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. BAICA’S GENERAL EUCLIDEAN ALGORITHM
RESTRICTED PERIODICITY AN N-DIMENSIONAL EQUIVALENT
FOR EULER-LAGRANGE THEOREM FROM QUADRATICS

Malvina BAICA

ABSTRACT. The Euclidean Alporithm (EA) is a vary powerful tool in Quadratc
Euclidean Space (E?) because it is periodic as proven by the Euler-Lagrange Theorem
(ELT). Corsequsntly, many problems which remained unsolved i n-dimensional
Euclidsan Space (E") are proved in (E*). This led Hilbert.to ask mathemaricians for
the invendon of 2n universal algorithm from whose periodicity to solve everything in
(E") known 2% Hilbert's “Zahlbericht”. Baica's General Euclidean Algorithm (BGEA)
is an explict form of Hilbert's demanded algorithm and in proving ity resmicted
periodicity it becomes an n-dimesional eguivalent in (E") for the Euler-Lagrange
Theorem from quadratics.
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1Introduction. Problems are often solved in mathematical models. We ca-n
generate es many mathematical models 2s we piease. The elements are declared in
order 1o det;nnine th.e axioms and the definidon of the model. Using the logic
consistent with the axioms and definitions we can build any mathematical model
reauired 1o solve rnatbemnt.ical problems in that corrssponding model. Likewise, we
construct numerous geometrical models or geomewys, but only one is the Euclidean
geometry, all of the others are called non-Euclidean geometries. The classical
Euclidean g=ometry is (E°) in wich n=2 or (E”} is known zs the Euclidean geometry in

quadraucs.
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To every geometry there is a corresponding specific aigebra (althoush the
converse is not true). The algebra corresponding to a specific geomenry is called the
number theory (or anthmetic) of that peometry. The tool thar proves almest
everything in any such number theory corresponding 10 2 geomerry is called the Evler
System. If we want 1o prove a theorem in‘t.har. number theory which sausfies the
conditions of the Euler System (and the imi:lernemarjon is done right) then this
theorem becomes a direct consequence of the Euler System which irself is a theorem.

2.Statement of the probiem

The Euclidean Algorithm is the corresponding Euler System in the classical
number theory in Euclidean quadratics (E®) and by generafization Baica’s General
Euclidean Algorithm (BGEA) is the corresponding Euler S_vsrr:rrl in the algebraic
number theory tn Euclideann-dimensional (E").

This 1s done by proving that (BGEA) restricted periodizity doss prove up 1o
its pericdicity, as consequences, all the problems in (E") which were proven in
quadratics {(E) as consequencss of the Euler-Lagrange Theorem (ELT) which prove
the periodicity of the Euclidean Algorithm. Baica’s General Euclidean Algorithm
restricted periodicity is the n-dimensional equivalent of (ELT) from quadratics.

3.Solution of the problem -

In 1737, Euler proved that every real quadratic irrational czn be represented
by an infinite periodic continued fraction (p.s.c.f) or by a penodic Euclidean
Algonithm sequence development. The converse was proven by Lagrange in 1770. Of
course, If the number is nat a quadratic imrational, but is 2 real algsbraic number of
higher degre= or a transcendental real number, then its development by the Euciidzan
Algonthm can not be periodic. These proofs are known as the Euler-Lagrange
Theorem and proves the periodicity of the Euclidean Algorithm Miﬁg simpiz
continued fratdons (p.s.c.f.) which is another  interpretation of the Fuciidean
Algorthm. '

In 1839, Hermite [4], in one of his letters to Jacobi, challenged Jacobi to find
an a.lgo_rithm to develop wrationals of any degree into periodic sequencas. But it was
only after thirty years of frusmration than Jacobi, i 1869, extended Euclidean

Algorithm methods 1o suceesfully represent some cubic irationals by means of his

algorithm.



. Then in 1907, Paron [5,6) generalized the work of Jacobi This
gencralization was named Dy Hasse and Bemsiein as the Jacobi-Perron Algonithm
(JPA). They encountered many dificulties estociated with their work to prove
pericdicity of their algonthm. Jacobi’s resuls were confined to a few numerical
sxampies in a cubic field, Perron generalized the method to apply 10 immationals of rny
degres 1, bit since the choisss of a starting veztor and wansformation in his algerithm
are dificult to make, he was also limited to a few periodic devclo'pmmrs of higher
degres irradonals. Those results were w prove a Euer direction for higher
degres irrationals. Ferron wes more sucgessful m snowing that if 2 development is
periodic then the components of the initial vector are algsbraic numbers. This lamer
result was mensral, with this proof compietng Lagrange direcdon for higher degres
irranionais.

Advances were siow end difficult, but in 1873 Bachman proved rasults Tor
other cubic irradonals using the Jacobi-Perror Algorithm; resuirs thar wers
- ac:omﬁanied by many resmictrons. With this work on Hemite's problemn progress
cams 1o a halt because of the failure of the Jacobi-Perron Algorithm to produce new
numericaj resuls. |

No further prograss ozgured on these problems untl Hasse and Bemstein [3}
mumed their attention to them in 1965 and made a broad pproach to the perodicity
problem associated with the Jacobi-Perron Algorithm. Hasse end Bemnsisin staried

with an elpebraic extension of the rational numbst Q(w), where w 1akes the form

w=-'€E)"_+;and using 8 modification of the Jacobi-Perran Alporithm, they showed
that for d>0 , D2(x-2)d , &/D , n23 , and for d<0 , D22(o-1)d , d/D , n23 , ther
alporithm (HBA) is purely periodic and the Jenght of the period is nfn-1).

FDl; this approach the periodiciry (Euler direction) remains an open problem
since there are bounds on D and the reswiction d/D must hold for n23 . For example
no periodicity for u=m can be proved under (HBA) since the bound on D, 12
is not >(5-2)6=18. The Hasse and Bernstein results were limited by their choizss of w
25 real numbers. It should be noted that Hasse and Bernstein were not mterested in
Hermite's problem in spite of the fact that their result had a strong relation to
thatproblem, Spesifically, they didnot realize that the periodicity of the algorithm lzads

to z solution of Hermite's problem for some real algebraic sumbsr w and as such in
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providing the Euler direction in the Euler-Lagrange Theorem for n-dimension. In
1980 [2], Bajca defined a modificadon of the Jacobi-Perron Algorithm that used the
Hasse and Bernstein ininal veztor, but was not restricted to the real nu.rn‘u;:rs.

For the first time the complex numbers were considered. The only differencss
in the definidons stated alone are that the Ds are now complex numbess. An
immediate consequence of the extension is that the bounds on D in the (HEA) are

now eliminated and only the divisibility condition remains for n 23 . Retrming 1o the

example cited above, it can now be seen that w-—*m bas a Bacz's General
Euclidean Algonthm periodic development, since only 6/12 is required. Bajea pamed
her algorithm, The Algorithm for Complex Numbers (ACF). At thar ume Baice
proved that in the periedicity of her algorithm d/D is a necassary condidon pfoving
Euler's direction in the n-dimensional equivalent of the Euler-Lagrange Theorem
from quadratics.

In f1] Baica proved that &/D for n 23 is alse a sufficient condinon, and with
that she proved the restricted periodicity of her Baica’s General Euclidean Algorithm
(BGZA) completely and 2s such she proved Euler direcion for n-dimsnsion
completely. This [ast proof makss (BGEA) the oniv General Euclidean Algorithm
and it is the evolubopary deveiopment of the alporithms of Jacobi, Peron,
Hasse-Bernpst=in, and Baica.

In Baizz's General Euclidezn Algorithm, s=2 becomss Euciidean
Algorithm, =3 becomes (JA), for any n =3 of any real number is Perron (PA), (JPA)
modification for reals s (HBA) and (HBA) extension over the compiex numbers is
Baica's General Euclidean Algorithm. Ultimately, Baica's General Euclidean
Algorithm is the (General Euclidean Algonthm. Orily for #=2 |, Baica's General
Euclidean Algorithm coincide with (p.s.c.f)} since the periodiciry of the Eucl-iciea.u
A]gorir.ﬁm was proved by Euler and Lagranpe using (s.c.f.), Therefore svery quadrauc
irrational and some firnited number of higher degres irrationals (used by Jacobi and
Peron 2s numerical examples in their arempt to prove the pericdicity of their
algorithm) have petiodic (s.c.f) development All of the other irrationals of degres
n23 which makes Baica’s General Euciidean Alporithm periodic have a periodic
(BGEA) aigorithmic development. -

In this case Hermime's probiem is 1o find a Baicz's General Euciidean

Algorithm periodic algorithmic developmemt for 723 degres irrzrionals, In proving

Z1



(BGEA) peciodic for w=%D"+d with &D for =3 means that every w which

makss Baiza's General Euclidezn Algonthm perindic will have a (BGEA) paniodic
algorithm dzvelopment This Baicz’s General Suclidean Alporitam development is not
by (s.c.f) and proves the Euier direction in the n~dimensional eguivalent of the Euler
Lagrange Theorem from guadraties.

As 1t can be seen, it is not oniy the beguning Eudiidean Algorthm and tie end

Baica’s Genzral Euciidean Alporithm is so much else in berwesn then only the gap
that makes them zpant for more then 2000 vears, It i5 all of the genial work of all of
those great mathematicians before me, who historicaliy paved the way for me to Gnish
this final step and give the mathemancs this vary powerful wol whick is the Generzl
Euclidean Alporithm. In proving irs rastricted periodicity, (Evier direction) Baiza
proved that Baice’s Genzral Zuchdean Algenthm resmicted periodicity becomes a

theorem which is the n-dirpensional equivalen: of the Suler-Laprange Theorem Tom
quadratizs, Legrange direction being proved by Perron in 1907, Therefore, this very
well known and powerful tooi, the Euclidean Aigorithm is the Euler Syst=m
equivalent in the number theory of (E%) , Baicz's General Euclidsan Algorithm is ths
Euier System equiva.i:‘m in the aigsbraic number theory of (E") exactly as Zulsr
Svstem is the 1oo} in the number theory which corresponds to 2 spacific geomety.

In chapter ! of [1], Baica id=ntfied soms of the probiems in quadrancs wich
are direc: conszgu=nssas of the always periodicy of the Euclidean Algorithm o7 of the
Euier-Lzgrange Theor=m. In chapter 2 of [1], Baica identified all the problems which
were gpen questions in n-dimensions before the invention of Baica’s General
Eu:iir-:lean Algorithm. In chapier 3 of [1], Baicz identified all her publicanons in
which sh2 parially proved up to (GEA) necessary condition rastricted periodicity, all
these open problems in chaprer 2 of [13. '

In. [1] Baica provas that d/} is also 2 suffictem condinon in proving (GEA)
resyisted periodiciny making (GEA)} 10 bs Baica's General Euclidean Algorithm
(BGEA), and therzfore completing the proof for the n-dimensional equivalent of

Euler-Laprangs theorem from aguedratics. That shows that all of the problems
idendified in chapter 2 of [1] as open guesions are now conseguencss of Baica's
General Euclidean Algonthm restcted periodicity by generaiization as well as all the
problems identified in chapter 1 of [1] are conseguencas of the Euler LaGrange

Theoram. In fitrther papers the author will ravise all of the results in chapier 3 of [1]
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using this new approach, In concivsion Baica's General Enciidesn Algorithm is 2 very
powerful algorithm when it becomes periogic, and is the Euler Symi=in Euclidean
analogue in (E). .

The Baica’s General Euciidean Alpprithm will dominate math=mmancs for
higher dimensions (£") over the yzars to coms, exactly as the Euciidean Algorithm
dominated mathematss for quadratizs (E) for so many years in the past It put
together the wark of great matremaccians during of ths entire history of math=marizs
beginning with Euclid. They paved the way for me to finish the fina! step in proving
its rastricted periedicity and 2s such 10 mvent the Generai Zuclidean Mgoi’ifnm. All of
those grear math=magcians aimed to produce the Gensral Zuciidean Algonithm and o
prove its pariodicity some tme in their life, and with their genial work which T put
iogether, their dreams becomes a rzalisatior and now we have Baica’s Genzral
Euclidean Algorithm (BGEA) to be this General Zuclidezn Algorthm,
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