CHAPTER 4

CLARIFICATIONS OF THE AUTHOR’S PREVIOUS

RESULT ON GOLDBACH’S CONJECTURE

by Malvina Baica

4.0. INTRODUCTION

In Chapter 3 the author give a tentative proof a Goldbach’s conjecture.

The purpose of this result is to provide more explanations of the author’s work in

Chapter 3.

4.1. THE RELATION BETWEEN 9 (u) AND v (t)

Starting with Chebishev’s function ¥ (u):
411 9 (u) = log p
@13 o2

where p denotes the prime number, we have:
(4.1.2)

logpif[u]=
A% (u) =9 (u) -0 (u-) {oir?;nyo[tge_rcpas'&

Hence, if we form
(4.1.3) vi)= 2 A (w) AV (u2)

t=u,+u,

Evidently v(t) is the Hardy — Littlewood function
(4.1.4) vy = X log p;. log p,

Py +p, =t
From (4.1.3) we have:
(4.1.5) V()= X A9 (up) AU(t-u)

u; <t

4.2. TRANSFORMATION OF THE SUM IN (4.1.5) INTO AN INTEGRAL

The A% (u) function, when is not zero, can be drawn as segments of length 1

at heights log p every time that u = p. More exactly, we have:
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(4.2.1) AB(u) =log p
Whenever p<u<p+1 (otherwise it is zero). This is shown as shaded bars in fig.
4.2.1:
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Fig. 4.2.1.

The graph of © (t-u) is obtained from that of O (u) by rotating the graph
about the axis u =t/ 2. In fig. 4.2.2 and 4.2.3 are shown the cases of

y=09(12-u)-9(12-u-1) and y=9(10-u)-9(10-u-1).
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Hence the graph of ¥ (u) - ¥ (u - 1) consists of unitary bars at the right of u =
p, and that of ¥ (t - u) - ¥ (t - u - 1) consists of unitary bars at the left of u = p. If we
form now the product
(4.2.2) {9@) -9 @-1)F{O(t-u) -9 (-u-1)}
It is zero everywhere, except at the points where u = p; t—u = p,, where it has the
value

log ps . log p2
It is evident from the graph that if we wish to obtain this value as an area, we must
displace the graph of A & (u) to the left in one unity, because then:
(4.2.3)
T {o(u+1)-0(u)}o(t-u)-o(t-u-1} -

p-1
=logp.log(t-p)

(The shaded areas of log p; and log p, multiply between themselves). This is shown
in fig. 4.2.4 and 4.2.5. The integrand in (4.2.3) vanishes ifu<Qoru >t
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Fig. 4.2.5

Hence, we have that

(4.2.4) v(t)= } AD (U +1)AD (t-u)du

This is nothing but the convolution of the two functions that appear at right.
Consequently, if we take the Laplace transform of both sides we obtain, by
known rules:

(4.2.5)

L{v(t)}=L{A0o(u+1)}.L{AO(u)}

By the second shift property of the Laplace transform we have:

L {A® (u +1)}=¢° L{AD (u) }
So that ( 4.2.5) transforms to

(4.2.6) L{v(t)}=e"L2{ A d(u)}
Or also:
(4.2.7) L{iv(t-D} = L {A0 (u) }

This will be used in § 11 later.

4.3. THE EVALUATIONOF L{A® (u)}

From the definition of the Laplace transform we deduce:

(4.3.1) L{ﬁ(u)}=éz logp . e P*
p

From here follows that

(4.3.2) Lo (u)} = 1‘:_5 S logp.e ™
p

(p: prime numbers) on account of (4.1.2)
By ref. [25], theorem 248 p. 212, we have:

ol a 2minjg
(433) F(X)Zz |ng.Xp=Zn: u(q)e — +An«§+1/4+s
io1 na o(q)(x—e?MThe)
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(h,g)=1.
As a consequence of this we have that

(4.3.4)

n] g 1(a)
F — I . —ps =
(s)=2 logp.e qZ=:1 ha ¢o(q)(s+2m ih/q)

+An‘9 +1/4 +e

(see ref. [35] for a detailed calculation).

This formula is unconditional, and & denotes the upper bound of the real part

of the imaginary zeros of the L — series involved. (Here Re (S) = ¢ = 1/n: but this

restriction does not affect our further reasoning).

Let us analyze formula (4.3.4). The function F (s) has a double infinitude of

poles on the line ¢ = 0, whenever s = -2 zti h/q where 1< h < g and 1< g < . They

form a natural boundary, and the series at right of (4.4) describes the influence of the

poles with g < [Vn], while the other term at right accounts for the influence of the

poles with q > [Vn].

It is evident that the better is the knowledge we have about the zeros of the L-

series, the smaller is the remainder term in (4.3.4). According with Chapter 3 of this

book, Section 1.8 we can adopt 0 = %2..

4.4. THE USE OF (4.3.4)

Replacement of (4.3.4)in (4.3.2),and of (4.3.2) in (4.2.6) yields:

(4.4.1) Liv(t) F=e ( J {@

=) h 4 <p(q)(5+2nlh/q)

q = ¢ (q)s+2mhg)’

or ) . s 2 Wl
2
(o) u(op)
( j > %ﬁqzz z‘P(Ql)(P(%)(S"‘ZTdhl/(h)(s"'znihz/%)

. 1e° : [Jzﬁ:] 5 ;,L(q)(ZA ‘M/‘”E)_'_ 1-¢*® zAn2ﬁ+%+28 _
S oo)(s+2mhyg) S
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S

-s 2
(4.4.3) =L {(“] {TL () + T, (8) + Ta(s)}p + Ty

For reasons that will become evident in Section 4.9., we shall evaluate in first
place L™ {T1(s)} and L*{T(s)}.
According to the evaluations performed in ref. [25] we can adopt for A the

value

(4.4.4) A =80
(This value however is not relevant for what follows)
4.5. THE EVALUATION OF L™ {Ty(s)}

Appealing to tables we have:

| o] u’ (@)
LT (6)f=L {qz_"l %‘ 0>(q) (s+ 2 i hig )2}

N g-1 2 - N2
(4.5.1) -3 P«Z_(Q)e-tht/q t= 3y uz(q) Co (0.t
a=1 h=q ¢©°(Q) a=1 ¢°(Q)
where
q-1 .
Cq(t)= Z e-tht/q
h=0
(h.g)=1

is Ramanujan’s function, and N = [Vn]

According to Lemma 1 we have

) “Z(q; Cq(v)] < d e {800 D log og t
q>n

0°(q

Hence in (4.5.1) we can put

(4.5.2) LHTe)l= 3 “i(q) Cy(t).t+
a=1 ©°(q)

a1 g p) (109 It;lg N)?

+90,€ loglogt.t
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Now the singular series
(4.5.3)

2
sy = ¥ B ¢
0=z 0% (q) oV

vanishes for odd t, and for even t can be transformed into an infinite product.
(ref. [57]).

2°1°'1(1-( 1 Jn'o'lt=1,3203n| p_;tzP(t).t
= plt

(4.5.4) S(t)= 211 o 17 ) it p-2

which puts in evidence that S(t) is a discontinuous function. We have computed thus

the influence of the infinitude of double polesin (4.4.2).
4.6. THE EVALUATION OF L*{T,(s)}

According to tables we have:

(4.6.1)
N
_ - (91) n(az)
Ro() = L YTy (s)} =L L _ -
° ’ {qlzl hz qzzzz hz 0(01)p(02)(s +2mi hy /o)
. 1 =
(s+2mi h,/q,)
N N e—Alt _e—Azt
a,=1 h; q,=2 h, (P(q]_) (p(qZ)AZ _Al
(A2 =2 mi hy/qp , A =2mihi/gy)
Taking into account Lemma (4.14.1), we have:
(4.6.2)

ISSON = %NZ(N +1)2

We have computed thus the influence of the simple poles with q < N multiplied by

themselves.

4.7. THE EVALUATION OF LY{Ta(s)}
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We have:

2
4.7.1) T, — Ap2oti2+2e [1_:'SJ

According to tables (ref. [46]), we have:

(4.7.2) o2 [t if O<t<l

F(t)=L'1[1_Se J =12-t if 1<t<2

0  otherwise
Hence:
IE@®)| <1 foreveryt, and
20+ ¥ +2¢

(4.7.3) T,=An ho AN
with A; < A <80.

4.8. RETURN TO (4.4.3)

We now evaluate

$\2
(4.8.1) R = L {(1: ] Tl(s)}
and o
(4.8.2) R () = L'l{(l'se ] Tz(s)}

4.9. THE EVALUATION OF Fy(t) IN (4.8.1)

According to formula (4.5.2) F4(t) = L™ {T1(s)} is the sum of a dominant term

D(t):

(4.9.1) D(t)=1,3203 [] 2%
p/t -2
which we write as:

(4.9.2) D(t) = P(t).t
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where

(4.9.3) P(t)=13203 [] 2%
p/t p—

is a discontinuous step function of (t), plus a remainder term R(t), given by:

2
R() = t5,e% d(t)(logl(lilgl\l) loglogt

(4.9.4)
that contains a discontinuous factor d(t), so that
(4.9.5) F,()=D (1) + R(t)

Now, the convolution theorem for the inverse Laplace transform states that if

(4.9.6) Fa(t) = L"{f:(s)} and Fu(t) = L' {fa(s)}
then

t
(4.9.7) L Hf3(5)f4(s)} =] F(u)Fs(t—u)du

0

In (4.9.6) we choose now

1-e7 ?
f3(5)=( -: ]

so that Fs (t) is the F (t) of (4.7.2) and, f4 (5) = T1(s) and F4 () = L{T1(s)} is the
functionin (4.9.5)
It follows that

N2
Fi(t) = L_l{f3 (s) fy4 ()}= L {[1-: ] T (5)} =

(4.9.8)
=} Fu) R, (t-u)du = }u Fy(t-u) du + }(Z-U) F, (t-u)du
0 0 0
Now: L . .
(4.9.9) [uF,(t-u)du = fu(t-u)du.P(t-0)+ JuR(t-u)du
0 0 0
=P(t—0){;—;} + 8, R (t-55)
0< 04 05< 1.
(4.9.10) T(Z-u)a(t-u)du = T(Z-u)(t-u)du.P(t-1+O)+ f(z-u)R(t-u)du
1 1 1
—P(t—1+0){t—2} 8 R (t-5)
= 5 3 6 7
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1< 07,<2.
Hence:
(4.9.11) F (1) = P(t-O){;-é}+P(t-1+O){;-%] 40, R (t-8;)+ 35 R (t-9,)

4.10. THE EVALUATION OF F, (t) IN (4.8.2)

We had:

But according to the convolution theorem (4.9.6 ) - (4.9.7)

t
F, (1) =£ F(u) . L™*{T, (s) }du

Where F(u) is the function of (4.7.2 ) and L™ {T, (s)} was calculated in ( 4.6.2 ). We
deduce:

2
(4.10.1) FO=L"{T, 6} [FWdu = L7 {T, 0} =

0

=% N2 (N )2
4r

4.11. THE VALUE OF v(t)

According to ( 4.4.3) we had:

—S 2
v, (t-1)= L'l{(l_: j ) +T,(6)+T5(6) }} =

=F, (t) + F, (1) + 20AN20 12 +e

dueto (4.9.11), (4.10.1) and (4.7.3)
Hence:

v, (t-1) = P(t-O){;-;}+P(t-l+0){;-§}+84 R(t-8,)+ 8 R (t-5,)

+ % N 2 (N + 1)2 n A1N4ﬂ+1+28
T
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— P (t-0) {%%} P(t-1+0) {%%} +

loglog N) 3 (loglog NY?
8,8.e37d(t- 8 )(7Ioglog(t—6 )+ 848,87 td(t-8,)—————loglog(t-3,)
(4111) 4Y3 5 N 3 6%3 7 N 7

+ f—z N2 (N +1)%2 + ajn4o+leze
T

_v({t-1+40)+v (t-1-0)
B 2

Replacing t— 1 by t, and equating terms in t + 0 both sides we deduce:

= 3 (log log N)* )
(4.11.2) V() =P(t) (t+1) +3; 28, ™" td(?) N oglog (t+1-8)

_Ep(t)+672N2 (N+1)2 + A1N4ﬂ+1+28
3 2n

The terms in P(t) only can be absorbed changing slightly the values of &, and
03, SO we ignore them in what follows.
Asin (4.11.2 ) we assume P(t) # 0, then, according to (4.5.3) and ( 4.5.4 ) we

must assume, in what follows, that t is an even number.

4.12. CHOOSING N AS AFUNCTION OF t

We choose now:

(4.12.1) t=N°> N = t5

Then

(4.12.2) v(t) = P(t).t+84.3,56.d(t).(log log t)*t*'® + 3, %WS +160t%%+25*€
log 2

But we know that © =% and d(t) can be taken as t'°91°9"

Hence \)e, 1002 -

3 log log t ﬂ 415 5
(14.12.3) v(t) > P(t).t+3,56.(loglogt)’t + - t415 1160t
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This proves unconditionally the truth of the Hardy — Littlewood conjectural formula
for the binary Goldbach problem, that v (t) ~ P (t) .t

4.13. MISCELLANEOUS BOUNDS AND MAJORIZATIONS

The minimal value that v(t) can attain if there are solutions is obviously
(4.13.1) 2 log? t/2
and evidently P(t) < 1,3203. Combining ( 4.12.3 ) with ( 4.13.1 ) we have that there
are solutions if

log 2 3+2¢
13203t -356.(log log )3t 109100t 19 7¢4/5 1160t 5 > 21092 1)

This inequality holds for every t<10® with 60 < B < 70. On the other hand the
conjecture has been verified numerically up to 4x10*.

4.14. IMPROVED LEMMA (3.8.1)

According to ref. [57] we have:

2 2
(4.Ly) S L () R T C)) TC))
' EN ¢2(q) @ @ dZ\t o(d) N\dz<q )
(q,t)=1
Now
u(q) 1 1
(4.L,) Rkl P LA Y-
i N |02(@)] | N ¢2(a)  Naw ¢2(Q)
(g,t)=1 (g,t)=1

But for ¢ (,) we have the bound
(4.Ls)

<e'loglogn+—"——
o(n) 2log log n

ref. [21]) valid for every n > 3 (with one exception), so that

s 1y gznloglgn® 5 o 1
? n? 2 n? log log n
(4.Ly) Njd<a ©°(d)  Njd<q Njd<q g log

o0 2
< i (log Iog u) q
N|d-1 u

5 7 du
u+ 3

Nja-1 u?log log u
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_ g2v (log log N /d)? .5 1
(N /d) 2loglog N/d-N/d

Replacing (4.L4 ) in (4.L, ) we obtain:

(4.Ls) w(@ | _ oy (loglog N/d)® | 5 d
Njd<q |92(q) N 2 log log N/d-N
(q.t)=1
Replacing (4.L.5)in (4.L.1)
2 2 2
uz(q) C, @ < s 4 (d) ) 2y (log log N/d)°d =5 d
a>N | 0°(q) dt @(d) N 2 Nlog log N/d

2
<Y e (log log N/d)~ ., [Iog log d + 5
dft N 2 log log d

2
<d(t) e% W log log t

“ALt—Ast
wagugp) &€ 1 —e "

o@ed2) A, -A,

Lemma (4.14.1). Evaluation of Y > > >

We have that

1 _ 1 1 _ d: 9>
A,-A; 2mi h, hy  2mi(h,q,-h;q,)
4z, Oy
Hence
1 _ d: 92 < 4192

because | h, g1 —h1 Q2 |is an integer whose least value is 1.

Furthermore

At _ oAt | o o

\ e
so that

At At

e’ e q1 92

IN
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and
Wt @) w(ap) et et gy a,
h,=0 h,=0 o(dy) o(d,)  Ay-Ay T

because the double sum has ¢ (q:) ¢ (qz) terms.

It follows that

N q,-1 N q,-1 e—Alt_e—Azt
0,=1 h,=0 q,=1 h,=0 |®(dy) 0(d,) Ay-A,

18 N _ 1 N(N+1) N(N+1) _ N?’(N+1)°
<nqlz:1 qzzzl Ui = 77 2 - 4r



