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Preface

The Mathematical Heritage of C. F. Gauss is a volume dedicated to
the memory of Carl Friedrich Gauss (1777-1855) — one of the greatest
mathematicians of all time.

It contains a series of papers written by eminent scientists from the
international community on the occasion of the 135th anniversary (1855—
1990) of C. F. Gauss’s death.

This volume hopes to provide an insight and analysis on various re-
search problems and new theories in the fields of mathematics and its ap-
plications in which Gauss had made many fundamental discoveries. It also
provides the opportunity for publication of new aspects of scientific research
problems related to Gauss’s investigations that will be of the greatest value
to all scientists currently working within these areas of research. The pre-
sentation of concepts and methods of the volume makes it an invaluable
reference for advanced graduate students and research mathematicians in-
terested in introducing themselves to these areas of research as well as for
teachers and other professionals in mathematics interested in these scientific
fields.

It is a pleasure to express my wholehearted thanks to all of the sci-
entists who so willingly responded to my invitation and enthusiastically
participated in this international tribute of hanor to Carl Friedrich Gauss.
In addition, I would like to express my sincere appreciation and gratitude
to the stafl of World Scientific Publishing Company, Singapore, for their
care and superb assistance in the production of this volume,

Athens, Greece ' George M. Rassias
January 30, 1991
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THE PERIODICITY OF AN ALGORITHM OVER
THE COMPLEX NUMBER FIELD (ACFKF)
AND THE SOLUTION
OF THE HERMITE PROBLEM

Malvina Baica

Euler and Lagrange proved that every real quadratic irrational is repre-
sented by an infinite periodic fraction or by a periodic Euclidean Algorithm
(EA) development and every infinite periodic continued fraction represents a
real quadratic irrational. Hermite challenged Jacobi with the question to find
a periodic algorithm to develop irrationals of any degree into such periodic se-
quences. Working on this problem Jacobi and Perron developed an algorithm
which produced some periodic developments of high degree irrationals.

In later work by Hasse and Bernstein results of a more general character
were obtained. Baica constructing a new algorithm over the complex field
(ACF) reproduced all of the previous results as well as many new ones.

In this paper, from the application of the ACF additional higher degree
irrationals will be shown to have a periodic sequence development, removing
some restrictions that had previously limited the work in this problem.

Introduction

The objective of this paper is to develop an irrational number of any
degree into a periodic sequence. This problem of Hermite has been open
since the middle of the nineteenth century.

The beginning of this subject is the well-known Euclidean Algorithm
(EA). For example, by using ths algorithm it is easy to prove that every ra-
tional number, a/b, can be represented as a finite simple continued fraction.
In 1737 Euler proved that every real quadratic irrational can be represented
by an infinite periodic continued fraction or by a periodic EA development.
The converse was proved by Lagrange in 1770.
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44 M. Baica

Of course if the number is not a quadratic irrational, but is a real
algebraic number of higher degree or a transcendental real number, then
its development by the EA cannot be periodic.

In 1839, Hermite, in one of his letters to Jacobi, challenged Jacobi
to find an algorithm to develop irrationals of any degree into periodic se-
quences. But it was only after thirty years of frustration that Jacobi in
1869 extended EA methods to successfully represent some cubic irrationals
by mearis of simple continued fractions. Then in 1907, Perron generalized
the work of Jacobi. This generalization is known as the Jacobi-Perron Al-
gorithm (JPA) and with it, Jacobi exhibited periodic developments for the
cube roots of the numbers two, three and five. Advances were slow and dif-
ficult, but in 1873 Bachman proved results for other cubic irrationals using
the JPA results that were accompanied by many restrictions. It is odd that
no more progress occurred on these problems until Hasse and Bernstein
turned their attention to them in their paper [6].

In this general form, as defined by Jacobi, an application of the JPA
starts with the definition of an initial vector, the components of which are
algebraic numbers. By use of the greatest integer function a “companion
vector” is defined. A recursive transformation is constructed and applied
to these vectors. For good choices of the starting vector and for the trans-
formation, the iteration of the transformation becomes periodic, that is the
transformation cycles around a finite set of vectors. In this instance the JPA
is said to be periodic, and the results lead to the periodic representation of
higher degree irrationals.

The difficulties associated with this work are many. Jacobi’s results
were confined to a few numerical examples in a cubic field. Perron general-
ized the method to apply to irrationals of any degree, but since the choices
of starting vector and transformation are difficult to make, he was also lim-
ited to a few periodic developments of higher degree irrationals. Perron
was more successful in showing that if a development is periodic, then the
components of the initial vector are algebraic numbers. This latter result
was general.

With Perron’s work in 1907 on Hermite’s Problem progress came to a
halt, because of the failure of the JPA to produce new numerical results,
that is additional cases in which the transformation becomes periodic were
not achieved. Perron and all others recognized that the usual choices for
starting vector were too limited. .

No results were accomplished between 1907 and 1965, when Hasse and
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Bernstein made a broader approach to the peridocity problem associated
with the JPA. Hasse and-Bernstein were not interested in Hermite’s problem
and confined their work to searching for units in algebraic number fields.

Hasse and Bernstein started with an algebraic extension of the rational
numbers, Q(w), where w takes the form w = /D" + d with

P(z) =(ﬁ(r“—ﬂ?) —d,d€ Z,D; € Nandd|D;.
8®) =((w — Dy)(w~ Dy} s (0= Diy)yoon s
(w — Dy)(w — Dy), (w— D3)) with 89 = a(®(D,).

Hasse and Bernstein showed that certain restrictions on D and d led
to a JPA that was purely periodic. For d > 0 they proved that the JPA
of a® is purely periodic when D > (n —2)d and n > 3. For d < 0 the
sequence is also purely periodic when D > 2(n—1)d and n > 3. The length
of the period is n(n — 1). For this approach the periodicity remains an
open problem since there are bounds on D and the restriction d|D must

hold. For example no periodicity for w = \; 12° + 6 can be proved under
the Hasse-Bernstein restrictions. It will be seen later that some of these
conditions can be removed.

When the algorithm becomes periodic an algebraic field unit is gen-
erated by the product of the last components of all of the vectors in the
cycle. This was a strong result in the theory of units in algebraic num-
ber fields. The number of fields in which the Hasse-Bernstein units can
be found is tied to the restrictions on their application of the JPA. The
Hasse-Bernstein results were limited by their choices of w as real numbers.
It should be noted that Hasse and Bernstein were not interested in Her-
mite’s problem even if their results had a strong relation to that problem.
Specifically, they did not know that the periodicity of the algorithm leads
to a solution of Hermite’s Problem for some real algebraic number w.

Baica (1980) defined a modification of the JPA that used the Hasse-
Bernstein initial vector, but was not restricted to the real numbers. For
the first time the complex numbers were considered. The only differences
in the definitions stated above are that the D;’s are now complex. An
immediate consequence of this extension is that the bounds on D in the
Hasse-Bernstein work are now eliminated and only the divisibility condition,
d|D, remains. Returning to the example cited above, it can now be seen

L)
that w = /125 + 6 has a periodic development, only 6|12 is required.
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Baica named the extension, the Algorithm for Complex Numbers
(ACF). All of the previous results of the JPA and all of the Hasse-Bernstein
results are consequences of the Baica modification. All units in algebraic
number fields so far discovered are particular cases of the application of
Baica’s Algorithm for Complex Numbers. The fact that the new algorithm
unifies all previous work in the theory of units makes it a partial solution
to the problem of Hilbert that asks for a common periodic algorithm from
which all units in all algebraic number fields can be derived,

In addition the new algorithm assists in the solution of higher degree
Diophantine equations, provides surprising derivations of complicated com-
binatorial identities, generates n-dimensional Fibonacci numbers, as well as
makes possible the algorithmic approximation of higher degree irrationals.

Finally, Baica’s Algorithm provides new progress toward the solutjon
of Hermite’s Problem. A closer approach to the total solution of Hermite's
Problem will be made in which the only remaining barrier is the divisibility
condition d[D. In addition Hermite’s Problem will be extended and restated
to include the complex numbers. For the future this new algorithm (ACF)
will be named the Generalized Euclidean Algorithm (GEA).

The problem which we investigate here is to obtain a periodic GEA
development for more higher degree irrationals.

1. The GEA

JPA is very difficult to prove periodic. Many prominent mathemnati-
cians in the modern mathematical world gave various modifications of JPA
m order to prove its periodicity, but the problem still remained an open
question. The author [1] used a modification which holds for complex fields
of any degree (ACF). In the sequel, it will be called GEA. With this GEA
for the first time complex numbers not only real numbers were found to
have a periodic GEA development. The GEA was described in [1] where
the author proved its periodicity and some other mmportant results. For
now let us proceed as follows:

Definition 1. Let

a® = (0,0, .. a®) e R a1 (1.1)
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be a fixed, given vector, and
{a(")) ,v=0,1,..., a® e prr-1

a sequence of vectors in R"~! either given by some rule or calculated from
(0)
a X

al?) = (a&”), agﬂ, e ,a,{"_)l) .
Let {bf”J},v =0,1,...:5") € R"! be another sequence of vectors in R* !,
either given by some rule or calculated from (a(*)) with the formula

a(u—i-l) = (a{lv} . b(iuy)_l(ﬂ(gu:l 'n bgu), L 1GE;U21 _ b{-ﬂ'] 1) }

n—1»

v=tk 1 (%)

We say that the GEA holds for a(®. b{*) is called the “companion vector”
of al),

Definition 2. Let the GEA of an a{® hold, If there exist two numbers,
5> 0,t > 1;s,t € N such that a**") = a(t) then the GEA of this a(® is
called “periodic”. If contemporarily mins = m > 0,mint = £ > 1, then
(a(”}),v =0,1,... m=—1,(a"), v =mm+1,..., m+£—1 are called
respectively the “primitive preperiod” and the “primitive period” of the
GEA of a(®. If m = 0, the GEA of a(®) is called “purely periodic”. m and
£ are called respectively the lengths of the primitive preperiod and primitive
period.

The reader should note that if the GEA of some a(®) is periodic then
there exists an a(*) in this GEA such that the GEA of a(*) is purely periodic.
With this in mind the author [1] has proved

Theorem 1. Let w be an n-th degree irrational (n > 2) (1.3)
and a‘® a fixed vector such that
a® = (a{(w),a{?(w),. .., (w)) (1)
a!” (w) algebraic integers (i=1;:00,m—1) '

Let the GEA of a(® be purely periodic with length of the primitive period
= £, and let the components of the companion vectors be algebraic integers.
Then

AP oD AT o D) plaets) L o) glebtasl) } (1.5)

p=1.2 ...
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are units, namely
A(ﬂz) it aEG)AE,H']) s ago}Agz-pz) N u'{‘n_)lAan_l).

In this context we need the formula used by the author in [1], viz.

T P G ORI B B

n—1

i=1

If the GEA of a® in R,_; is purely periodic with length of the primitive
period £, then it follows from (1.6)

{=-1 n—1
e = afle = Z aﬁo}AEfﬂ) , € a unit (1.7)
i=0 =0
since in this case afﬂl = aflo_ll in virtue of (1.5) we have
L T L A
f=12,....

2. GEA - Periodic Development of Irrationals — Case n = 2

Though this case is well known from the expansion of real quadratic
irrationals as simple continued fractions, we shall include it in our discus-
sion.

Let

w=+vD?2+1, De N , w a quadratic irrational . (2.1)

That w is irrational (for D > 0) is trivial. We choose the fixed vector.
a®=w4D, (2.2)

since here n — 1 = 1. Thus afln) = ﬂfﬂl, and we shall generally denote
o =g,,v=0,1,... ;a, = a,(a) for all GEA of s eaE)

By (2.3) we denote
¥ =b,, v=0,1,....
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For the calculation of the companion vectors we use the rule

B = by = ap(D), v=0,1.. (2.4)
and have
by = (w - D)w:ﬂ —5 {0 {2.5)
hence, by (2.1)
a=[(w+D)—2D] 1=(w-D)'=w+D (2.6)

since (w — D)~! = (w+ D) from (w? — D?) = 1. Thus
Eg= By = ey 2 0 Ly (2.7)

and the GEA of ap = w + D is purely periodic with length of the primitive
period £ = 1. Further,

[a] =[w+ D) =[w]+D=2D=b, (2.8)

the GEA of w4+ D coincides with the EA and we have, in the notation of
continued fractions
ap = w+ D = [2D] (2.9)

(2.9) is the periodic GEA development of a quadratic irrational ag = w+D.

3. The Case n =3
We denote

w=yIE+1 (3.1)

and choose the fixed vector

o® = (w + 2D, w® + Dw + D?) (3.2)
with
al® = (agu)(w) : a[:;])(w)) :

We apply the rule for caleulating the components of the companion vectors

bEv} :aEU){D)’i: 1'2; u:0,11... :
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We proceed with the GEA of a(%)

W = (D+2D,D* 4+ D.D + D?)
»® = (3D,3D?).
al¥ = (w+ 2D - 3D) "} (w? 4+ Dw+ D* - 3D% 1)
= (w— D) Y(w* + Dw—2D?1)
= (w— D) '((w— D)(w+2D),1). (3.3)
a?) = (w+ 2D, w? + Dw+ D?) = a(9 . (3.4)
By (3.4) the GEA of

a® = ((w+ 2D),w? + wD + D?), w= /D3 + 1

is purely periodic and the length of its primitive period £ = 1. Using the
notation in (2.9) we have

ap = (w+2D,w? + Dw + D?) = [3D,3D?). (3.5)

This can be considered the development of the components of ay using the
peridocity of GEA and those components are algebraic irrationals of third
degree. This is not true for all third degree irrationals, but for all those
third degree irrationals which are components of a starting vector a(® that
leads to a periodic GEA.

4. The Case n =25

We denote again
5

w= /D% +1 (4.1)

and choose the fixed vector

a® =(w+4D,w? + 3wD + 6D°, v’ + 20D + 3wD?
+4D°% w* + Dw® + D*w’* + D*w+ D).

Using the previous argument we find

¥ % = (5D,10D% 100%,5D%) or

mo (D)o (e () @
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Thus the GEA of a(? is purely periodic with lengths of primitive period
£ =1 and like in (3.5)

ao = [5D,10D2%,10D3,5D9) . (4.4)

This solves the problem for some fifth degree irrationals.

5. The General Case

Let w be the irrational
W= x/ﬂD"+1;n22,DEN; (5.1)

and choose the fixed vector

al® = (tlg_[}}l ﬂgﬂ}r--- 1{150):--' ,aiﬁjl
" r— == e = .

ﬂif’) = (n si 1+1)w""D‘ (52)
=1

5:1,...,1'1—'1-

The proof that the GEA of the fixed vector af® like in (5.24) is purely
periodic and the length of its primitive period is £ = 1 was given by the
author in [2]. Thuse we find

o= (oD (2)om) o

With (5.3) we denote

E,”(LQ"L}D?,... ,nf)ﬂul} . (5.4)

(5.4) will solve the problem for some n-th degree irrationals.

Since GEA was not proved periodic for any degree irrational w we
cannot get a periodic GEA for any degree irrationals. This GEA does not
completely solve Hermite’s Problem, which may remain an open question
for years to come, but these results are one more step in this direction.
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