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and we obtain, as a straightforward extension of (10.3.9) that:

(10.4.2) N(n) =~ T+V/ay). T+L/ay) g
agl Way +..+1/ay,) @9,9,9).-S@m, 6,6 1

with
(10.4.3) m;=1/a; + ... + 1/ay
valid my>1
Example (10.3.2):
For the Euler equation
(10.4.4) 2 =x"+..+x,<n
we have that el
(1045)  N()= Sromedsmhca s oy

-1
k

This formula is valid for (m + 1)/k >1 orm > k - 1.

Hence the Euler equation always has some solution if m > k : an unproved

fact at present.

Remark that the Euler hypothesis that a k-th power is the sum of k k-th

powers, today has been verified numerically only for k = 3, 4, 5, 7 and 8. All the

attemps to incorporate k = 6 to the list have failed at present, spite the inmense power

of modern computers.



CHAPTER 11
PRIMES OF THE FORM P*=X;"+ ..+ X"<N

by Aldo Peretti

11.0. INTRODUCTION

Using an appropiate intersection formula is deduced the asymptotic quantity

of solutions of the Diophantine equation of the title.

11.1. INTERSECTION FORMULA

Denote with N(n) the quantity of solutions of the equation
(1111) P:le_;’_”'_i_xrm

where p denotes a prime number and the x; are positive integer numbers.

Then we have the exact formula:

(1112 N(m)=ZA([ W) AWy ])an(ye.)

where A([m yl]) has the meaning of (10.1.4) and An(y) is defined as

An(y)=n(y)-n(y-1)

In fact each term in (11.1.2) does not vanish only if y; is a m-th power, ... , y;is

also a m-th power, and

(11.1.3) Yrra=Y1tYot Y,

is a primer number

11.2 ASYMPTOTIC FORMULA

An asymptotic formula for An(y) can be derived from the fact that
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AD(y)

(11.2.1) An(Y)="00

(for every value of y) and the formula stated at the of the former Lemma (6.16.3).
We deduced thus that

—+
~—

N
u(q)
11.2.2 —
— D Lo

As regardsA([”\‘/ﬂ) , according to the former formula (9.3.12) we have:

_1 _ )
t% %q 1 W(m,q,h)e—Zmy%

m g=1h=0 q

(11.2.3) A([wy ])-

Replacing in (11.1.2) the values of the A’s given by (11.2.2) and (11.2.3), and the

multiple sum by an integral, we get

N~ [l AW ])-A ([ )-Ar(Yrad)dyr - dyeg

Y1+ +Yr=Yrasn

i
~I j gy WM hy) mqlhl) 2n|qully%—lx

m' O1
w(m,q,,h,) -2milty, P
(11.2.4) XY Yy ———Te U y/mx
qr h 9
Kuiq CqlY
X ( Hl) q( rJrl)xdyl...dy“rl
Or+1 (p(qH'l) log Yra
The dominant term in the integrand is obtained when g1 = g2 = ... = (r+1, SO

that
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“(”)}ﬁ..iy';;fymm_zz e f:fq);lgyyri)x

(11.2.5)

—2nih (y1+ A+Yr) %n_l
Y1

-1
x€ -Yr}/m dy;...dy,,

We replace here y.1 by y; +y, + ... + 'y, and we get:

J' j _ZZ (m, q h) H(Q)Cq (Yi+..+Y;) y

yi+.+yp<n M ¢(a)log(yy+.-+Vr)
(11.2.6)
_2 ih Yy — -
e mig (Yrt+y ).yl%“ 1---Yr}/m 1dyl---dYr

By the Dirichlet — Lioville theorem this is equal to:

(11.2.7) N(n)-~

I3 )n . Cw'(mg,h)u(q) it cq (1) v/ 4
AR I O MO

and takinng account of the first mean value theorem of the integral calculus:

Fr 1+ m —_omih n %1 -1
N(n)-~ ((/%)n)ZZ{—rq h)Je éug Jtlogt dt

q
Hence, the equation always has solutions if r > m, if the singular series does
not vanish.

(11.2.8)

11.3. COMPARISON WITH KNOWN RESULTS, AND CONSEQUENCES.

« Conjecture N of Hardy-Littlewood states that in the case of

p=Xf+X%+Xg
holds that
n A
N(n)~-T3(4/3)—TT|1-—2
1] -2 |

where A, depends on the cubic residues of p.
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3qh)
q°

The relation of ZZ q with the cubic residues can be
consulted in ref [5].
« Acconding to Lagrange every prime number is the sum of four (or
fewer) squares.
« About half of the primes (those of the form 4n + 1), are the sum of
two squares.
« Aninmediate consequence of (11.2.8) is that the quantity of primes
that are sums of r r-th powers is a fraction of the totality of primes.



