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MDORE UNITS FROM THE PERIODICITY OF AN ALGORITHM

by Halvina Balea

ﬁBsTRACT. The author uees the psrlodicity of a modifled Jacobl-Perrcn ARlgorithm,
called ACE; in order to darlve eoms more units in mlgebralc number flelds. In one
af hie papers Heubrand considered parametric fields likn,

. n -
{ Qfw), K(N.W) - bN® = O,N-€ Z where w = YaN" + s , aea®, o€ 2, b a" i

2:} 9y ’ 8, 5, -1 8,
HiN,w} = I ‘ hi(NfHJ with hi{N,w} “-w o+ ullﬂw +...+uisi H .
1=0
and without using on algorithm 8y
darived units of the form: tjk _hj {N,w)
- 5
hk (N, w} 3

Under certain conditione the units from ACF becoms some (not all) of tha above
units. In this way, ACF saticfles partially, -Hilbert's demand for the diaclosu-
re of units. )
0. INTRODUCTION. In thie paper the auvther éhtaine some more unlts for ecmrkain
algebraic number fielde from tha perlodicity of ACF algorithm., In a previous
pupef. the author developed this new algorithm ACF, proved lts periodicity for
pome algebrale number fields‘apﬂ derived some known units in those correspon-
ding fields with a unified wethod. The units ln this papor ware derived by
Neubrand i{n his dissertation without uging an algozithm.

as le known, the problem of £inding tho multiplicatlve group of unita in
any algebraic fleld F over the fleld ¢ of rationals. la still a difficult open
qguestion. Since Dirichlet proved that the group G of units of a number fleld
ip finitely generated, many mathematicians have inventnd ingenious algorithms

to calculate Fundamental system of tnits (the olements of the bagis are called



e TSI LI

-B2=

fundamental unite). With all these sfforts, Hilbert's demand to construct a unl-
versal ‘algorithm by meana of which the expansion of any real algebraic number bae-
comes perlodic, thus enabling a complets system of fundamantal unite in the cc;
rrespohding field to be calculated,  mtill ip' and probably will remain for eentu-
ries an open dlfficult question.
A breskthrouwgh im £inding unite from a pariodie algorithm took placa when
Bernstein and Hassa [?,q and later Bernsteln [ﬂ consldered algebraic numbex

£ields of tha form:

A} Q@w), w =-D"+d, D,d€N, QD and D Zd(n-2)

.B)  Qiw}, w" = D"-d, D,dEN, d|D and D Z2d(n-1)

and proved that poma units in the corresponding flelds ore given hy
e = {fw=0) "® (w"-D%), where B »1 and &| n.

Tt wap conjoctured by Bernokein and Hasse and it was provad by Stander [lﬂ that
in the case A, For n= 3,4,6 the unlts form a maxlmal independent system of fun-
damontal units under addlticnal assumpticns. Whether a unit is fundamental or
net requlres investigation in each case. Later,'ﬁalter—Knch and Stender [1@
snd Haltar-Xoch [9 and Neubrand [1# ,-fing units for much wider clamses of al-
gebralc number f£lelds without an algorithm. Bernstelin fs.ﬁ] using two different
modifications of Jacobl-Perron Algorithma {JPA) derived llalter-Koch and Stender
and alse Halter-Koch uAits from their perlodicity.

in [} the avthor developed a periodic algorithm over the complex number
field (ACF) and derives those many results in the theory of units including Neu-
brand unlte by the médns of a unified algorithm. )

The purpose of this paper is to -obtein Heubrand units from the perlodicity

of ACF.
1. ACF - PRELIMINARIES. HWe introduce

(1.1

LT o

£l

e

(1.1)

P(x) is irres

root w of thi
(1.2} w

henoting
{1.3)

Wa now facto}

1.4} P{x!

sy [ eo
) {
| '{

¥e ghall com

of theae nun
va to cling 1

Let us
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k placa when

Talc number
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ender [lﬂ that
system of fun-—
undamental or
Stendar [lq
clasnes of al-
g two differant
ch and Stender

mplex number
including Hau-

tha perlodicity

- . k
j xS T !
2t =| || =7 =D -d i
(1.1} im}
) k32, 8,2 L1 Dy ~ D alp,
AeZ: L= 1,2,....% |4z 1
\ 0¢ Dys Dy< wae <Dy~

P{x) is irreducibla over the fleld of rationals [ﬂ and has at least one raal

root w of the form
o . .
{1.2) wai¢D*+d, dD De¥, A€ 2, N 22 4

bﬂnatlng

(1.3} el + 52 L Bh - T,

8, from (1.1}, & = 1, wovs Ko

Wo now factorize P(x) and introduce ths notation:

k Ej-l
{1.4) Plx) = | tx - D) (x ~pyDy) .- tx - py? 7 -
i=2
ELEY
B

{1.5} PlW) = 0; Py = e !

Bj_l

{...,Dj,pjnj,pg'Dj..;.. [} Dj,... } .

-{51. 52....,En}-, 4 1,000 K.

vie shall construet mn ACF involving the numbers 51'52""'Bn once a palring

of these numbers with those .of the first set of (1.5) has been fixed, we ha-
va to cling to this choice during tha procecs of the ACF.

Let us construect the startlng veector

. — - - R
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i

=84 =

(1.6) -(0)_ . . - -
20 (5 ™ Ey g e £, 1.5, ,00)
- k - -
fl'k{u)-;EEIH-D!} '

E.J_,l(;rj - ;f—ﬁl. 1ci<k<n

P{w} = 0, P{x) from (1.1).

For the generation of the companlien vectors we use the formula

(L7 B, Maz M oy del.n-l, v= 00
1 L 1

re —

TIEOREK 1. The ACF of & (O)Erom {1.6} with the generating formula (1.7} for

the companion vectors im purely pericdic and the length ol the primitive pe-

riod of the ACF equale men{n-1) for d ¥ 1 and men-1 for d=1.

COROLLARY 1 to Theorem 1. The product of the n-l-st components of the nin-1)

= (o)

vectors of the primltive pariod of ACF of a egquals

-{n-1) - - = = = yn
(1.ey 4. ((H—Dz}_lu-bj) oo {5D))

COROLLARY 2 to Thecrem 1. The compnnenfs of the nin-l} companien vectors of

{0}

the ACF of a egual’

t1. 9} Li?l w D, L = Lo n=2f v = 0,1,... n(n-1}

b BB, L 2y o

-fvy - -1 - =
B Y= d (DD}, 4= 2,...me

Thus all these companion vectors {l.9}ara mlgebraic integers.
We now turp to gaining unite in the field Q (w,p) of type k.

THECGREM 2. A uwnit in the fleld Q {#,p} is given by the expression:

il

Vlitad s Relin
1) LT

ot
i
1
e
-

-

(1. 10}
Sin W=D
ca (w Dl)

(1.11)

Dividing (1.

{1.12)

Sinca 51 cou:

(1.13)

Chaeeing for

{1.14)

Thus the k un
degree n.

He choos

{1.15)




la (2.7} for
rimltive pe-—

3F the nin-1}

n vectore of

e tute

-ag-

= D) sy goom - = n
(.10} e=d ({u B,) (&-B)... (= nn))
Sinca (w-D)) (w~D,)...{w-D ) = 4,
{1.11}

(G-By Ga-By) e -5 )" N

dn

Dividipg (1.11) by {l.8) wa obtein

{w-D, )" - =
{1.12) 1 1l 1a a unit in Qiw,p).
- :;"“ .
Since 51 could be any pumher out of the n numbers 51'52""'En' we have
. - = .n
{1.13) ' & . WD )"y o1,....m,

are units in plw,n)

Chooring for E: - Dl'Dz""'Dk Erom P (%) wa obtoln

- = N
{1.14) ° WDy by 1,2,k »

d

are unlts-in Qiw).

Thus the k units (1.14) ore units in the real algebraic number fields Q(:} of
degree_n; )

HWe choose the 8, units in Qt;.pii
{1.15) (o-p,)"

®1,0 =

3

- n

L TLTU
d

®3,1 =

‘m



(2.5} Y o

=Bg=

{(wa) D}
ei,z' { 1 P
d
. B,~1l n
e _ lw_pi Di) .
1.51-1 =

d
and LE we multiply all the units of {1.15) by each other, we obtaln the unit
=51 -Biln

H {w - DL

L - 8 =1,...,k)

(1. 16)

B
4 i

are k units in Q'[;'}.
We must stresg that only the unlts {1,10) were cbtained by an ACF.
Apart from slight changes in notation, the proofs and the results here-
follow the proofs and the resultes of [1] , varbatim.
3. THE STATEMENT OF THE PROBLEM. In him paper which contains Bome of the results
of his dissertation Noubrand [11] ptudied fumctionel or parametric flelds of

the Eoxm
(2.1 {otw, Hot - wt- o, N:z]
vhere
n — l
{2.2) w e fax” + bN", 8 =aa e Z,bla"
and n-\
— gi
(2.3 He |} o
i=D
with .
B, B, -1 B
i L i
{2.4) him'“) LI + u!_.l”” + ... t uisi 1]

Meubrand proved ln [11]

THEOREM 3. In functional fields of the form {2.1) with

n

31 for j=0,1,...,%=1, i-].......sj

T TP T T T T E ™ R b o i KL i T TR

A |

the alements

are wits with

[2.8) Nor7

a
whera hj {N,w)
Since E‘;k o
Then

(2.7}

iz also B unilt
Neubrand's
Thias method is .
geometric or fu
[12] .got units
Huthi.ng is
further investd

formed Neubrand

3. SOLUTION OF *




n the vnit

1 ACF.-
gults here

of the results
¢ fleldse of

the elements
B

k
Ejk- Eﬂl‘."—)—_ far Jik = 0,3,...,8-1

B
hktN,w)

are units with tha

(2.6) Horm Ejk =1,

' L sj
whare hj(N,w] ' hk{N,w) are defined ma in {2.4).

nsk ) g, 8
sincs gl by ety ¥3
B.B 113
g,k . 3
(BN ) hk
B B
n k 8 3
by _ ety K
g8 . n
. (bnEy Ry hy
Then
n
2.7) Ey - by (N T 75 DU |
5 .
tenty 3

is also & unit in Q{w), v es in (2.2}.

Neubrand's method to derive units 19 not an algorithmle methed.
Thie method is quite different from the other metﬂods aud it is algebralc
geometyle or function theoretic oriented. Using his method later Neubrand
[lzj.got units in guadratic £ields.

Nothing is known about the fundementabllity of theso unlts and requires
further lavestigetions lp each case. Stender, who worked in this problem, in

formed Neubrand that hie units E* and Err [lﬂ ere alpo Eundamental unlts.

3. SOLUTION OF THE PROBLEM. In (2.2} let
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{3.1) prt= g, (@)™ = 0" and g, = 1.
Thuq slnee nel n-1
— g pr— Si 81
{12} H{H,w) = | n W) T - [|(u - D).
i=i i=0

{2.1) bacomes
{3.3) RLw) W -Vnn“w. P{w) = 0,

P(xz) a8 in (1.1}

From herse on, it is obvioue that under the conditilons of (3.1) Neubrand's unite

ean be derived from tha periodlcity of ACPE.
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