' NOTES

oNNUMBER
THEORY
AND DISCRETE

MATHEMATICS




_EDITORS
Aldo PERETTI - Universidad _dc! Salvador, Bucnos Aires, ARGENTINA-

Antheny SHANNON - University of Teehnolapy, Sydney, NSW 2007, AUSTRALIA
c-mail: tony@zen. maths.uts.cdi.au

Krassimir ATANASSOV - MRL, P.O.Bax 12, Sofia-1113, BULGARLA
- or CLBME - Bulgarian Academy of Scicnces, BULGARIA
c-mail: kret@bgeictbitnet and krat@bpearm.bitnet

EDITORIAL BOARD:

P. ANDERSON - School of Computer Seience and Information Technalogy .
102 Lomb Memeorial Drive, Rochester, New York.14623-5608, USA ..

A BEGE - Faculty of Mathematics, University of Cluj,
Sir. Kogalniceanu or. 1, 3400 Cluj-Napoca, ROMANIA

G. BERGUM - Dakota State University, Brockings, $D 57007, USA

P. BURILLO - Dept of Mathemalics and Informatics, Universidad Publica de
Navarra, 31006, Campus Arrosadia, Pamplona, SPAIN

H. BUSTINCE - Dept. of Mathematies and Informatics, Universidad Publica de
Mavarrz, 31006, Campus Arosadia, Pamplona, SPAIN

F. DUBEAU - Dept. de mathcmatiques el d'informatique, Faculte des Scicnees.
. Universite de Sherbrooke, Sherbroake, Quebee, Canada JIK 2R1

P. ERDOS - Mathematical Institute of the Hungarian Academy of Sciences
~" P.O.Box 127, Budhpest 1364, Hungary

P FILIPPONI - Fondazione Ugo Bordoni, Via B. Castiglione 59, 1-00142 Rome,laly
1. SANDOR - 4160 Forteni Nr. 79, R-Jud. Harghita, Romania ‘
A. SAPOZHENKQ - Moskow State University, Moskow, Russia - = - e

P SHIUE - Dept. of Mathematical Scicnees, 4505 Maryland Parkway,
Box 454020, Las Vegas, Nevada 89154-4020, USA

J. TURNER - University of Waikate, Hamillon, New Zcaland
M. VASSILEY - Mathematical Rcsg.a:th Laborziory, P.O.Box 12, Sofia-I l_IlBulgaria i J

’

Praf, Mann Drinov Academic Publishing Huuse
af the Bulgarian Acydemy of Sciences
A1, &, Acul Georpe Banchey Sir, Safia-1113, BULGARIA



T A e e ey e et s Sy ¢

e L dkegE g

!
i
{
¢

NNTDH 1 (1995) 3, 120-{34 °

BAICA'S GENFRAL EUCLIDEAN ALGORITHM (BGEA)
AND THE SOLUTION OF FERMAT'S LAST THEOREM

MALVINA BATCA

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
THE UNIVERSITY OF WISCONSIN
WHITEWATER, WISCONSIN 53150

ABSTRACT The main intent in this paper is to solve Fermat's
last theorem (FLT) using the author's modifécation of the
Jacobi-Perron Algorithm (JPA) which holds for complex fields

of any degree n (ACF) (derined later as Baica's Generalized

Euclidean Algorithm (BGEA)).

KEY YORDS AND PHRASES

EUCLIDEAN ALGORITHM (abor. EA)
JACORI-DERRON ALGORITHM (abbr. JPA)

BATCA'S ALGORITHM IN A COMPLEX FIELD {Abbr. ACF)

{ACF) a2lso named BATCA'S GENERALIZED EUCLIDEAN ALGORITIM (abbr. BCZ

HASSE-BERNSTEIN MODIFICATION OF JPA {abbr. E3A)

0. INTRODUCTION
We start with the well known and poweriul Euclidean Algo-

the

rithm (EA). Another interpretation of (EA) which leads to

continued fraction is:

.
Let #he starting vector be ao = (ag) € R~ and & ‘rans-

. . - . . . - - 0
formation function which is the greatest integer function [a,]

as a companion vecter o0 - [ag] (b?); then the recursive
transformation

- a(val) _ (a£v)_ b{v))—l 1




S A . . .
n \ P . b ) -

='ann1led to these vectors become a sequence {a( )}, v=0,1,...;

wh;cn is ca_led the contlnued fractign interpretation of {EA)."
Because of he perfodicity of (E4) many difficuls problems which
e sti11 open in fields o; higher degree can De solved in
quadratic fields. For examnle, by using thls algorithm it is

easy to prove +that every rational nymber; 2/0; can be represented

‘as & fipnite continued fraction or by 2 finite secuence.

a

In 1737, EBuler proved +hat every realnqpadrahlc irrational
can e represented by an infinite vperiodic continued fraction
or by a periodic (EA) seguence develooment. The converse Was

proved bty Lagrange in 1770. Of course, if the mmber is not a

-quadradic irprational, but is = real algebraic nunber of higher

deg;?e or a treznscendemial real number, +hen its development TY
the (EA) cenmot be periodic.
7n 1839, Hermite, in one of his letiters to Jacobi [i2.],

o Tind an algorithm <o develep irrationals of

cna__nngod Jacobl

‘any degree into nerlodlc seuuenc°s. ant it was only after

thirty years of Irustration that Jacobi in 1869-e£tended (2A)

methods to saccessiully represent scme cubic jirrationals by means

of s_mpls conu_nund fraction.

Then in 1907, Perron generalized the work of uacobl This
generalization is known 2s the Jacobi-Perrond Algorithm (JPA)-
In its genersl form, &85 defined by Jacobi for n = 5 and by Perron
for any n' > 2, an application of the (JPA)} starts with the
20) _ (a(0);a00), . a0 e <

definition of an initial yector,

n > 2 the components of which are algebralc numbers. "By use of

Al
+
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<he greatest integer function 2 "companion vector®

»(0) =-(b£0)'b§0)""'br(£]).) ¢ g1 with
o0 - 207, G120 001
is defined. A recursive transformation
-1
R N IR I N CIN RN RN L R

is comstructed and applied to these vectors. Then the seguence

{209}, v = 0,1,...; is called JPA.

For good choices of the starting vector a(p) and for the trans-

formation, the iteration of the transformation becomes periodic,
that iz the {ransformation cycles-arcund a finite set of vectiors.
Tn this instance the (JPA) is said to be periodic, and ihe
results lead to the (JPA) periodic representation of higher
degree irrgtiopals. The difiiculties associated with this work
are many. Jacobi's results were confined To a few numerical
examples in a cubic figld, whege Jacobi exhibited periodic
developments for 5?, 33' and 35. Perron generalized the method
to apply to irrationals eof any deéree, but since thg choices oI
starting vector-and trensformation are difficuléltq mazke, he
was also limited to a few periodic developments oi higher degree
ir—ationals: Those rzsulis were to prove an Euler direciion for

hizher degres irrationesls. Perron was more successiul in showing

that if a_development is periodic then the components of the

. initial vector are algebraic numbers. This latter result was
general, with this proving completely Lagrange direction for

higher degree irrationals.
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. Advances wefe “slow a.nd d..I_lcul..; ‘bu;. 'in 1879 Bachma.n

" ‘proved results for othe*-- cubic irraticnals using the: {JPA);
results that were accoumamed by many restricions. With this
work on Hermite's Problem progress came to 2 halt, because oi
the fai_lure.-of the (JPA) to produce z}ew'numbr:i:cal' results, that
is, addifional cases in which the +ransformation becomes
periodic were no‘.: schieved. Perron and all others recognized
tha't the usual cno:.ces for starting vecbor were too limited. No
further _progress occurred on 'l'hese nronlems until Hasse and
perastein surped toeir a":.ten-tion +o them in 1965, and made 2
broader approach to the periodicity problem associated with the
(Fpa). Ttasse and Bernstein sua..*ted with an algebraic e_ﬁension

"of the rationall numbers, Q{w), where w takes form w ;/D‘ +d
L - n -
with P(x) = (TE: (x -D‘) - d) Ad€z, D; N and &|D.

2000 _ ((woDy) (weDy) """ (WoBpy) e -y (=03 ) (w=DB5), (v=Dp))

with () (0) Dl) They showed [5], ﬂO] that cer‘ta-j_n res‘.:r:';c‘tions
on D and d led to & {JPA) that was purely periodic (that is that
the length of the preperiod:is zero). For d > O ..‘mey proved
that (JRA) of a(o) is purely periodic when D.z_ (n-2)4, .d[D and
n > 3. For 4 ¢ O the sequence is also purely periodic when
D > 2(n-1)d, d|D and n > 3. with these conditions, the length of
the peri od is a(m-1).:

Fo; 'th_'l.s a‘oproach the Der:.od_'l.city reszins an open problem
since there are bounds on D and the restriction diD must hold.
For example no periodicity for w ='-'5;/£23+6 can be proved under

(HBA) restrictions since 12 i (5-2)6 = 18-
) 7 )

-



e A —m—— A E 14—y — memaEgas

- 124 -

. The Hasse and Bernstein resplts were limited by their

_choices of w 2s real numbers. It should be noted that.Hésse and

Bernstein were not interested in Hermite's ﬁroblem in spite oi.
the fact.that . their resulis had a sirong rslation to that proolen.
Specifically, they did not reelize that the periodirity ol the '

algorithm leads to.a sclution of Hermite's Problem for some real

algebraic number w.
;.. In 1980, Beica-defined z modification of +he {JPa) that

used the Hasse and Bernstein initisl vector, but was not

‘restricted to the real numbers. For.the first time the complex

numbers were considered.. The only differences ir the definitions

stated 2ione are thet the Di's are now complex numbers, An

immedizte conseguence of this extension is that <he bounds on D

in the (HBR4&) are now eliminatad and only the divisibility conditior,

d|D, remains. Retwrning to the example cited above, it can now

) 5 .
be seen that w = V£27+5 has = periodic development, only 6112 is

reauired. . Baica nemed her Algorithm, the Algorithm for ComplexX
Numbers (ACF) and later she- namsd (ACF) to be the General
Buclidean Algorithm (BGEA). Al of the previous resulté_of the
(JP4) and =11 of thé (HBA) results ere conseguences of (BGEA).

In conclusion, Baica preoved that 211 of the real rumbers, and,
for the Tirst time, all the complex rumbers of the Zorm w with

d|D have a periodic (BGEA) sequence development. This is the

[l

selution of Hermite's problem. From the fact that (BGEA) is

not always periodic for n > 5 it Zollows thaxt rot 211 higher

degree irrationals have a periodic (BCEA) seguence develoopment..
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All .of the auadrauic irrationzls do have a (BGJA) pE“lOdlu
. Segquence develppment since, for n = 2, (BGEA) becomes (EA)

This is the justificétion for naming (ACF) as (BGEAY. (EA) and
(BGEA) are always periodic for n = 2, but (BGEA) is not always
periodic for n.z 3. Yhenn > 3 the restriction d|D can net be

removed in proofs of the peripdicity of (BGEA).

1. PREVIOUS RESULTS FROM THE PERIODICITY OF (EA). (BCGEA) for n=2

(1.1) Cons:ructlon with the ruler and the compass of the
quad:atﬂc irrationals cn the .real llne
(l.Zf Every real guadratic irrational can be represeatsd by an
infinite periodic continued fraction (EA) development.
This is knowa &S5 Euler—Lagranée Theorem.
(1.3) Explicit solutions of DELL!s equations
x2 - ayz =+ 1 and + L.

(1.4) The protlem to sind the GALOIS' group of muliiplicavive
units in cuadratlc alﬂﬂbfa1c numner fields was comnlnte1y
solyed when Pell's equation was comn19u=1y solved,

(Diricnlet's proglem for I = 2}.

(1.5) The existence oI an algorithm to find the square root of

a numoev to aDDrDXLEEuﬂ the uuadraulc lrraulonals.

. . 2
{1.6) The existence of a formula to solve aXx— + bx + ¢ =0

calied the guadratic equation formula.

(1.7) The determination of Pythagorean triples which leads o

2
the integral solution of %% + ¥y = 22

-
-

2. FAMOUS PROBLEMS FOR n > 2

ne to one correspondenc

petween the real
(2.1) To Drove the © e bet b

numbers and ithe oriented straight line.
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(2.2) H33Mite'5.Probleﬁlto find s periodic algorithmic develop-
ment for higher degree irrationals.
(2. Solutions for higher degree diﬁphantine eqguations.

(2.

wl
—

The problem to find the Galois' group of multiplicative.

E o
B

units in higher degree algebraic number fields (DirichleZ's

problem for any n)-
(2.5) The existence of an algorithm to approximats higher degree

irrationals once that Hilbert Completeness Axiom was

acceoted.,
(2.8) To find relations between roots and coefficients for
-higher_degr_e polynomials, a3 related to Galois' theory
oI polynomiats. - '
(2.7) Ability to prove Farmat's lest theorem 1o show that no
n n

integer solutions for x° + y* = 2 for n > 2.

211 of those open guestions for n > 2 caused Hilbert te ask
for the invention of a universal algorithm as powerful as (ZA)
for n = 2 in order to solve 211 of the previously mentioned
problems in highef dimensions irom thelperiodicity of <his

universal algorithm. L&t call-this demand of Hilbert as HilDert's

Universal Algorithm Periodicity Problem {HUAPP)-

5. SOME PREVIQUS RESULTS OF THE AUTHOR FROM THE D=ERTODICITY 0OF (3GEa)

- In [1] the author concluded the work of Jacobi, Perron,
Hasse and- Bermstein, and found (BGEA). Bzica vroved that her
(BGE‘.A) is.periodic if 4{D for w = m, n>» 2, DeN, dez. .If
d XD (BGEA) fails to.be periodic.

In [2] the author gave the justification of the need of

Hilbert's Completeness Axiom to prove (2.1) the one to one



correspondence be*ween the rezl numbers and the oriented

.
~ae

stralgbt line, and gave the (BGZA) annroxlmatlon of higher degr

- lrratlanals and proved (2.5). In [3] the author proved part of
Hermite's problem of (2.2} 1In [1] the author used the periodicity ol
(BEEA) to prdve a theorem similar to Hasse and Berastein [3] to
find Galois' multiplicative group of fundamental units in higher

decree algebraic numbers fislds. Im (1], [5], [6], [71, the

ck

author. uses the periodicity of 2 common aIgorithm (BGEA) *o

by}

provide solution for (2.4).that satisfy Hilbert's demend for a

|’l
/ .
universzl algorithm to disclosure the existen®t units in algebraic

number fields of. higher degree. (2.3) is related to (2.4), thet

is to find solutions of higher degres diophantine egustions is
related with *he uniis in algebrzic number Fields and in [&] the

author provides solutions for scme very complicated diophantine

eguaticrs. ) ,

811 oi these problems 1n higher dimensions Zail to be

solved when (BGEA) fails o be perisdic. Thls solves complately

Hermite's problzm alse. Recall inat Jacob1 and Perron initially

constructed their algorithm over the real numbers a2s 2

.generzlization of (EA), where a modified version o (24) becomes

n = 2 in {(JPA). (BGEA) is a generalization of (JPA)znd (HBA)
over complex-numbers and n = 2 in (SCE4) decomes (E4). (BGEA) =

in its limitation gives the- proof of 211 aroblems mention=d above.

&4, THE STATEMENT OF THE PROBLEM
"The end of the 20th century will bring

Hasse once stated:

the sélution for Fermat's Last Theorem (FLT), and the solution will

come from the use of Number Theorstical tools, 25 Tarmet had

intended.™
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We imow that we can construct as many Gepmetrics as We like,

we Start with objects and axioms and pbuild up proois using Logic.
Each Geometry has its corresponding associate Algebra- The

original (FLT) is stated in fuclidean Variety (V) and its
corresponding Euclidean Geometry (EG) where WE use Elementary
Number Theory (ENT) as its associate ALgeDra- Later ve used the

classicel Algepra, ¥nowing that (EG) is the grou? of the five

+ransformations, where no +ransformation is the zero trans-

formation under the composition function as the group operatiok-

411 those Geometries (Buclidean, Many Projective, Sphericai;

pzraboiicel and Elliptic) do not report to geach other, but they

is the reason that if we DTove

211 repeort to the Topology- This

something in Flliptic Geometry or 211iptic Varizty with 1ts

cor-esponding Mgebra it m2Y not ©e the sams +hing as in pther

Gaomeiries. VWe will provs (FLT) in the (z2) or (EV), which is

closer with Fermat's heart. (FLT) has ©0 be proved by-—-functions

(transformations) not by Elliptic curves. (2GEA) is the TooL that

1]

solves {FLT) in (EV), as ix supposed to Dbe. We used the ver)

ynown transiormation function which 1S greatest intsger funcuiol
ag in (EA) or (JPA) or +he. evalnation function 23 in (EBA) t©

construct (BGEA) over +the complex numbers-

THZ TROOE OF FERMAT'S LAST - THEOREM (FLT}-

3.
(FLT) :
There do not exist positive integers x, ¥: Z1 suca that
x4 yn - z% if n2 3 Co
THEOREM '

(BGEZA) not always periocdic when o > 3 implies {FLT)- -
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It is known that ign guadratics %% 4 y2_= 2% has integral

ggluficns and this is an immediate conseauence of the faci that
(EA) is periocdic. We-kmow that Zuclidean Algerithm (EA), -
Jacobic. Algorithm (&A), P=rron Algorithm (PA)}, Jacobic-Perron
Algorithm (JP4) and Hesse-Bermstein 4lgorithm (#BA) developed onl

e - s . . .
real numbers of the form w = YD + d and the (H2BA) was the

closest 2lgorithm over the rea2ls to the General Euclidean
flgorithm (GEA). (HBA) is peribdic when d > 0, D ) (n-2)d,
d|D and when d ¢ 0, D > 2(n-1)d, d|D. Baica developed (EB&) for

the first time over th2 complex numbers and thet eliminated the -

restrictions on D and only d{D remains in order . to prove periodic.

Ye named this Algorithm over complsx numbers {BGEA) since no

other larger numbers in range exists to have complsx numbers as

2 subset 25 R C C to maks another extension. Then, we realizsd

thzt (BGEA) is an explicit form of Hilbert's demanded universal

gilgorithm IZrom whose veriodicity tc solve =21) orf ithe oven
problems in n dimensions, which are selved in guadratics (n = 2)
ZIrom the periodicity of (EA) under the Zorm of continuad

Iractions. Logicians proved that Hilbert's dreamed periedic

Algorithm does not exist. Ye prﬁved exzctly the same result,
providing Mathematics with an explicit (ECEA) which is pa}iodic
Zor any higher degree algebrazic number w = 3{5+d if d|D. Puiting
those two together it is true that if d {/ D, (BGR4) is not
periodic,.since otherwise it will contradici (HUPP). (ECGEA) is
of the szme cut or protogype as (EA) for starting vsciors wit

rezl numbers as components which are higher degree irrationals.,
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That (BGEA) is the (GEA) is no doupt, under its muck 1less powerful

form was used by great mathematicians +o z@poproach similar open

guestions in n dimensions which were proved in.guadratics Ifrom

if n ) % theres do mot exist

the .periodicity of (EA). Thereforse,
sositive integers X.'v. z. n such that Nl z>. since {BGEA}

i5 not amlyavs periodic for n 5. and there exist positive

integers X. v. z such that x2 + v2 = 22 sipce for n = 2 (BGEA)

for reals becomes (ZA) and (EA) is perigdic IoT any quadratic-

: o 1
<hen-xX + Y =2

radict (HUPP). There-

T X
woul s

Tf (BGEA) would be periodic for any n,
hzve integral solutions but +his will cont

fore (2CEA) not periodic for n 2 5if d /D ippliss Fermat.

(£2) is n = 2 for (ZGEA). That is the rezson thet because

of its periodicity meny problsms are solved in ouadratics (n = 2).

The degree of the irrational (quadratic) is related with the

.. 2 . L .
degree o the equatlon xz + vV = 12 naving integral splutions

because any guadravic jirrational w will make (£a) periodic.

Likewise the degresz n of the irrationai w in {BGEA) is relatad

with the degrea n in (FLT) 2+ yn - 20, The guantity under ths

n degree radical P:id is related with the proof of the periodicity
n
of (BGEA) for that corresponding ¥ = v/E where k can be written

always &5 k = D?+D. The condition 4D is requirsd to prove

(3GEA) of w to be periodic as it is one of the wmany other

conditicns to prove periodic (HBA) for the same w. Mo hundreds

pages proof is peeded, the Euclidean Model is explained by <he

History of Mathematics and it is well known by most wzthematiciars,

it is not needed %o explain it from the scratch. Also, (BGEZR),
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[1] is buﬁlished‘ £11-of those great Mathematicians Irom the
Fistory of .Mathematics, ékarting with Fuelid, helped we <o prove
(FLT) in Buclidean Model or (EV). (BGEA) proves all of +he other
cpen questions in higher degrees up to its periodicity, &[D is
‘Tequired fo prove pericdic.aznd it cannot be eliminated. This
is the kev to proving (FLT). The proor ﬁf (FLT) is the work of
Euclid, Jacobi, Perron, Gauss, Euier, Hermits, Hilber:, Dirichiet,

Hasse, Bermstein and Baica put together. 431 of those great
mathematicians before me ultimately were looking to solve (FLT)
and histbrically they paved the wdy for me fo Finish tha final
step in its prooi. The solution of (FLT) is the svolutionary
develotment ofi the alzerithms of Jacgbi, Perron, Hasses-Bernstzin,
znd Bzica,
NoT=

Jacgobi and Perron were intarssted to develop an Algoritha
Irom whese periodicity te solve Hermite's Problsm. Hasse-
Bernstein were intsrested to solve Dirichlzt's problem. The
goplication of units cannct be sufficiently prized. Gauss himself

uvsed it to prove the truth of Fermat's conjecture in the cubic

case by using units in the quadratic algebrzic field Q{v¢-3 )

and Kummer in kis effort to solve (FLT) tock refuge in the units
o cyclotomic field. London and Finkelstein {14] have writien a
whole book yielding information through the theory of units
a2bout the Tamous Mordsll ecquation.

(BGEA) mow solves Dirichlet's problem completaly, satisiying
Hilbert's demand and the application off units will demonstirate its

dominating strength.
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in conclusion (BGEA).is a very powerful algoritoa when it

becomes periodic. The proof of Fermat's last theorem 1is the

conclusion of the results in 2ll Author's papers over the years.

The (BGEA) will dominzte mathematics for nigher dimension

fislds over the years to come, exactily as (zA) dominated
mathematies for guadratic fields for so many years in the past.

6. MORE RESULTS FROM THZ PERTIODICITY CF (BGEA)

The appliéatinns of (BCEA) do not stop hers. in many other

published papers I have extended the application of +the periodity

of (BGEA) for solutiorns of very complicated diophantine squations.

T have developed very complicatsd combinztorizl iden<tities and

some infinite series,

(oM

recently, T used it To find the sums o

or the first time I emphasized th2 impeortance oI the periodicixy

I‘u

of an algorithm as a toel To prove something in Mathematics.
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