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SOME INFINITE SERIES AND SUMS FROM (BGEA)
Malvina BAICA

ABSTRACT. In this paper the author will use a tehnique to find sums of
some infinite series from units in algebraic number fields. Starting with a unit

_. (w—-D)"

¢ from (BGEA) we compute ¢* and ¢ powers of this unit in

Ow), w=AD"+d, DeN , deZ and i) and we will evaluate the sums

of some infinite series . In two previous papers [2], [3] the author used a
similar method to find new combinatorial identities .

Kev words and Phrases: Abbreviation:
BAICA'S ALGORITHM IN A COMPLEX FIELD (ACF)
JACOBI1 - PERRON ALGORITHM- (JPA)
(ACF) ALSO NAMED BAICA’S GENERALIZED

EUCLIDEAN ALGORITHM (BGEA)

1.Introduction. The (ACF) algorithm 1s an extension of the (JPA) over
the complex numbers , and it is a very useful tool when it is periodic . The
Euclidean Algorithm 1s a particular case of the (ACF) and we rightly can name
(ACF) as Baica's Generalized Euclidean Algorithm (BGEA) . In this paper we

will use some previous results from the (BGEA) in the theory of units in the

algebraic number fields [1].

, _ | = D)7 _
We consider a unit e = S y ) from (BGEA) and use 1t to evaluate the

sums of some infinite series.
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2.The statement of the problem

Theorem Let e=(w=D)" m Q(w) ; w=ND"+d, DeN , deZ ,

dD , kneN,n>2,k>land m=D" +d.

( l:‘;U,.ﬁ: msu—l,ﬁ: s HISM m&llt \1
3k Sok e M, ms,,
1.1) A=
So2k Suak 8ok ms,_ .
Il..h"l'!"‘r1—l,£.- Sn-—?.k S]J— Su roJ
where
1 kn (kn
Sok = E‘;(’"* +(—1)"[ . ]D”m"“ + (*1)‘"[ EHJDE”m*“E +
kn
+ (o
(1.2) - n

1 < I 4 kn ,
o= __]J'tl D.ﬂl l+__I 2n—i Dzn-a k-2
S = () [H__J m* + (1) [ZH_J m'? +

++..+(~—1)”’"[k:ij]i)“*’) f:LI...,n—l

Then

[ w (] = jn k
3 R e )

; 4
13y =N Smgm

= ((j+kn-i-1\D"" (mY"
% Jor-3)

oy ;
VEA Ol B

A

i=1..,n—-1

i+l

where 'Alf is |4 with the first column replaced by the vector (1,0,...,0) and

4;41| is 14| with the i-th column replaced by the vector (1,0,...,0) .



Proof

Suppose

(1.4) e =5,, +5 , WH-+s, ,w (k=12,..)
' et =t At Wt W

k

We perform 1=e‘e™ reducing the powers of w , knowing that

w! = D" +d =m and obtain the system of »equations :

1= Sox lop THS, 1yl +8, 0, +
S MY S

0= (51,1- 'rﬂ_k T804 "ru:) +m(5u-l,k o T

. T8, 0 by Tt Sy, 'ru—t.k}

(1.5) : D_(slk Lo TSu hip TS0, ‘rz;k}'{'

+ m("t’ln-l,k“-'rlt F S, ap lae T 55, hrﬂ—l,k‘)

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

ﬂ:{sn—-lj Toe T8, 3, "fu: +-“+31},:: 'In—z,f]'l'

+ m{‘gn--l,k -Ir:—l,l:)
0=5, 1 Tox F8,ap i FeotSop Loy

Taking the 7,,’s as unknows , the determinant of the system is |4| ,
where A is as in (1.1).

n n-—1

Since w' =m , O(w) has a basis 1w,..w , so that any algebraic

n—1

3

number in O(w) has the form O = X| + XoW+.. +X,W
x; €0 (i=1,..,n-1).The norm of o is a polynomial in the x; and
N(o)==1. So we have (—1}”"15” =m, §;=0 for j=n,c=e¢ and S, and

§; are the elementary symmetric functions in Dy, Dy ,...,D,, and

(-D)"8, = (1" DyDy--Dp_y =d .
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In this case
r; | O I
S{I-,l: I"";;I,.l: Sﬂ—l.i: Sn-'l &

mS, i Sox 77 Spax Snan
(1.6) N(e*)= '
My, MS = Sop §

\ TS, MS,, et M, Yok

which is the transpose of the |4] with 4 i (1.1).

Also, N(e*)= N[(“’_f})h ] =[N[“’_fjk H
d d

and
-D 1 0 0
0 -D 1 0 0
N(W_DJ: :{ﬁD)(_l}ﬂ-‘lﬂﬂ—l +(__1}n—lm:(_l}n-]d
10 o 0 - =D 1

m 0 0 - 0 =D

and N(w—D)=N(e)=1.
Since N(w—D)=1. Then N(w-D)"=1.

Now we apply Cramer’s rule to solve for 7, in (1.5) and

(1 ms,,, - ms,, ms, )
0 So.k v MS;, MS,,
(1.7) 1, =]
0 Sn_—.ur o Sop M8,
k{} Spag 0 S Sox )
and
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— D) k kn
et = w-D)" _ lk wi | WD+ (=1 WD+
d* d 1 h n

s K1) iran 20 _yke L
+(-1) (Zﬂ)w D™+ +(-1) (kﬂ) J

and since w" =m,

_ 1 . 1 kn D" .l:—1+ -1 2n kn Dln Ir—1+ +(-1 kn kn D.Im
T i SV W Vi B e Vi

— I __1 n—i kn Dn—:‘ k=1 + _1 2n-i '&n Dln—f k- I_I_ L+ __1)1'-11—1 kn D-hf—f
Sr',k_F ( } ] i ( } n—i i ( kn—1i

i=1..n-1.

"1-115

(1.7) solves for f,, in terms of the parametric forms for the (1.2). Another way

d K D =tk
to write £, 1s e‘*:d"(umD)'“*:[—) [I—w—} and since |— <1 we
m w w
have
" ( Ji jn+kn— ID»”’ d“i jn+(k+Dn-2\pr! N
e =|— : W
) m) ‘% jn m’ \m"i3\ jn+n-1 m’*!
(1.8
d*i jn+kn+1) p? = i jatkn\ D"
— . w'
S =\ jn+2 ) m™ m S\ jn+1 ) m'
In particular from (1.8) we have
dY & jin+tkn-1YD"Y
rll},i: =(_] Z[ : ]( ]
m) = jn m
or
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(1.9) gives a parametric family of infinite series and an explicit form of their

sums is given by (1.7) as (1.3) with s,, and s, asin (1.2).

Example for n=5 and k=1, m=w*=D*+d and d\D.

= (5j+4Y DY 5
LTI (A ol :[_’E) 4 330m
d o\ 5) m d d

(1.10)
N 1500D"m —1500D°m’ + 1250D%m ~1875D"m* +1250D°m’
d’ d*
1 ms,, ms,, ms, ms,
0 s, ms,, ms,, ms,,
Since |A,1 =10 s, S,, ms,, ms,,
0 Sll "51.1 Sﬂ',i M-# 1
{} 33 | SI.I Sl 1 SU 1
5
55, = m -+-(;I)5 D and
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d
and
2 3 4
1 —5m£ lf}mi —lﬂmD— 5m£—
d d d
Ty 2 3
0 "’dD -5m§ tomZ2-  _1omZ_
D? m—D’ D D?
i 4= 1om=—
A= T T i d
3 ) . 5
0o —pf 2 om0
d d d
2 3 4 _ 5
o 102- _102 52 m-D
d d d
or
375D°m 1500D"°m—1500D°m”
A =1+ St e +
N 12500 m —18750"m* +1250D°m’
di

which implies (1.10).

For numerical d,De N and d|D we will get a number for the sum

in (1.10).

14



Bibliography

[1] M. BAICA,

[2] M. BAICA,

[3] M. BAICA,

[4] L. BERNSTEIN,

[5] L. BERNSTEIN,

Dr. Malvina BAICA

An Algorithm in a complex field (ACF) and its
applications to the calculation of units , Pacific J.
Math. (1) 110 (1984) 21-40.

Some new combinatorial identities derived from units
in Algebraic Number Fields , Discrete Mathematics
54 (1985) 133-141 North-Holland .

Diophantine equations and Identities

Intermat. J. Mgthi A;ld Math. Sci., vol. 8,

No. 4, (1985) 755-777 .

: (72
Zeroes of the functions fﬁ=2(-1}[ ; }z :

J. Number Theory 6 (1974) 264-270 .
Applications of units , J. Number Theory 10 (1978)
354-383 .

Department of Mathematics and Computer Science

The University of Wisconsin-Whitewater

Whitewater , Wisconsin 53

190 , US.A.

15



