1+ lim -0
i 50 A (NF6) 150 A (1F6) i 50 A (1F6)

0 0 0

From (6*.14) and (6*.6) we finally obtain
6*.15)32 =1+
{YI TY2+Ys T YatYs }(y2+y3+y4+y5)2(y3+y4)D(y2+2y3+3y4+4y5)
5y, +4y, +3y, 2y, hy=n | Y10 Y2 Y30 Y4 s

+Y, +ys;+Yy,+
YETY2 Y3 TY4TYS Ly by, 4y, o (V45 (9, +2Y, 3y, +4y,)
Sy, +4y 3y, 12y, +y,=nsl| Y10 Y20 Y30 Y4 Y5

Substituting in (6*.14) the values for n=1,2,3,4 we obtain
W={/§z1+i,l+ 35 14 235 14 1580 ’
35 235 1580 10626
2 =1.143, 1.149, 1.149, 1.149.
It seems that 1.149 is a good approximation of 2. Indeed, 1.149% = 2.
From (6*.2) and Theorem 1 we further obtain, in virtue of (6%*.9)
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A0+ A (0+3) A (0+2)
2 2 _ 1 2 _ 2 . 0 .
w* +3wD+6D“ = lim =10D“ + 5D lim + lim ,
et Ag)n+4) et Ag)n+4) ot Agn+4)
(n+3) (n+3) (n+2)
2 . Ag 2 _ 2 . Ag Ay
w” +3D| D+ lim +6D” =10D~” + 5D lim ,
n—oo A(n+4) n—yoo A(n+4) n—yoo A(n+4)
0 0 0
Hence
A (0+3) A (0+2)

2 2 . 0
=D"+2D 1
W nE}l’olo Ag)n+4) N—>00 AE)n+4)

with D=1, and the approximate value of w, we obtain.

(n+2) (n+2)
2 Ay 2 Ay
w =1+2-0,149+ or w” =1.298 +
A (0+4) A 44
0 0

From here w” can be easily evaluated exact to two places.

Section 2. Some new combinatorial identities derived from units in algebraic
number fields

Two new combinatorial identities are derived from explicitly states units in
algebraic number fields of degree n=3. Let e =w — D be a units in a cubic field where

w?=D?+1,De Nand n=0,1,... Then z, = tﬁﬂ —tytysp and t, = zﬁ_l —Zy2Zy
are two combinatorial identities where t ,,andz,,, are obtained from some
recursion formula. Both have the same structure.

1*. Introduction.

One could be surprised why such a mathematical field as combinatorics should
be coupled with the units in algebraic number fields. The connection between these
two, seemingly different domains of mathematics, rests upon the fact that Bernstein
invented a method from which combinatorial identities can be derived from explicitly
stated units in algebraic number fields of any degree ne 2. [1is nof redly neasssay to
make use of the theory of units to produce such results since Carlitz, who is the master
of these results, obtained Bernstein’s combinatorial identities and many other more
difficult ones using the classical method. This method is interesting since, sometimes
Bernstein’s method is capable of producing some results with simpler computations.
The difference between the combinatorial identities established by Bernstein and
those generated in this section rests, of course, with the choice of units.
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We choose our units from the set of units given by
(w-D)°
e=——"
W s _ DS
The author derived these units from the periodicity of (BGEA) developed
before.

, I<s<n,w" =D" +d, dD,De N, de Z, sn.

THEOREM 1. Let e=w —D be a unit in a cubic field where w> =D? +1,
DeN, and n=0,1,.. Then
2 2
Zy =th —thtyo and ty =241 —Zy 22y
are two combinatorial identities where t,.» and z,4 are as follows:

1

Xy +X X5 +X 2X»+X

T 2 (—=1)*2*%s 2TX3 ) 2X2 X3
X],XQ,X3

X|+Xp+X3=i
3X1+2X,+X3=n

and

i
_ Y2+¥Y3 Ty Y2+2y3
Zo4 = E ( )3 D

yl+y2+y3:i YI’YZ’Y3
3y1+2y,+y3=n

2*, Positive powers of e
In this section we shall calculate positive powers of e=w-D, taking in

consideration that w> =D +1:
e’ :1:1+0-w+0~w2,
e:w—D:—D+l-w+O~W2,
e?=(w-D)?2=D?-2Dw+1-w?,
e’ =(w-D)?=1+3D?w —3Dw?,
et =(w-D)*=(-3D* -4D) - (3D® - )w + 6D*w?,
e’ =(w—-D)> =9D> +10D? - 5Dw — (9D> —)w?.

We now denote

(2*.1) e"=(w-D)" =1, +s,W+t, W2, 1,,8,,t, € Zn=0,1,...,

From our previous calculations we have
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1'021, SOZO, tOZO,
I‘l :D, S] :1' t] :O,
r2=D2, 82:—2D, t2:1,
(2%.2) 5
I3 :1, S3 =3D 5 t3 :_3D,
r, =—3D* -4D, s, =-3D* +1, t,=6D?,
rs =9D° +10D?, s5 =—5D, ts =—9D° +1.
We denote
(2*.3) w2=D>+1=m

and multiply both sides of (2*.1) by e = w-D, we obtain
e"™ =1 (w=D)+s,(w? —=Dw)+t,(w> —Dw?)

(2*.4)
=mt, —Dr, +(r, —Ds,)w + (s, —Dtn)wz.
From (2*.1) and (2*.4) we have
(2*.5a) Iy =mt, —Dr,,
(2%*.5b) Spe] =T, —Dsy s
(2*.5¢) t,41 =S, — Dt,.
From (2*.5¢) we obtain
(2*.6) S, =ty +Dt,.
From (2*.5b) and (2*.6) we obtain
(2%.7) I, =t +2Dt, +D%t,.

From (2*.5a) and (2*.7) we obtain
the3 + 2Dty + thn+l =mt, —D(t;,, +2Dt; + thn)
=D +1t, -Dt,,, —2D°t,,, - D¢,
(2%.8) 3 =ty — 3thn+l —3Dt, .
Substituting the values of s, r,, from (2*.6), (2*.7) in (2*.1)

2+9) e =t,,, +2Dt,,; + D%t +(t,, + Dt W+t w2,
’ 2
thi3z =ty -3D Chs _3Dtn+2

(2*.9) expresses €" by one parameter t, recursively given and w. For to=ty, t,=1
as in (2*.2) we calculate t, by using Euler’s generating function:

) tnun ztouo +t1u+t2u + ) tnun =u“"+ ) t u
n=0 n=3 n=
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=u®+u’ Y (t, —=3D%t,;; —3Dt,p)u"
=0

=u? +u’ Y tu” —3D%u? Z’tnﬂun+1 —3Duz:tn+2umr2
n=0 n=0 n=0

=u? +u’ Y tu” —3D2u2[[2tnun )—tou()] —3DuHZ’tnun ]—touo —tlu],
n=0 n=0 n=0

and since ty=t;=0,

Ztnu“ =u? +u3Z’tnun —3D2uzzttnun —3DuZtnu“,

n=0 n=0 n=0 n=0
(1-u’ +3D%u? +3Du)Z’tHuIl =u?,

n=0

2

f"tnuIl = 4
n=0

1—(u3 —3D%u? —3Du),

u2

0 - n
t,u” +tju+ ) tu =
? ngﬁ ! 1—(u3—3D2u2—3Du)

- n+2 _ u2
Y taapu™ = 3 2.2 ’
n=0 1-(u’ —=3D“u” —3Du)

°° |
(2%.10) t,,,u" = .
ng() " 1—(?-3D%u? -3Du)

We choose u sufficiently small such that
2*.11) ‘u3 _3p2y2 —3Du‘<l.
It suffices to choose |u| <1/9D

[u* =3D%u =3Du| <|u’|+3D?[u? + 3Dy

1 32 3D 1 1 1
+ +—<—+—+—<I.
720p3 8ID3 9D 3D 3D 3
Since D>1 we expressed the right-hand side of (2*.10) as an infinite,

absolutely convergent series and obtain:

(2%.12) Y tiou =Y (@’ -3D%u? -3Du)’.
n=0 =0

<
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We find ty4 (n=1,2,..) from (2*.12) by comparison of coefficients. Now, we
are looking for the coefficients of u" in the expansion on the right-hand side.
Here the exponent j varies from O to oo. Since the polynomial which is being raised to
the power j has the highest power u’, the exponent j, in order to obtain u" cannot be

1 . . . .
smaller than [3 n} and since this polynomial has the smallest power u, the exponent j

cannot be larger than n. Thus in order to obtain all powers of u" in the expansion of
the right-hand side of (2*.12) we have to investigate the sum

n .
(2%.13) Y (@’ -3D%u? -3Du)’".
i=[n/3]
We expand the polynomial in (2*.13) by the multinomial formula and obtain

X1+X2+X3=1

(2%.14) (u® =3D?u? —=3Du)' = Y [ ' }u3)xl(—3D2u2)X2(—3Du)x3

1,X2,X3

or
(2%.15)

. i -
(u3—3D2u2—3Du)1: v _1)x2+x3 3x2+X3D2X2+X3u3x1 2x2+x3.
*1,%2-%3

X1+X2+X3 =1

now we are looking for elements u" and we have to set
(2*.16) 3xy +2X, +X3=n

From the two conditions
(2*.17) X+ X, +X3 =1, 3x;+2Xx, +Xx3=n,

and the bounds of i, we finally have
n

i
2*18 t = -1 X,+X5 x2+x3D2x2+x3
(2+.18) =) ) D (x]’xbxg)a

i=[n/3] x,+x,+x,=i
3x,+2x,+x,=n

(2*.18) is the formula which states t, in an explicit form.
The bounds of i are already given by the two restriction (2*.17), so that
formula (2*.18) can also be written as

i
(2*19) tn+2 = Z (_1)X2+X7( }X2+X7 D2x2+x3
X1,X2,X3

X, +X,+X,=1
3x,+2x,+x,=n
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3*, Negative powers of e

This section is devoted to the calculation of the negative powers of e. Since

this prob
previous

lem is essentially the same as the finding of the positive powers in the
section, we shall carry out many operations without giving again the

necessary explanations. We shall set out with calculating a few initial values of e,
with e=w-D, w’=D’+1, we have w>-D’=1, (w-D)(w*+Dw+D?)=1.

(3*.1)

Denoting
(3*.2)

el =(w-D)! =;D=D2 +Dw + w2,

e?=(D?+Dw+w?)?=3D* +2D+ (3D + h)w +3D*w?>.

e " =x, +ynw+znw2, n=01L..x,,y,.2, € Z, forn>0,

we have for the initial values

(3*.3)

From (3*

X, =1, Yo =0, z9 =0,

XIZDZ, y; =D, 71 =1,

X, =3D* +2D, y, =3D% +1, z, =3D>.
.2) we obtain, multiplying both sides by e '=D?+Dw+w?,
e ™D =p2x  + (D3 +1)y, +DD? +1)z,

+[Dx, + D%y, + (D> +1)z Jw +(x, + Dy, + D%z )w?>.

Hence by definition

(3*.4a)
(3*.4b)
(3* 4c)

Xy =D%x, + (D + Dy, + DD’ +1)z,,
Yoy =Dx, + D%y, + (D’ +Dz,,

Z,4 =X, +Dy, +D22n.

From (3*.4) we obtain, making the operations (3*.4a)-D(3*.4b), (3*.4b)-
D(@(3*.4c¢),

(3*.5)
From (3*

(3*.6)
From (3*

(3*.7)
(3*.8)

Xn41 =DYnyt =Yns You1 —Dzpy =2,
3) Xn+1 =Yn T DYni1s Xy =Yni + Dy,
Ynet =Zn +DZpyy, Xy =2, +2Dz, +D’z,.
.4c) we obtain the recursion formula
Zy4] =Zy-n +3Dz, 4 +3D22Il or
Z,3=2, +3Dz +3Dzzn+2,

e "=z, ,+2Dz, +D%z, +(z,; + Dz )W +z,w>.
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With the recursion formula (3*.7) we can calculate z, explicitly by Euler’s
generating function, viz.

(3*.9) Z’znun =1z, +zlu+22u2+Zznun.
n=0 n=3
Substituting in (3*.9) the first initial values of z, from the table (3*.3) we obtain

Z:zrlun =u+3D%u? + Zzn+3un+3
n=0 n=0

=u+3D%u? +u? Z(Zn +3Dz, +3D22n+2)un
n=0

=u+3D%u? +u’ Y z,u" +3Du? Zzn+1un+1 +3D2uZZn+2un+2
=0 =0 n=0

=u+3D%u? +u’ Z:Zrlun +3Du2[[22nun )— Zou0] =
n=0

n=0
+3D2u[ Z’znun —zu’ —Zlu]
n=0
=u+3D%u? +u3Z’Znun +3Duzztznun +3D2uZZnu“ ~3D%u?
n=0 n=0 n=0
=u+u3z:znuIl +3Du22"znun +3D2uZznun.
n=0 n=0 n=0
Thus
3 2 2 v n_
[1-(” +3Du” +3D u)]Zznu =u,
n=0
) N u
Zznu B 3 2 2.5’
=0 1-(u” +3Du” +3D"u)
0 - n+l u
zou® + Y z,u"t = ,
ng() " 1-(u? +3Du? +3D2u)
- 1
(3*.10) 2, ,u" = .
ng() " 1—(u? +3Du? +3D2)

Choosing u<1/9D? we have ‘u3 +3Du? +3D%u|<1 so that from (3*.10) we obtain
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(3*.11) Y z,qu” =Y (u’ +3Du’ +3D%0)’
=0 i=0

Using the multinomial formula we obtain

’ +3Du” +3D*w)' = ) 31 (3Du?)Y: 3D 2u)Y:,
vy, ty,=i\ Y1 Y2.¥3
(u? +3Du? +3D%u)' = Y [ ! }3)’24')’3 DY2+2¥33Y1+2y2+y3
yi+ya+ys=i Yi-¥2.¥3

To find the coefficient of u” in the expansion on the right side of (3*.11) we obtain

1
(3*.12) Zpi = Z ( }Yﬁyz DY:+2Ys
y]+y2+y3:i Y1’YQ’Y3
3y, +2y,+y;=n

The values of i in (3*.12) are determined by two diophantine equations
y1+y2 +ys3 =i 3y; +2y, +y; =n,

(3*.13) n=0, y;,y,,y320; [%n}ﬁiﬁn.

4* New combinatorial identities
We have
4*%.1) ene_n:(rn+snw+tnw2)(xn+ynw+znw2):1
Multiplying on  the right-hand side of (4*.1) and  substituting
w’ =D3 +1=m,w4 = mw, we obtain
I=r,x, t1,y,Ww +rnznw2 +ms,z, +s,X,W

(4%.12) )

+ snan2 +mt,y, +mt,z, w+t,x,w
From (4*.2) we obtain, by comparison of coefficients of equal powers of w
(and because w is a third degree algebraic irrational)
X, +mt,y, +ms,z, =1,
(4*.3) SpX, t1,y, tmtyz, =0,
thaXy +SpY¥,y +1,z, =0.
In (4*.3) we consider X, Yy, Z, as indeterminates, and r,, sy, t, as coefficiential
factors and
mt, ms,

(4% 4) A=ls
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The determinant (4*.4) is the norm of e". We have
e =1, s, WAL, W,
(4*%.5) e"w=mt, +r,w+s,w>,

2 2

n —
e w =ms, +mt,w+r,w".

From (4*.5) we obtain

r, S, ty| |r, mt, ms,
(4%.6) Ne")=jmt, r, s,|=s, 1, mt,|=A
ms, mt, r,| |t, Sh Iy
We shall now calculate N(e").
4*.7) N(e")=[N(@)1",
(4*.8) N(e) = N(w — D) = N[-(D — w)] = (-1)* N(D — w) =—N(D — w).

D3 +1=w>, D’ —w’=-1

(D-w)D-pw)D-pw)=-1, p=e?™’3
We thus obtain N(e)=-N(D -w)=-1(-1)=1.

(4*.9)

(4*.10) N(e)=N(e")=1=A
From(4*.3), by Crame’s rdeand A=1 wehave
(4*.11) z, =8> —rt,.

Substituting in (4*.11) the values for s, and r,, from (2*.9) we obtain
z, =(t,y +Dt,)* = (t,,, + 2Dt + D%t )t, or
(4%.12) z,=t2, —t,ty, n=0,l...
Substituting in (4*.12) the values of z, from (3*.12) and t, from (2*.12), we
obtain the first wanted combinatorial identities.

We return to the system equation (4*.3) and rearrange it, considering ry, Sy, ty,
as indeterminates where the determinant of the equations this time equals

Xp Mz, my,
(4*.13) Ay =ly, x, mz,|
Zn  Yn  Xn
As before A; =N(e ™) = (N(e))_1 =1""=1. In a similar way we obtain
(4%.14) th = Y2 = XpZp.
Substituting in (4*.14) the values of x,, y, from (3*.8) we obtain
@*.15)t, =(z,_+Dz,)? =2, (2, _,+2Dz__1+D%2) or t, =22 —2, 57,

(4*.15) supplies a second combinatorial identity. Both have the same structure.
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Section 3. Some diophantine equations and identities from (BGEA)

In this section we shall investigate Diophantine equations of the second and
third degree of a special type. The general equations of the second and third degrees
are far from being totally solved. It suffices to look up Mordell’s book on Diophantine
equations, to learn how little we actually know about the general second and third
degree Diophantine equations, in spite of the many numerous results on this subject
that have been gained by mathematicians with no little effort. The famous Thue
theorem stating that the equations

agx" +a,x"y+.+a,_xy"" +a,y" =c
(aj, rational integers, i=0,1,..,n;n>2)
has only a finite number of (rational) solutions is an amazing discovery. It leaves open
the question how to find these solutions and what is their exact number, and one

would conjecture that it will remain open for (all) times to come.
The questions considered in this part of the book are:

i) The equation, known (wrongly) as Pell’s equation, namely
x% - my2 =],

i1) The equation x>+ my3 +m?z3 - 3mxyz =1,

iii) and

X 'y zZ u v
mv X 'y zZ u
mu mv x y z[=L

mz mu mv X y

my mz mu mv X

Infinitely many solutions of each of these equations will be stated
explicitly. Now, it is known that the solutions of EULER-PELL’s equation is well
exploited. Still, we found it necessary to include it here because of the simple method
we shall use in solving this equation here, which has such a wide range of application
in various branches of exact sciences. Also, we will derive some new combinatorial
identities.

Since we are going to use some formulas obtained before introduce them here
too.
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O _1 AD _g A0 _ A (n+1)
AP =1, Al =0, AT =A" +2DA]

0 _ a _ (n+2) _ 4 (n) (n+l)
3.1 A7 =0, A7 =1, Aln —Aln +2DA1n
n=0,1,...
(v+D) _ A (V) (v+D) _ A (v42)
(3.2) Alv —AOv +2DA0V —AlV .

al(on-2-i
(3.3) Agm:z( '

](ZD)Z“_Z_Zi n=12..
1

i=0
for n=>2n-1.
n-l(on —1—j ‘
(3.4) AF =Y ' 2D)2 12 h=12,...
i=0 1
fl+1
(3.5) e =AM 2@y ra@ AT pog

(v) (v+1) (v+n-1)
A A LAY

(3.6) A A A = (=¥
oo W
Anv_l ) Anv_l Py -...Anv_ln
3.7) AP =1, AV =AP =0, AT =AM +3DAY +3D2A M
‘ n=0,1,...
(n+2) _ A (n+]) (n+2)
(3.8) Aln —AOn +3DA0n
3.9) AP = A 1 3DATY +3D2A MY
k .
(3.10) Hafgl :Af)k) +afk)A8‘+l) +m+a§1k_)lA§)k+n—1)
i=1
A - YitYy2tYys VY, Y2y,
(3 11) 3y,+2y,+y,=n ¥, Y2, V3

1

(0)
n=0,1,...;
0

0 _1 A0 ZAQ oG ZA® _
AP =LA =AY =AY =AY =o0.

3.12) AP =AY +5DAJ +10D2A " +10D°A Y +5DATHY
n=0,1,...
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1*. Euler-Pell’s equation.
We denote

(1%.1) w2=D?+1=m, w:\/D2+1,}

De N, not a perfect square.
We obtain from (3.6) with n=2,

() A ()
AO AO

1*.2 (n) (n+1)
(1*.2) AW Al
n=0,1,...
and from (3.1), (3.2)
(n) (n+1) (n) (n+1)
AOIl AO AO AO

(n+1) (n+2) - (n+1) (n) (n+1) -
A A A A +2DAS

: 1 1)° 1 1)°
AP +2DA AT A = (A +DAT)E — (D2 + DA,

(1%.3) (A(()n) + DA 6“*1))2 ~mA g““)z):(—l)“.
We have obtained EULER-PELL’S equations
(1%.4) x2 —my2 =(=)", n=0,,.. }
X, :A(()n) +DA(()n+1), v, :A(()n+1)

Xy =A82n) +DA82H+1), Yo :A(()2n+1)}

(1*.5) ) 5
Xop —INy5y =1.
A (2n+) (2n+2) ., (2n+2)
(1%.6) Xone1 =Ag DAy =AGT }
) 2 2
Xontl —My2n4 =—1.

Thus we obtained infinitely many solutions of x2 —my2 ==1, and, as is

known from the theory of continued fractions, these are all solutions of these two
equations, the so-called plus and minus cases of Euler-Pell’s equations.
With (3.3), (3.4), formulas (1*.5), (1*.6) take the forms

n—1 on—2—i . 2n—1-1 .
in :Z( n ) I}ZD)ZH—Z_ZI +%( n i I}ZD)ZH—ZI’

i=0 1

n=lion —1—i Y
Yon :Z[ , }ZD)ZH 1 21’

i=0
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x%n —my%n =1, n=0,1,...

nlon—1-i & (2n—i .
X2n+l — Z( i }ZD) 2n—1-2i + Z( ) }ZD)ZHH_ZI ,
i=0

i=0 1

n(on —i ‘
Y2n+l =Z[ N I}ZD)Z"_Z', n=0,1,..

i=1 1
X3na1 My 3y =1,
With the calculation of A(()V) from the formulas introduced at the beginning we
have:
xo =AY +DAY =AY =1, A =y, =0,
xg =myd =12 = (D2 +1)-0=1.
x; =AY +DAY =D,y, =A{Y =1,
x{ —myf =D* —(D® +1)-1=-1,
t2=AQ +DA =1+2D% y,=2D,
x3-my3=(1+2D?)*+(1+D?)-4D* =1,
x3 =AY + DAY =3D +4D%; y; =1+4D?,
x2 —my? =(3D +4D%)2 — (1+ D)1 +4D?)? =1,
x4 =1+8D? +8D*; y, =4D +8D?,
x} —my} =(1+8D? +8D*)% - (1+D?)4D +8D%)? =1.

2%, Units in Q(w), w=VD?> +1
It is clear that
2*.1) e=w+D
is a unit in Q(w). For e is an integer, and e'=w-D, an integer.
The (BGEA) of ¥ = w + D is purely periodic with length of its primitive
period m=1; hence we have from formula (3.5)
(2%.2) e"=(w+D)" =AY +(w+D)AJ.
From (2*2) we get an interesting combinatorial identity
(w+D)" = AP +(w + DA

2n _ 5 (2n) (2n+1) (2n+1)
(w+D)™ =A;" +DA| + WA, ,



SOME DIOPHANTINE EQUATIONS AND IDENTITIES FROM (BGEA) 91

hence from (1*.5)
(2% 3) (W +D)>" =X, +yoW.

With w2 =D? +1=m, the reader will easily verify the formulas

1 (2n . . -l 9y . .
o 2n _ 2i__n—i 2i+l__n-1-i
(2% 4) (w + D) [;:O(zi ]D m ]+ [;zo(m N 1)3 m }w

From (2*.3) and (2*.4), and using the expressions for Xy, and y», from the
previous paragraph, we obtain the combinatorial identities

rf 2n B 2-i oD)2n-2-2 1(2n _'l_i oD)2n-2
=0 1 2 1

(2%.5) 5
(2020 2, e
_zi=0: (21 )D (D2 + )™,
o(2n—1-i noio2i _ N[ 2n IDzi+1 2 | gyt
k =
(2*.6) 12:0[[ : }ZD) izzo(2i+1 (D* +1) .

Similar identities are obtainable from

2n+1
(w+D) =Xon41 t YonaW.

3*, The cubic diophantine equations.
We shall need formulas (3.6), (3.7), (3.8), (3.9) for n=3, viz.
A(()n+1) A(()n+2) A(()n+3)
(3*1) AYH_]) AYH_Z) A(()n+3) =1
A(2n+1) A(2n+2) A(2n+3)
) _ M _ A2 _
Ay’ =1L Ay =A," =0,
(n+3) _ A (n) (n+1) 2 4 (n+2)
AOIl =A, +3DA, 7 +3D AOIl ,

(3%.2) \ , X >
AMY = A 4 3DA(M)

(n+3) _ A (n+]) (n+2) 2 4 (n+3)
A = AMD 1 3DA 4 3D2A Y.

Substituting in (3*.1) the values for A?) , A(Zi) , 1=n+3 from (3*.2), we obtain,

after simple rearrangements
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A E)n+1) N 8n+2)
I= Ag“) + 3DA81+1) Ang) + 3DAE)“+2)
A(0n+l) + 3DA(0n) + 3D2A8‘+l) A(()n) + 3DA81+1) + 3D2A(0n+2)

(n+1) (n+2) (n+3)
Ao Ap Ag

_ (n) (n+1) (n+2)
= A0 AO AO

A(n - 1) A(n)

(n+1)
0 0 A

0

We now denote

_ A (-1 _ A (D)
(3%.3) x=Ay T, Yy=Ay', z=A,
n=12,...

and obtain for the above determinant

(n+1)
A

z x+3Dy+3D’z  y+3Dz+3D’A0"

1=|y 7 Ang)

z y z

(n+3)
A

(n+2)
Ag

+ 3DA

+ 3>DA0

(n+2)
0

(n+3)

+3D2A

Subtracting from the first row the 3D multiple of the third and the 3D* of the

second, we obtain,

2-3Dx-3D’y  x y
(3*4) y z x+3Dy+3D%z=1.
X y z

We leave it to the reader to expand the determinant in (3*.4) to obtain the

Diophantine equation of the third degree as

(3*.5)

+12D%y*x + (9D* —3D)y?z-3Dz%*x —6D?z%y =1

Even for D=1, equation (3*.5) complicated form as

x> +©OD? +1y? +2° + 9D —3)xyz+6Dx2y+3D2xzz}

(3*.6) x> +lOy2 +2z° +6xyz+6x2y+3x22+12y2x +6y22—322x —622y:1

In section 1 we have calculated the solution triples A(n), Ag”l) , Ag”z) ,n=0,1,...
(x,y,2)=(1,0,0), (0,0,1), (0,1,3), (1,3,12), (3,12,46), (12,46,177).

We shall check the solution
(X3, y3, 23)=(1,3,12).
Substituting these values in (3*.6), we obtain:

14+270+1728+216+18+36+108+648-432-2592=1, 3025-3024=1

(n+3)
0
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For larger values of D and n the verification of (3*.5) is only possible by
computer, and without knowing (3*.3) even a computer would have its problems.

As we shall soon see, there is a much simpler third degree Diophantine
equation which can be regarded as, and indeed in a certain case represents, a
generalization of Euler-Pell’s equation to the third degree.

4*_ Units in the cubic field.
As we have seen in Chapter 2 the (BGEA) of the vector a® e E;, with

W =3 D3 +1,De N,a(o) =(w+ 2D,w2 +Dw + DQ), is purely periodic with
length of primitive period m=1. Hence, by theorem 2 of Chapter 2 Section 6* and
formula (3.10)

4*.1) e=w> +Dw+D?
is a unit in Q(w), and

(4*.2) eV :ABV) +(wW+ 2D)A£)V+l) + (Wz + Dw + DZ)AE)WZ)}
| v=0,,...
Thus

+ (Agvﬂ) n DAg)V-I—Z)W n DzAngrz)Wz ’
We shall find the field equation of the expressions (1*.3) in Q(w).

We denote
X, :Ag)v) + 2DAE)V+D +D2Agv+2),
(4*.4) v, =A§)V+l) + DA8v+2)
z, :Agv+2)
and have

eV =x, +y,w+z,w’

\ 2

we =mz, +X,W+ \%%
(4*'5) v v Yv |
wle" =my, + mz,w +XVW2

m=w>=D>+1

Hence
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XV yV ZV
(4%.6) mz, X, Y, =1
myV 1’I’IZV XV

since N(e)=1, as the reader will easily verify.
Expanding the determinant in (4*.6), we obtain
3
4*7) Xy +my?, +m223 -3mx,y,z, =1
Xy,Yy,Zy from(4*.4),v=0,1,...
The Diophantine equation
x>+ my3 +m?z° - 3mxyz=1

is indeed Euler-Pell’s equation generalized to the third dimension. It is simpler
compared with (3*.6) and it has as solutions (4*.4).

We shall verify formula (4*.5), first line for v=1,2. We have, from (4*.4).

x; =AY +2DAYY +D?AY =D?,
y1 =AY + DAY =D,
2z =Ay =1.
D) + (@3 + D> + (D3 + 12 - 1-3D> +1)D? - D=
D’ +D®+D? +D® +2D3 +1-3D° -3D3 =1;
x, =AY +2DAYY + DAY
x, =2D+D?-3D? =2D +3D",
y, =AY + DAY =1+3D°
2, =AY =3D%,
We obtain substituting (X,,y2,2») in (4%*.7)

1+18D° +99D? +162D° +81D'* —3(6D" +33D° +54D° +27D'?) =1,

We shall now extract a few interesting identities from formula (4*.3).
We have, by the binomial theorem

3n . .
(w?>+Dw+D*)™ =Y (w?)*"? (Dw +D?)' =
i=0

& 3n ) 6n-2i i 1 i 2]
_ n—2i i—j j_
_Z o(i jw ) (J.)(Dw) D% =

1=

=0
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_ i 3n) gnoifd ity imi =
=0 j

=0,1,...i

3n (3HI )W6n (1+])D1+]

j= 01 .....
In the sum Z(fn Ij)w6“_('+J)D'+J, i=0,1,..,3n; j=0,1,..,i; we want to find

the coefficient of powers of w3“, so that since w® =m=D" +1,
this sum becomes rational. For this purpose we have to set i+j=0(3) and obtain

3
(4% 8) (w2+Dw+D2)30 = ( HI }vﬁn 3sp3s |
i+]j= 3s<6n

s=0,1,..
03]31£1S3n

(4*.8) is an appealing formula for the expression (w2 +Dw + D? )311

this expression could also be calculated by the multinomial theorem.
We have, in order to illustrate its application; n=1, s=0,1,2.
=0;i=j=0;
s=1;i=2,j=1;i=3;j=0;
s=2;1=3,j=3.(1<3).
Hence we have for the rational part of e’

3Y0 3Y2 3Y3
(w? +Dw+D?)’ = 64 D7+ ’D? +
00 2|1 3]0
3Y3
+(3I3]D6=w6+7D3w3+D6,

[w?2 +(Dw+D?]? =wb +3w*(Dw+D?)+3w?(Dw +D?)? + (Dw + D?)? =
=w®+3Dw°> +3D%w* +3D*w?* + 6D w? +

+3w?D* +D3*w? +3D*w? +3D°w + D°.

, through
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The rational members of this sum are w® +6D>w? +D3w? +D6, as was
calculated above, with w> =m=D? +1. The formula (4*.8) is easily applicable
since there is no difficulty to solve the linear equations i+j=3s.

We shall still find the rational part of el = (w2 +Dw + D2)6. By formula
(4*.8), with

n=2, s=0,1,23,4; i+j=3s, j<i<6;

s=0; i=j=0;
s=1; 1=3, j=0,
i=2,j=1;
s=2; i=6, j=0,
i=5,j=1
i=4, j=2;
i=3, j=3;
s=3; i=6, j=3,
i=5, j=4;

s=4; i=6, j=6;

Lok LRI LT
MR HENAEN
AL (e

=m'? +50w°D? +141w°D® +50w>D? + D% =

=m?* +50m>D? +141m?D® +50mD’ + D'?,

we obtain

m=D>+1=w".
We thus have the final results, viz. The rational part of e = (w2 +Dw + Dz)3 n
equals

3nYi
(4*.9) Y ( I_}n2“‘5D35,m:D3 +1.
i+j=3s<6n \I AJ

s=0,1,...,2n
0<j<i<i<3n
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We shall now find the coefficient of w in

i (3nIi)W6n—(i+j)Di+j
i

=0
i=0,1,....i

and demand, to this end,
6n—(>G+j =1 (mod3),
(4*.10) i+j=23),i+j=3s+2
s=0,1,..2n-1

and obtain thus, that this coefficient equals

(4*‘1 1) Z [.3n Ii.)w6n—(3s+2)D3S+2‘
i+j=3s+2  \L AJ

s=0,1,...,2n—1
0<j<i<3n

But
W6n—(3s+2) — W6n—(3s+3)+1 —

— 320G _ | dn(s+) o

B

m=w> =D +1.

Hence,
The coefficient of w in (w 2+ Dw+D? )3 " equals
(4%.12) Z D3+2 201 [311 Ii }
i+j=3s+2 i J
s=0,1,...,2n-1
0<j<i<3n

[lustration of (4*.12):
n=1Ls=0ls=0;i=2,j=0;i=1,j=1;
s=Li1=3,j=2

The coefficient of w in the expansion of (w 2 +Dw+D? )3 equals

oo (L) e e

as the reader can verify.
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n=2;s=0,1,2,3; 3n=62>1.
s=0;i=2;j=0;i=1;j=1;
s=1;1=5,j=0;i=4;j=11=3,]=2;
=21=6;j=L1=5,j=2;i=4,j=3;
s=3;i=6,j=5.

The coefficient of w in (w2 + Dw + D?)® equals

- e (L T
AHHENHE R glgﬂm

=21D%m?> +12D°m? +126D%m + 6D

The reader will now prove without any difficulty that:

The coefficient of w2 in(w? + Dw + D?)>" equals

(4*.13) Z (3n Ii }]3s+l rn2n—s—l
i+j=3s+1 i J

s=0,1,...,2n—1,
0<j<i<3n

But by (4*.3) we have

+ [A(()3n+1) + DA(()3n+2) ]W + DZA(()3n+2)W2
With (4%.9), (4*.12), (4*.13) we obtain the identities
3n Yi
i J
1+J

j=3s<6n 1
0<j<i<3n

(4*.14a) ( I ]D3s+2 2n—s—1 A(3n+1) +DA(3“+2)
i+j= 35+2<6n 1 1

0<j<i<3n

(4*.14b) ( I ]D3s+l 2n-s-1 DZA(3n+2)
i+j= 35+1<6n 2\!

0<j<i<3n
If we substitute in (4*.14),(4*.14a),(4*.14b) the values of Agn) , Agn“) , A83n+2) , we

indeed arrive at some new combinatorial identities. We proceed to obtain further
identities for the third dimension.
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5%*. More identities.
We return to formula (4*.2)
(w2 +Dw+D?)" =AY +(w+2D)A™ + (w? + Dw + DAY,
and have with (w —D)(w? + Dw + D?) =1,
1
(5%.1) (w-D)¥ = .
AY + (w+2D)AY™Y + (w2 + Dw + DHAH
We want to rationalize the denominator in (5*.1) so that
5%2) [AY +(w+2D)AY™Y + (w2 +Dw +DHAV P Ja + bw +cw?) =1.
0 0 0
We obtain, with a, b, ¢ rationals,
(A(V) + 2DA(V+1) 2. (v+2)

D Ay a+ A(V+2) (A(VH) DABV”) yme =1,
(5+3) Ay +pAl s (A(V) +20A0" 4 D2AN P b+ ma (e =0,
AE)HZ) (A(v+l) . DA(V+2) b (A(v) A | p2, (V)

0 0 c=0
The determinant of this system of equations (5*.3) equals, with
x, =AY £2DAY 1 D2AND; y = AV DAY 2 = ALY
X v 1’I’IZV myV
yy X, mz, —x3 +myV +mzz3
ZV YV X v
Hence we obtain from (5%.3)

-3mx,y,z, =1.

b=y, 0 mz, :mz% - XYy
z, 0 x
x, mz, 1
_ _u2
c=lyy Xy 0O=yy-—xyz,.
zy ¥y O
Thus we have obtained the identity.

(w —D)? :x% —my,z, +(mz% —XyYyIW +(y%, —XVZV)W2 or

(w _D)3V = x%v —my3yZzy +(mZ§v _3X3VY3V)W +(ygv _3X3VZ3V)W2'(5*‘4)

Expanding (w — D)3V , we obtain, with wl=m= (D3 +1)
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3v __ - 1)\ 3V v—i 31 v—l—-iy 3i+2
oo gl (gl
B fape

With (5%*.4), (5*.5) we obtain some new identities

Y 3V vl
Z(_l) [31 }"V 1D3 =X§v —mMy3yZ3y;
i_

v=1
Vol 342 _ 2 .
(5%6) LD [mz}" DI E M X Ya]
. k1Y . .
( 1)1+1(3i+1}nv 1 1D31+1 :y%v _X3VZ3V;
i=0

=0
-1
v=01...;X,,Yy,Z, from(4 *.4).

Substituting for xy, yy, zy, the values from (4*.4), and the values of AY from
(3.11) the identities (5*.6) take the form

(5%.5)

< ._.

6*. Fifth degree diophantine equations.

We return to formula (2*.6) with n=5, and obtain
A(()n+4) Af)n+5) Agl+6) A(()n+7) Af)n+8)
A§n+4) A§n+5) A§n+6) A§n+7) Afn”)
A(2n+4) A(2n+5) A(2n+6) A(2n+7) A(2n+7) :(_1)(5—1)(n+4) =1,

(6*.1) A(n+4) A(n+5) A(n+6) A(n+7) A(“+7)
3 3 3 3 3

Agn+4) AELIH—S) AELH+6) ASHJ) Ag‘n+7)
n=0,1,...
Substituting for Ai(v),i=1,2,3,4; v=n+4,..,n+8; their representation as forms
of Ag’ﬂ) ,j=1,2,3,4, we obtain the matrix equality.
A(()n+4) Ag)n+5) Ag)n+6) A(()n+7) Ag)n+8)
Af)n+3) Agl+4) ASHS) Af)n+6) Agl+7)
(n+2) (n+3) (n+4) (n+5) (n+6)| _
(6%.2) Ay Ay Ay A, Ay =1,
Az)n+l) ASHZ) Az)n+3) Ag)n+4) Ag)n+5)

(n) (n+1) (n+2) (n+3) (n+4)
AO AO AO AO AO
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We denote
(6*3) A(()n+4) _ V,AE)“H) =u,AE)“+2) :z,Ag’H) :y,A(()n) —x
and with formula (3.12), viz.
AP =AY +5DATY +10D2 A +10D% ALY +5D* AT,
We also denote
5D=a,,10D* =a;,10D> =a,,5D* =a,,
0 0 0 0
(ay :bf );a3 :b(z );az :b(3 ),al :bg )).

We then proceed as follows (in order to represent (6*.2) as an expression in

powers of x,y,z,u,v):

1) from the first row we subtract the a; multiple of the second row, then
the a; multiple of the third row, then the a; multiple of the fourth row,
then the a, multiple of fifth row.

ii) From the second row we subtract the a; multiple of third row, then the
a, multiple of the fourth row, then the az multiple of the fifth row.

ii) From the third row we subtract the a; multiple of fourth row, then the
a; multiple of the fifth row.

iv) From the fourth row we subtract the a; multiple of the fifth row, and
obtain, always applying formula (3.12) and the notations (6*.3), (6*.4

(6%.4)

(6*.5)
V—oau—a,z—azy—aux X y z u
u—-a;z—a,y—a;X v-au—a,z—azy X-+a,y y+a,z z+a,u
Z—-a,;y—a,x u-a;z—a,y Vv-au-a,z X—a,y+a;z y-a,z+tau =1
y-—ax z—a,y u-a,z v—au X+a,y+tazz+a,u
X y z u v

with the values of a;, ay, a3, a4 from (6*.4), x,y,z,u,v from (6*.3) where n=0,1,...The
expansion of the determinant (6*.5) would yield the expression. Even with D=1, it
will still be very complicated. For n=0, x=1, y = z = u = v = 0, the determinant in
(6*.5) becomes

—a, 1.0 0 0
—a; 01 00
—a, 0 0 1 0=1,
—a; 0 0 0 1
1 0000

andforn=1,u= z=y=x=0, v=1, the determinant becomes
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1 0000
01000
0 01 0 O=1,
00010
00 0 01

but these elementary determinants can hardly serve as a verification for formula

(6*.5). For n=2 the test is also simple.
Let try for n=3,

AP, AP AP AP AT )=(0,0,1,a;,a, +a]) = (x,y,2,u,V)

a
I+aja,

ay +ajaz|=

as + ajan

a, +a12—a12—a2 0 0 1
a, —a; a2+a12—a12—a2 0 ay
1 a; —a a2+a12—a12—a2 as
0 1 a; —a a2+a12—a12
0 0 1 aj
00 0 1 aj
0 0 0 a, 1+ajay
1 0 0 a3z ay+ajasz|=
01 0 a, ajz-+aja,
0 01 a; ay +a12

and subtracting the a; multiple of the fourth column from the fifth

000a, 1| o1 o 1,
110 0 ay agl=1.0 02 Mo o alo
- 3 4_'103233_' a3_
0103233 Olaa Olaz
0 01 a; a, o2

7*. Fifth degree identities.

As we have seen, the (BGEA) of the fixed vector
0) _

a =

(w+4D,w? +3Dw +6D?,w> +2Dw? +3D?*w +4D>, w* + Dw’ + D*w

an +312

2+D3w+DY

is purely periodic with length of the primitive period /=1. Hence we have the formula
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e"=(w?+Dw? +D?w? +D*w+ D" =
ASY +(w+4D)AJ™) + (w? +3Dw + 6DP)A +
1) +(w? +2Dw? +3D?w +4D*)A M +
+(w* +Dw? +D*w? + D¥w + DAY,
n=0,12,...
ALY (v=56,...) from CH.2.

From (7*.1) we obtain

(w* +Dw? +D?w? +D?*w+ D*)" =

:AE)SH) +4DAE)SH+1) +6D2A(()5n+2) +4D3A85n+3) +D4A(()5n+4) +
(7%.2) +(AS"D 13DAP™? +3D2AP™Y + DIAT Y )w +

+ (A(()5n+2) + 2DA(()5n+3) + DzA(()5n+4))W2 +

+ (AE)SH+3) + DA(()5n+4))W3 + A(()5n+4) )W4.

We shall now arrange (w4 +Dw’ +D?*w? +D3*w +D* )Srl in descending
powers of w. The first step will be to achieve this arrangement in powers of w, s=0,
1,2, 3, ...,4n, since the highest power of w in that expression is w >, so we look for
the rational part of it. We have by the multinomial theorem

(w* +Dw? +D*w? +D*w+D*)" =

(7*3) Z (yl +y2 +y3+yqty;s }N4YI+3}’2+2}’3+Y4 ) Dy2+2y3+3y4+4y5

4y1+3y2+2y3+y4=k y19y2’y31y4’y5
y2+2y3+3y4+4y5=20n-k,

k=0.1,...,20n
since the sum of the exponents of w and D in the above expansion equals
20n=k+(20n-k). We also have from (7%.3)
4y, +4y, +4y3; +4y, +4y5=20n
Yi+Y2+ys+ys+ys=>5n
Since we are looking for S-multiples of the exponents of w-hence also of D-we
obtain from (7%*.3), (7*.4):
The rational part in the expansion of

(7*.4)
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(w* +Dw? +D?w? + D?w + D*)*" equals

5n , .

(7*‘5) Z SDZOH—SS

4 Y1:Y2:¥3:Y45Y5

Z(i—i)y1=55S20n

i=l

s>0,m=w"> =(D> +1).
The equation follows from y; +y, +y3 +y4 +ys5 =5n in the multinomial

coefficient.

As an illustration to (7*.5) we shall find the rational part in the expansion of

(w4 +Dw’ +D*w? +D3w + D4)5,n =1. We obtain from (7*.5) that this equals

(7*%.6)

Z 5 SDZO—SS
¥1-¥2-Y3:¥Y4,Y5

4
Y. (5-i)y,=5s<20n

i=1
We solve the equations, s=0, 1, 2, 3, 4
s=0;4y; +3y, +2y3+y4 =0, y1+y,+y3+ys+ys=5
Yi=Y2=Y3=Yy4=0,y5=5.
The corresponding member in (7*.6) equals

[2}“01)20—0 _p¥.

s=L4y; +3y, +2y3+y4 =5y 1+ Y2 +¥3 +ys +Y5 =5,

Y1=Y4=Ly,=y3=0;y5=3.
Y1=0y,=y3=Ly;=0y5=3.

Yi=0y2=Ly3=0y4 =21y5 =2.
Yi=Y2=0y3=Ly; =3ys5=1.
Yi=Y2=0y3 =2y, =Lys=2.
Y1I=Y2=Y3=Y5=0;y4=5.

The corresponding member in (7*.6) equals

5 5 5 5
+ + + +
{(1,1,0,0,3] [0,1,1,0,3] (0,1,0,2,2] (0,0,1,3,1]

5 5 15 _ 15
+ + mD ™~ =12Im .
0,0,2,1,2 0,0,0,0,5

s=24y +3y, +2y3+y4 =10,y +y, +y3 +y4 +y5=5.
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We shall write (y;,y,,y3,Y4,y5) for the solution of the above linear

equations.
(2.0.1,0.2); (2,0,0.2.D); (1,2,0,0,2);

1,LLLD;  (0,3,0,1,1); (0,2,2,0,1);

(0,1,3,1,0); (0,2,1,2,0); (0,1,3,1,0);

(0,0,5,0,0); (1,0,3,0,1); (1,0,2,2,0).
The corresponding member in (7*.6) equals

5 5 5 5
+ + + +
2,0,1,0,2 2,0,0,2,1 1,2,0,0,2 LLLLL,
5 5 5 5
+ + + + +
[0,3,0,1,1} [0,2,2,0,1] [0,1,3,1,0} [0,2,1,2,0}
5 5 5 5
+ + + + =
(0,1,3,1,0] (0,0,5,0,0] [1,0,3,0,1] (1,0,2,2,0]}

=(30+30 +30+120+ 20 + 30 + 20 + 30 + 20 + 1 + 20 + 30)m*D'? =381m*D'°.
s=34y; +3y, +2y3 +y4 =150 Y1ty tyz +ys tys =5
(3,1,0,0,1); (2,2,0,1,0); (3,0,1,1,0);
(2’1’2’0’0); (]"3’1’050’ ); (0’5’0’050);
The corresponding members in (7*.6) equals

5 5 5 5
+ + + +
3,1,0,0,1 2,2,0,1,0 3,0,1,1,0 2,1,2,0,0
5 5
+ + m’D’ =
1,3,1,0,0 0,5,0,0,0

=(20+30+20+30+20+ D)m’D> =121m°>D?
s=44y; +3y, +2y3+y,4=20; y;+y, +y3+ys+ys=5.
The only solution is (5,0,0,0,0) and the corresponding member in (7*.6) equals

5
4 = m4 .
(5,0,0,0,0}" -

Thus the formula (7%*.5) yields, for n=1, the sum

(7%.7) m* +121m°D° +381m?*D!’ +121mD"° + D°.
From the other side we have



106 MORE IMPORTANT APPLICATIONS OF (BGEA)

(w* +Dw? +D?w? +D*w+D?*)’ =

=w2 +5wD+15w¥D? +35w''D? + 70w !°D* +
+121w D’ +185w!*D® + 255w D7 + 320w !?D8 +
+365w!'D? +381Dw!? +365Dw!? + 365w D!! +320wSD!? +
+255w D" +185w°D!* + 121w’ D" + 70w D' +

+35w°D"7 +15w?D'® + 5wD!" + D,
That the expansion in (7*.8) is symmetric (the coefficients of wiD?*7 and

(7*%.8)

w2ID! | are equal) is clear. The rational part equals
w2 +121w"°D” +381w''D'? +121w°D" + D¥ =

=m* +121m>°D’ +381m?D? +121mD" + D

as should be by (7*.7).
Comparing formulas (7*.2) with (7*.5), we obtain the identity

mSDZ[)n*SS 4
Z 5n _ Z 4 iA(()5n+i)‘
(7%.9) ()Si(S—i)y:ssszon Yi-¥2:Y3:Yar¥s i=0 \ 1

n= 1,2,...;Af)v) form(7°.6),v = 5.6,...
Substitution of the values of A(()V) from (7*%.6) in (7*.9) would yield a new

expression for (7*.9). The reader can prove the statements:
The coefficient of w in the expansion of

(w* +Dw? +D?w? +D3w + D*)*" equals

Z 5n s20n-5s-1
Y1:¥2,¥3:¥Y4,Y5

(7*.10) i(s-i)yi =55+1<20n;

i=1
s=0,1,..,4n -1
Furthermore, the coefficient of w' in the expansion of
(w4 +Dw’ +D?w? +D3w + D4)Sn equal, with i=0,1,2,3,4.

Z 5n sy 20n-S5s—i
Y1,¥2,¥3,¥4,Y5

(7*.11) <Y (5-i)y; =55 +<20n;

i=l1
s=0,1,.,4n-1,i=0,1,....4
Comparing (7*.2) with (7*.11) we have finally the five identities,
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Z Sn sp20n-Ss—i _
Y1-Y2-¥3:Y4-Ys

4
i< Z(S—j)yj:55+is20n;
ji=l

w4-i); (5Sn+i+j)
(7%.12) = Z - DlAgM
=0\ J

1=0,1,2,3,4.
We shall give a verification for formula (7*.12) with i=0, formula (7*.9), D=1,
n=l;we have m=D* +1=2,A0 =LA’ =AY = A’ = A" =0,

(n+5) _ A (n) (n+1) (n+3) (n+3) (n+4) o’ _ 6) _
AP = AW 4+ 5ATD 11040 +10A0Y + 540V A =14 =5,

A =358 =235, A =1580.
This yields
16+121-8+381-4+121-24+1=1+20+210+940 + 1580 =2751.
It is also easy to verify the identities (7*.12) for n=2.

8*. More about units and identities.
Since w’ -D°= (w— D)(w4 +Dw? +D*’w? +D’w + D4) =1, we have
also, (w> =D +1)
1
(w* +Dw’ +D2w2 +D3w + D4’
and with formula (7%#.2), and setting v=>5n,

e ' =(w-D)" =

1

djs +a4W +a3W2 +3.2W3 +alW4

-4 ) o
as =Z( ; I}DJAgf‘”‘*J), i=0,..4 (from(7*.12)).
=0

We shall now rationalize the denominator in (8*.1) and demand

(w-D)™" =

(8*.1)

(8*%.2) 1=(a5+ayw +a3w2 +azw3 +a1w4)(cl +Ccow +c3w2 +c4w3 +C5W5).

5

Expanding (8*.2), with m=w" = D> +1, we obtain
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a5Cy + ma;C, + ma,Csy + masCy + mayCs =1
auC; + a5Cy +malc3 +ma,Cy +ma305 =0
(8%.3) a3C; + a4c, + asc3+ma;cy +marcs =0
a,Cq + a3Cy + a,Cs + a5Cy +m31C5 =0
a1¢q + a,Cy + a3Cjy + a4Cy + a5Cy =0.
The determinant of the system of linear equations (8*.3) equals, interchanging
columns with rows,
as ay aj a, a
ma; as ay asj as
(8*.4) A=ma, ma; aj a, aj
mas ma, ma; as ay
ma, mas; ma, ma; as
Now, the reader will verify that the field equation of

e =as +a,wHaswl +a,we +a;w

4
has exactly the free element=1, since e is a unit, as in case n=3. We thus obtain
(8%*.5) (w-D)" =¢, +co,w+cyw? +c,w +esw?
Expanding (w — D)>" we obtain the result. The rational part in the expansion
of (8*.5) equals
n . . .
(8*,6) Z(_l)lelwsn—sl.
i=0
Comparing (8*.6) with c; and calculating c; from (8*.3), (8*.4), we obtain the
identity, with wo=m=D" +1
3.5 ay a3 dy

n
i i —i ma a a a
(8%.7) Y (-)'DPm" = S5 Bt
=0 maz ma] 3.5 3.4

ma3 ma 2 mal a 5
We substitute the values of a;, i=1,..,5; from (8*.1) and obtain

(8+.8) Y -)'D'm" =
i=0
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4 4 i A (5n+)) > 3 i A (5n+1+)) 2
ffopse e ¢

J

2 2 ) . 1 1 ) .

(5n+2+j) (5n+3+j)

m§ [ })JAO J m§ [ })JAO ]
i=o\J o\

m),

4 [4
=0\ J

;

1
}]jA(()Sn+2+j) Z

}jjAg“”) Z

|

|

i=0

1
]

=\ i=0 i=0 i=0
(5n+4) AN G e (i) e (2 Wi Gne2+i)
mA Y.|. P'Ag Y| . P'Ag Y| D'Ag
jFo\J jFo\J o\
L1y . . 3(3) . .
(5n+3+)) (5n+4) (5n+4) (Sn+1+j)
mZ[j}]JAO mA Ay Z(j}]JAO
=0 =

}]jA(()Sn+3+j)

4 };j A G+
j 0

Comparing the powers of w (i=1,2,3,4) on both sides of (8*.5) we obtain four
more identities with ¢; (i=2,3,4,5) calculated from system (8*.3). To have a complete

view of (8*.8) the values of AE)SHH) , (1=0,1,2,3,4) will have to be substituted from

(7*.6). This would yield very complicated expressions.
Let us only limit at the difficulties of writing out in full-but not calculating-the
determinant (8*.8) in a simple case at D=n=1. We have for the left side of (8*.8)

1 . . .
Y -)'D'm" =m-D’ =1
i=0

For the right side we calculate
A =1,A0 =5 A0 =35 A% =235, A =1580.
Thus the determinant (8*.8) becomes, with the values from (8*.1), viz

4 (4 .
as :Z[_}Aﬁfﬂ) =1+4-5+6-35+4-235+1580=2751
=0

3 (3 .
a, =Z(_}A§f’“) =5+3-35+3-235+1580=2395
=0
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2 (2 .
a, :Z[ jAg”J) =35+2-235+1580=2085

11 .
a, =2[j]AgS+J> =235+1580=1815
0 0 .
9
a1=2[.}xg+l)=1580, m=2

o\
2751 2395 2085 1815
3160 2751 2395 2085
3630 3160 2751 2395
4170 3630 3160 2751
Thus formula (8*.8) has been verified for D=n=1. The entries in the right hand
determinant become a challenge for n, D>1.
On the combined subject about “Diophantine Equations, Units and Identities”
there is not much literature.

=1

Section 4. n-Dimensional Fibonacci numbers and their application from (BGEA)

Bernstein investigated the F(n) function. This function was derived from a
special kind of numbers which could well be defined as 3-dimensional Fibonacci
numbers. The original Fibonacci numbers should then be called 2-dimensional
Fibonacci numbers. This section deals with n-dimensional Fibonacci numbers in a
sense to be explained in the sequel. Also, Bernstein derived an interesting identity that
was based on 3-dimensional Fibonacci numbers. Carlitz deals with this subject too.

If we remember the original Fibonacci numbers are generated by the formula

F(n) %[n 1_ i}n =12,...,

i=0
then the function

(1 —2i
F(n)=2(—l)‘[n i 1]
i=0

can be regarded as a generalization of the first, and the author thought that

Fm) =Y (-1) [n 1_ ki}k —12..,
i=0
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could serve as a k-1-dimensional generalization of the original Fibonaccci numbers,
but, regretfully, this consideration led nowhere. From the fact that Fibonacci numbers

are derived from the periodic expansion by the Euclidian algorithm of J5 , there is
opened a new horizon for the wanted generalization.
(BGEA) leades to an n-dimensional generalization of Fibonacci numbers.

In this section, the author is introducing the (BGEA) to investigate the various
properties and applications of her k-dimensional Fibonacci numbers. It first turns out
that these k-dimensional Fibonacci numbers are most useful for a good approximation
of algebraic irrationals by rational integers. Further, the author proceeded to
investigate higher-degree Diophantine equations and to state identities of a larger
magnitude than those investigated before, in an explicit and simple form.

The following formulas were given in Section 1 of this chapter
n—I
AN =Y b VAN v =01,
k=0

4.1 Ai(j) = Sij : Sij the Krone ker delta,
1,j=0,1,...,.n=1;s=0,1,..n - 1;
by =a{”(D)k=0L...n-Lal”" =b{" =1;

Agv) are called the matricians of (BGEA) then the three formulas hold:

v) (v+1) (vn—1)
ALY AN A
(v) (v+1) (v+n-1)
(4.2) Al Al cen Al — (_1) V(l’l—l)
) (v+¢)  (vin-D)
An_1 An_1 An_1
n-1
Zaf(v)A(wk)
S
4.3) al® :lr‘:(l)—, v=0,1,.:8=0,...,n—1
(V) A (vtk)
Zak Ag
k=0
v n—1
K K
(4.4) [T2¥ =Y alay™
k=1 -0

Perron proved the following theorem which, under the conditions of the
(BGEA) (D>1), becomes

THEOREM 1. The (BGEA) is convergent in the sense that
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lim A{"
(0) _ v _ _
4.5) ag —lim R ,s=1,..,n—-1
V—yo0 0

A§V> :AE)V) is called the v th convergent of (BGEA).
In Chapter 2 the author proved

THEOREM 2.1f the (BGEA) of a is purely periodic with m=length of the
primitive period, then

m—1 n—1
(k) _ (m) 5 (m+k)
(4.6) kH:Oan—l k;)ak Ag s
isaunitinQ(w).
From (4.6) the formula follows, in virtue of (4.4),
m—1 v n—1
(4.7) (Haf}‘fl] =Y afmA™™r v=12,.
k=0 k=0

1*. Periodic (BGEA).

In this section, we construct a periodic (BGEA), with length of primitive
period m=1. The fixed vector a® must be chosen accordingly, and this may look
complicated at first. We prove

THEOREM 3. The (BGEA) of the fixed vector
a® = (aio) ,a(zo) ,...ago) ,...,aflo_)l)

(1*.1) <a(0):i[n_s_l+i}vs_iDi
: ; ,

i=0 1
s=1,..,n-1

is purely periodic and the length of its primitive period m=1.
Proof: We shall first need the formula

(1%2) i[n_s,_lﬁjz[n) s=l..n—1.
i=0 ! S

This is proved by induction. The proof is to the reader. We have, from (1*.1), the
following components of a” which we shall use later:
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n—1 o
(1*.3) al” =w+n-DD; 2, =) w" D",
i=0
Since w" —D" =1, we also have
n—1 o
(1%.4) Y w D' =(w-D)~

i=0
The vectors bi(v) (i=1,..,n -1;v=0,1,..) obtained from ai(v) (w) by the defining

rule of (BGEA) are called their corresponding companion vectors. We shall calculate
the companion vector b of a® and have

s . s .
o) _ n—-s—1+i) . i s n—-s—1+1
b, —‘EO( . D =D ‘EO .
1= 1=

so that, by (1*.2)

(1%.5) b©® =(n)Ds,s=l,2,...,n—
S
Thus,
@ " ) n n-1
1)712)] 7 n-1

We shall now calculate the vector a'”’. From (BGEA) it follows
(1%.6) M :(31(0) —b§0))_1 (a(QO) —b(zo),. (0) bflO)l B
From (1*.3), (1*.4), and (1*.5) we obtain:

al®” —pl® =w+(n—1)D—(n)D=w—D,

(1%.7) 1 .
a, =(w-D)" Zw““D‘— O

We can prove the relation
(1%.8) @? -b)@?” - =al s=2,.,n-1

s—1°
Since the proof is elementary, we leave it to the reader.
P
From (1*.6) it follows that
1 0 0 0 0
{(au:(ag) a® 2@ 2@ )=,

(1%.9)
a™ =20 y=12,...

This proves Theorem 3.
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2*. Explicit matricians AE)V”')
We shall proceed to find an explicit formula for the “zero-degree matricians ”

A(()V+n), v=0,1,.., and shall make use, for this purpose, of the defining formula (4.1),
and the fact that the (BGEA) is purely periodic with length of the primitive period
m=1. Taking into account (1*.5) and (1*.9) we have

n—-1 n
2% 1 AV SAV. v 01,
(2%.1) 0 Z g 0

s=0
We shall now make use of Euler’s generating function. We have

o n-l . e
ZAS)XI :XOAS)) +ZA8)X' +ZA8)X'

i=0 i=1 i=n

= i n ; n : n .
:1+le+n (Ag) +[1 }DASH) +[2)D2A8+2) +...+[ _I}Dn—lAgn—l ]
i=0 n
=1+ XHZAg)xl + xn—lz[l )DASH)XHI +Xn—2 (Z\JDZAE)HZ)X(HZ)
i=0 i=0 i=0
[ n . B . _
+"’+XZ[H_1))H_1A8+H 1)x1+n 1
n n n b .
=1+ x" + x4 2x" 2 4y n-ly Ai(o)xl
1 2 n-1 —~
n n—1 n 2. n-2 n n—1 - (i) i
- X+ X +..+ =) A X,
(P (o s B

=16 D T | N kg
1-x" + X ZA X :I—Z X ,
k i=0 0 ok

>
=
+
ip=
7 N\
~B
~
>
7
~
Ne—
F
bl
=}
]
=
+
[e—

1_{

ZAS)Xi =

4 n—1 n—I

(Z(k)D] -F(1pre
= k=

k=1

t=0\ k=0

) . . o [ n-—1 n ¢
A(O) + A(I)Xl :Xn an—k +1
Pepapx -y
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t
XA(()I) +A(()2)x2 +...+Ag’_1)xn 1+ZA0X —XHZ[Z( )Dk - k] ,

t=0{ k=0
For x sufficiently small. Thus, since AO =..= Ag’_l) =0, we have
t
ZAOX _XnZ Z( )Dk n—k
t=0\ k=0
) . . o [ n—1 t
ZAE)nH)XnH :an Z(E)Dkxn—k
i=0 t=0\ k=0
oo (n-1 t
2+2) ZA(n-H) i Z(Z( )Dk n k]
i=0 t=0

v

and comparing coefficients of powers x* on both sides of (2*.2), we obtain

— y
(2%.3) AL _ Z (Y1 +y2t+..¥n ]i—ll [H)Dk !
. 0 =
ny;+(n—=1)y,+.. 42y, +y,=v YioY25s¥n k=0 k

or
n—1
ZJYJH 01, \Yiug
2% 4 A yityst..ty,
( ) 0 n—1 Z Y1:¥25-5¥n IH—O k
Y (n-i)yj=v -
V20.1,..

Formula (2*.4) looks very complicated. A(()V+n) can also be calculated by the

recurrency relation (4.1). It is conjectured thet it is easier to do so by formula (2*.4),
and would be a challenging computer problem.

3*, Matricians of degree s, s=1,2,...,n-1
Here, we shall express “s-degree matricians”

A s=1,...n-1

by means of zero=degree matricians. This is not an easy task. Now we shall prove
very important theorem.

THEOREM 4. The s-degree matricians are expressed through the zero-degree
matricians by means of the relations

S _ _
3%.1) INAERUES [E)DkAg”“ stR=D) o010 s=1...n-1.
k=0
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Proof: From formula (4.6) it follows that

n—1 n—1

(3%2) ad) Y aDAVTO Ty OANHY 5 net: v=0.1.
k=0 k=0

(0)

Or, writing a; for a,;”, i=0,..,n -1, and substituting their values from (1*.1),

we obtain
S(n—-s—1+i) . .ol o "
(3*.3) Z[ . }NS—IDI ZakAf)V+ ) _ ZakAgw )
i=0 1 k=0 k=0
We shall now compare coefficients of w""! on both sides of (3*.3). The power
of w"! appears, on the right side only in

a,=w" +Dw"? +..+D"!
and its coefficients are
(3*4) A§V+n—1)
So the whole problem is to find the coefficient of w"! on the left side, and this

problem is the problem. We shall with the first power of w in as, which is w * (in the
left side). Now in

n—1

Z akAE)rH—k)
k=0

we have to look for those a‘ks which have the powers w"*!: this appears in

a,_s (first term, coefficient= A 8V+n—s_1))

s _
a,_ (second term, coefficient= (1 ]DA(()V+n Y )
hird § _
:/}1—54—1 (third term, coefficient _[ ]DZA (()V+n s+1))

S —
a,_1 ((1+s)th term, coefficient= s Ag‘”f“ D )
]

Thus, we have obtained the partial sum of coefficients of w" ! in the left side.

(v+n—s—1) S (v+n—s) S 1.2 1 (v+n—s+l) S ).s . (vtn-1)
g s pragen s g

Now the next power of a, on the left side is w*! with coefficient

R
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To obtain Wn_l,ws_1 must be multiplied by n-s, so we must start with the

first term of ay., the second term of a,1,.., etc. Compared with the previous sum, to

n-s
be replaced by s-1. The sum will then be multiplied by ( | )D, and the member of

summands will be smaller by one. We then obtain the partial sum:

n-—s (v+n) s—1 (v+n—s+1) s—1 2 A (v+n—s+2) s—1 s—1 A (v+n-1)
( 1 )D[AO +( 1 )DAO +( 2 )D Ay +...+(S_1)D Ay }

Proceeding in this way, we obtained the partial sums:



