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by Maivins Buica

Abstract

The author uses the periodicity of a modificd Jucobi-Perron Algorithm,
extended over e complex numibers, culled ACF, in order 10 derive Halier-
Koch unils. :

Haulter-Koch considered the ficld determined by

1+
I Iz

1 1
Py=I(-d) T (x-2z)(x-7)-d
=1 g j }

J=I"r1

with rlzo. ,20.n=r1, +2r,2 3 4, dje Z. d = O; and for ldl 2 1, & are:

{d(w - dy" l<jsT,
J,=

a? ((w - z) (w - ) ™ cjsr T,

for Idl = 1, n is replaced by 1.
© To derive the units e, Hulier-Koch did not use an algonihm. Cor the firsl

lime Bemstein using his Zero Algorilim derived Haltier-Koch units from i
periodicily.

In this paper, the author will use the above mentioned ACF Algodinm 10
derive the same units, and il has the advaniage that sl 5o far known results in
the theory of unils can be derived by nueans of a uniied periodic ACE Algo-
rithm,

Introduction

Hilbar's "Zahlbericht™ to find the group of units in Algebraic Number fields
form the periodicity of a common algorithm is sull an opch ueslion.

The firsl attempt 10 sutisfy Hilbent's demand was by Hasse and Bermnsiein
[7.8] in 1965. They considered a modification of Jacobi-Perron Algonihm
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(JPA). JPA is very difficult 10 prove periodic. Lagrange direetion, periodic
implies algchraic components for the saning vecior is completely proved but .
Euler direction, algebraic components for the starting vector implies 2 periodic
JPA is still an open difficult question. Bemsicin dzvoted his entire life 10 work
on this difficult problem and the periodicity of JPA remained an unsoived
probiem. ' :

They considered Q(w) where

w=ND"+d with P =(]G"-D,)-d
D, e N, dID and the staning vector
a®=(w-D)..(Ww-D_ ). .(w-D)(w-D (w-D)

with b™ the companion vector as 2@ evaluated al w = D,-

For w = ND" 4 d they proved that JPA of a®® is periodic if
n
D2(n-2dand Jorw = ND* - difb22(n~-1d.n 2 3.
In fact JPA of 2@ is purcly periodic and the length of the period is n(n - 1).

Euler direction is still opsn since there are bounds on D and d must divide
D.

-5
No periodicity for w = V125 + 6 since D & 6(5 - 2) = 18.
From the periadicity of their modificd JPA, Hasse and Bemstein got units in

I+{m-1). (i) m-1 (1) .
Qw).e = I a_, for periodic JPA and ¢ = l:la a_, for purcly periodic
‘ i=t i=

JPA, and Hasse and Bemstein units in Q(w)} are

WI_D!
g = —  — s> 1,sn1dl > 1
(w - DY’

e, = w!-D% 52 1,sln; Idl = 1.

This is a fantastic résult since for the first time units in algebric ficlds are
obtained from a periodic algorithm, '




15

Bemslzin [6] used another modification of JPA called Zoro Algorithm (ZA)
and from its periodicity he derved Halter-Koch unils using an Algonithm.

1. An algorithm over complex numbers field (ACF)-Preliminaries

The author [1] used a modification of JPA where for thz fimst 1imz2 nol only
the real numbers bl zlso complex numbers were considered. This is the main
distinction betweesn Hasse and Bemsiein modification of JPA and the author's
modification of JPA. We consider the stariing veclor

2@ = (f]n-l {w), fln_z(w). fu(w). fu(w))

k
(L.1) 1 L =T(w-D)

=l

f(w)=w-D,1<i<ksn

wilh
[ ks 5,
(1.2) P(x):( M - Di ) -d)
i=1 .
s kZZ.SEZI.Die N.dIDi;
de Z,i=L 2, ...k 1d=1;
i D<DI<D2<-..<Dk. -

P {x) is imr=ducible over the field of rationals [1) and has at least one real roon
w of the form

(1.3) w=VD"+d,dD, De N, dz Z n22,

The starling companion vector b of the stanting vector 29 is again the

evaluation of I'IJ at D,. It could be at any 3. where D are complex mumbers
and {D,, D,, weer D } is any permuiation of (D, pD, ..., p™! D)

We proved [1] that ACF is purcly periodic with length of the peniod
m = n{n - I}, All the propenies of JPA are preserved for ACF and all Hasse-
Bemstein resulis for JPA are wue for ACF. The advantage is that ACF elini-

nates the bound on D when d < 0 and d > o in Hasse-Bemsiein case and only
the resiriclion dID  remdins.
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For w = V127 + 6 JPA is not periodic, but ACF is periodic since only 6112
is required.

Thearem 1. A unit in the ficld Q(w.p) is givén by the expression:

(14) e = d®D ((w-Dy (w-Dy) .. (w-D "

We choose the s, units in Q(w.p.)

/ - _ n
(1.5) e, = _weyt
T d
- (w - p, Di)“
Ea = ,
d
¢ (w - P:: D)’
Eil = y
d
....... o
(w-p, D)
e- - 1
L Ly 1 d

- (
(1.6) e - ’ =1, ..k

which are the k units in Q(w). The units (1.4) were obtaincd by ACF. The
proofs and the results here follow the proofs and the results of [1).
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2. The statement of the problem
Haller-Koch considered the ficld delermined by

T I'ﬂ'

@1  Pw=Il(x-d) nlcx-z)(x-z)
j=1 J—I-t-

with

223.(11.(11.15 Z,

{r|20.r220,n=r1+2r
d=0;d1>dz""'>d.l

z, are intzgral, compicx sotutions, z their conjugates,

did d did, - z, dlz, - z, dlz, - z l'or all possible indices

1J.1fr =3,1 -0 ldl-—‘l.mcnaddluonallyd -d, 24 0rd, - d,
Halier-Koch proved that P(x) has exaclly r, (dlfrcrcm) rcal 2arpes and

exactly I, (different) pairs of complex conjugate zeroes. To prove this, he nzeds

the additional restrictions

@2 d-d,d-zl lz -zl lz - zlaltobe =2
i P ] 1 3 } J .

for all possible indices ij-

In Qw), w = VD" +d, De N de Z P(w)=0,thena

complete system of fundamental units consisis of 1, + I, - 1 clements.
Halter-Koch proves that for 1dl > 1

(23) = { d(w - D)™, 1€isT
d((w - z) (w-2 )"+ 1SS 4T
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T, +1r,
are 1, + 1, units in Q(w) with [] ¢, = 1, and that any (diffcrent)
i=

r, +r,- 1 of them form a complcte system of independent units in Q(w). For
idl = 1. the exponent n in (2.3) has to bz replaced by 1.
In all of these results Halter-Koch did not make wse of any algorithm.

3. The solution of the problem
Let denote
.13 {D,.D,;..D } = {d,d,, ... drl . zrl+ g o
2 .z
15

where di' Z. ij (i=1,..r zj,ij= rl+1. o T+ rz) are given by (2.1) and we

[:
rewrite P(x) from (2.1) ns follows

(32 Px)=(x-D)(x-D)..(x-D)-d

From here we can apply ACF and we obtain through periodicity of ACF the
unit ,
n n
(H,0-2)

e = =

dn'l (w . Di)l'l .

i=1, 2, ..., 1y + I, s L, I, + 1, ... 2r.

where T+ 2r2 = n.

For D, = ¢, i=1.2 ...r weobhinec, =d(w- di)'".
[ 3
For D="z, i=r+l, ... r, we obuin ¢, = d(w - zi)'“ and
- .
for D=7Z. i=r+l. ... r, weobtine =d(w-2z)". Bu

[ h
,=¢.¢= d3((w - 2, ) (w -2, ))" isalso a unit and this completes the proof”

for Halter=Koch units in. (2.3).
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