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CLARIFICATIONS OF THE AUTHOR’S PREVIOUS PAPER ON
GOLDBACH’S CONJECTURE

by Malvina BAICA

ABSTRACT: In a previous paper [1] the author gave a tentative proof of Goldbach’s
Conjecture. The purpose of this paper is to provide additional explanations and to give a
definitive version of the above mentioned work.

1, Introduction

In [1] we did not state the reiation berween the 8 - and v-functions in the best way.
However, if we do it in this new more correct way (which we shall explain later in this
paper) it will not affect the finai result. Also, Lemma 1 of [1] will be slightly changed. This

improved paper will complement her previous paper [1].

2. The relations between 8 ([4]) and v (¥).
Starting with Chebyshev's function 8 ([u]):

(2.1) S(up)= 2 logp
p=<(u]

where p denotes the prime numbers, we have:

lo if [u]=
22) M([ﬂ])=S([u])—ﬂ([u—1])={ g
o 1n any other case
Hence, if we form
(2.3) V)= T A8 AI(uy))
{=uy tuy

where v(f) is the Hardy — Littlewood function
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(2.4) vin= 3} logplogpsy,

p1tp2=t

From (2.3) we have:

(2.5) vit)= 3 AS([uy ) A —[g]) .
uy <t

3. Transformation of the sum in (2.5) into an integral.
The A 8 ([v]) function, when not zero, can be drawn as segments of length 1 at
heights log p every time that ¥ = p. More precisely, we have:
3.0 A8 (u)=logp
whenever p<u<p+1 (otherwise it is zero)
This is shown as shaded bars in fig. |:
9 ([u]) - 8 ([u—-1]) Fig. 1

QO = RN Wh

9 10 11 12 3ja 14 IS

The graph of 8 ([t - u]) is obtained from that of § ([1]) by rotating the graph about
the axis u = #/2. In fig. 2 and 3 are shown the cases of y =8 ([12~u])- S ([12-u—1])
andy=98 ([10-u])- S ([10-u—-1)).

S([12-u])-9([12-u-1)) Fig. 2
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Hence the graph of 9 ([u]) - 8 ([u — 1]) consists of unitary bars at the right of u = p,
and that of 8 ([t —u]) - 8 ([r — u — 1]) consists of unitary bars at the left of u = p. If we

now form the product

(3.2) {S ()-8 —-1D} {8 ([t—uD) -9 (ft—u-1])}
it is zero everywhere, except at the points where u = p;, - u = p,, where it has the value
logp)—logpa.

[t is evident from the graph the graph that if we wish to obtain this value as an area,
we must displace the graph of A 8 ([«]) to the left by one unit, because then:

P
(3.3) [ 9 +10) = (DRIt - u)) - ([t —u-1])} = log p-log(t - p).
p-1

(The shared areas of log p; and log p; multiply between themselves). This is shown in fig.
4 and 5. The integrand in (3.3) vanishes if « <0 or u>t.

8 ([u+1))- 8 ([u]) Fig. 4

2 o« b W

1 2 3 4 5 & 7 89 10 11 12 13 14 15

{9([u + 1) - S((u]} {S((12 - u]) - 8((12—u~1])}  Fig.5

4

3

2

1

5. 2 8 9 110 ¥ 12 13 l4 15
Hence, we have that
!

(3.4) v = [ AS([u)+DAI([t —u])du.

0
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This is nothing but the convolution of the functions that appear on the right.
Consequently, if we take the Laplace transform of both sides we obtain, by known
properties:

(3.5) L {v()} =L {AS ([u]+ 1)} -L{AS ([u])}.
By the second shift property of the Laplace transform we have:

L{AS([u]+1)} =L (A8 ((u])}
so that (3.5) transforms to

(3.6) L{v(D}=¢' L* {A S ([u])}

and also:

GB.7) L {v (-1} =L {A8(u])}.
This will be used in §12 later.

4. The evaluation of L {A S ([u]}

According to ref. [7] we have:
-5 2

(4.1) L{S([u])}=—— 3 S(k)e™ .
S k=0
From this it follows that
. ) {—e™s -
“2) LAS ([u])} = ——3 logp-e”
p

(p: prime numbers) on account of (2.2).

By ref.[3], theorem 248 p. 212, we have:

Vrl ¢

2mihlq
(43) Fx)=Zlogpx= Y X ug)e

+ AnOHtl/4ee, ﬁxfze‘”"}.

o=l =l p(g)(x—e*T MY
(h,q)=1
As a consequence of this we have that
Wrl g =
(4.4) F(s)=Zlogp-e?'= %, : H(q) : L ApItl/Aee
g=1 k=1 9@ (s+2xih/q)
(h,q)=1

(see ref. [6] for a detailed calculation).

This formula is unconditional, and 8 denotes the upper bound of the real part of the
imaginary zeros of the L — series involved. (Here Re(s) = ¢ = 1/n: but this restriction does
not affect our further reasoning).

Let us analyze formula (4.4). The function F(s) has a double infinitude of poles on
ihe line o = 0, whenever s =-2mi#h/g where 1 <h<g and 1 £g <. lhey forma
natural boundary, and the series on the right of (4.4) describes the influence of the poles

with g < [«.";], while the other term on the right accounts for the influence of the poles
with ¢> [Vn)
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It is evident that the greater the knowledge we have about the zeros, the smaller is
the remainder term in (4.4). At present it is known that 8 =1 - &, but according to the
extended Riemann Hypothesis (ERH) we have § = %4
5. Use of (4.4)

Replacement of (4.4) in (4.2), and of (4.2) in (3.6) yields:

4 2
L 1—e~% (Vn) Ha) 9+1/4+¢&
(5.1) L{vin}=e ( : } {E} él ¢;(g)(s+2;::‘hfq}+An

or

2 —
W — p -1 — nTE [J ] 2
vm(r—l):"(; 14+ 0)+v(t -1 0)=LP| [1 e \ g 1(q)

2 s ) 7 nm1 p*(aXs+2xihlg)?

(5.2) "

5 & K X

f i
1—e=s Y Inl _ [n] 1a)) 1) 2An 1448
ol B ayel by P@N@@2) (s+2xik /g (s+2niky 1qy)

5

+

2 2
1-¢” An23+u2+2e}:L-1 [1—9"5\4 bl 1 (q)
) S ) g=tl h gpz(q)(s-f-brfhfq)z

RS Y

+TJE;1 3 [Jzzl y p(gy) plg) 24V H4E ]r'*

o g b PGeg2) (s+2xik/q)(s+2miky1q2) )

[ 2
+L-1<[1_—_€:J A 20412526 | _
5

L

5

(53) L‘h(‘"“#s} (T H T+ T3

For reasons that will become apparent in §10, we shall first evaluate LT (s))
and L {Ta(s)}.
According to the calculations performed in ref.[3] we can adopt for A the value

(5.4) A=80

(This value however is not relevant for what follows).

6. Evaluation of L™ {T,(s)}
Appealing to tables we have:

24



Mz

H”(q)
a1 LT} :L‘IL-*I % 0*(q) (s+2m‘hfq)z} )

7 N i 2() —2ﬂlhfqu_z .‘u (9 C (f)f
g=1 h=q ¢°(q) a1 9°(q)
where
o ‘?33.' ~2xihtiq
q(f}— B €
h=0
(h,g)=l

is Ramanujan’s function, and N = [‘u{; ]
According to Lemma 1 we have

3 #(Q)Cq{r)-:a’(f)e?’y gO—gj)ﬂﬁlc-gluge‘
>N 0°(q) N '

Hence in (6.1) we can put

L= 3 LD ey

g1 9%
; s o (og logN)*
(6.2) +&1e7 d() s log logt.
Now the singular series
@ 2
6»  so=3 L£8c0
g=1 ¢°(9)
vanishes for odd ¢, and for even t can be transformed into an infinite product (ref. [9]):
(6.4) S®=2T1 [1~~—1——_] M 2= c13203 7 222 1= Ppo)e
p=3 (p=D*)pit P-2 plt P2

which reveals that S(r) is a discontinuous function.
We have thus analyzed the influence of the infinitude of double poles in (5.2).

7. Evaluation of L™{T;(s)}
According to tables we have:
(1.1)  Fe()=L"{Tas)} =

Yy Sy (g ulgy) 2AN2E 112428
q=1 by g2=2 hy @(%)@(qz)(3+2mh1f’ql)(3+2:rzhzfq2}
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= 'E: Z g #(?1)#(6’2) (e%lf_e—-‘\zf)zANM*”th
=l W ga=2 by PEN¥(2)  Ax-4A

(Az=2mihfg:, AL =2mih/q).

Taking into account Lemma 2 we have:
(7.2) lL_l {T, (s)}l—_-_g.Z.NZ (N+1)2 YANTH/ 2428
T

We have thus analyzed the effect of the simple poles with ¢ < N multiplied by the simple
poles with ¢ > N or by themselves.

8. Evaluation of T;.
We have:

—5

2
(8.1) T3:Anz.9+uz+z.eL.-;[l—e ] _
)

According to tables (ref.[7]), we have:

I 2 Jr if 0<r<l

_e .

(8.2) F(r)“ﬂ'L"[_—“s W =12t if  l<t<2
/|0 otherwise

Hence:

EF{_r)i <1 for every r, and

(31) T3:Am29+1.f2+2£=A1N43+I +dg
with A; <A <80.
We have thus demonstrated the influence of the simple poles with ¢ > N; and no other

poles exist.

9, Return to (5.3)

We now evaluate

[ i 2
(9.1) Fl(r)=L“<[1_e J'ﬁ(s}
5
and L
(1oes V|
(9.2) Fz(f}‘]fll[ '_f ]Tz(S)T-



10. Evaluation of F(t)in (9.1)
According to formula (6.2) Fq (1) = L'{T:(s)} is the sum of a dominant term D(r):

(10.1) D() =1.3203 [] B2y
plt p-2

which we write as:

(10.2) D()=P(1) - ¢

where

(10.3) P(1) = 1.3203 [ ® e
p!r}j_2

is a discontinuous step function of f, plus a remainder term R(f), given by:

(log log N)?
N

(10.4) R(r) = 517 d (1) log log 1

that contains a discontinuous factor d(#), so that

(10.5) F4() = D{1) + R(1) .
Now, the convolution theorem for the inverse Laplace transform states that if
{10.6) Fi() =L {f3(s)} and Fu()=L" {£i(s)}
then
{
(10.7) L {A@) f)} = [ F3(w) Fy(t—u)du.
0

In (10.6) we now choose

l—e ¢ :
ﬁ{s)=[ﬁe }
5

so that F3(r) is the F(#) of (8.2), fa(s)=Ti(s) and Fs(r) = It {T\(s)} is the function in
(10.5). It follows that

[ 1—EHS)2 1
(10.8) Fi(0) = L {A(s) fals)) = L"i -
! 1 i
= [ F(u) F4(t—u) du= fuFgt—u) du+ [ (2-w)F4(t—u) dis.
0 0 Q
Now
(10.%) ‘J u Fa(t—u)du= i[u(r-u) du-P(r—[}H-t[ u R(t—u) du
D 0 0
= P(t-0) {%—"%}+54 R(r-ds) 0<dy, ds<1
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and

2 2
(10.10) [ (2-u) Pyt —u) du= [(2—u) (t —u) du-P(t=1+0)+
1 1

2
* [ (2-uw)R(@t—u)du = P(t-1+0) {%ﬁ§}+§5 R(t-d4)
1

1<8g, 57<2.

Hence

{1011) F|(I’)=P(f-"0) {—;"—%} + P(f-l + D) {%“%}4‘54 R(f—§5)+56 R(.“-—57).

11. Evaluation of F,(?) in (9.2)
1~ ? !
We had: Fy()=L" [—i—] T# (s)
£

But according to the convolution theorem (10.6) — (10.7)

it
Fa@®)= [ Fu) L™ {T(s)} du
0

Where F(u) is the function of (8.2) and L {T,(s)} was calculated in (7.2). We deduce:
2

(11.1) Fa(f) = L' {Ta(s)} | F(u) du= LTy ()} =
0

4

12. The value of v()
According to (5.3) we had:

l1-e

=g N2
V(1 = IJ‘L"[( ; J {T1(5)+T2(5)+T3}] =Fi(f) + Fa(f) + AN 1128

due to (10.11), (11.1) and (8.3).
Hence:
2

-}+54 R(r—385)+8g R(1—57)+

(121) va(t—1)=P(1-0) {%-—;—} +PU—1+0) {.;__3
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@ %szﬂ)z DANZIHI/ 2426 | o NASHIH2E -
T

=P(-0) {*—J—} +P(t—1+0) {—_-2-}+
3 3
2 ( P
+8483¢” d(t-55) = I;JEN loglog (t - 83) +883¢” d(t—57) = I(I:Igh '

- loglog (t—07) + %NE(N+1)2 AN/ 2+2e +A]N43+1+2£=

_v(t-1+0)+v(t—-1-0)
3 :

Replacing ¢ — 1 by ¢, and equating terms in £ £ 0 on both sides we deduce:

2
(12.2) V() =P() (1 +1) + 26364 € d(r) gﬁl;’f—N)— loglog (¢ +1-&5)-

_PU)+ N (N+1) AN23+”2+2€+2A N43+]+2E

The terms in P(f) only can be absorbed by changing slightly the values of 5; and 8§;,
so we ignore them in what follows.
As in (12.2) we assume P(t) # 0. Then, according to (6.3) and (6.4) we must

assume, in what follows, that 1 is an even number.

13. Choosing N as a function of ¢

We choose now:

P SR
(13.1) f=NI*2+A N = 1 5+28+1/2
so that

R
N+1<(+ 1) 5+28+1/2

Then
(132) v() = P(1) t + 85 2¢™ d(7) (log log 1)’ 1 720D 4
. L il
+5; L (r+l)%§{% ~160¢ #2043 .
Hence : i

V(f) > P(f) I - 2631' d(f) (log log r}3 i 1-172 (5+28 +1/2)
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80 j—— L2 4941428
- Y (p41) T5+284172 160 1 5+29+1/2
T

Adopting = 1 implies that
3 Wl
(13.3) v(f)> P(t) t - 2™ (1) (log log 1)" ¢t 73
S+2e
80 s _g0r 7S
2z
(13.2) proves unconditionally the truth of the Hardy — Littlewood conjectural formula for

the binary Goldbach problem, that
vi)=P() -t

14. Miscellaneous bounds and majorizations

We have evidently, from (6.4)

(14.1) min D(f) = 13203 ¢.
As concems d(#) we have:
log 2
(14.2) lim sup d(f) = d(f) =1 10808 ! (ref. [4)) .

f—>x0

In what follows we shall use very large values of 7, so that we adopt the right hand
side as an upper bound for d(¥).
Furthermore, the greatest value that v() can assume in the case that there is only one
solution 2 log? t/> (as was indicated in ref. [1]).

Consequently, if we know that
(14.3) v (t)>2 log” t/2
we can be sure that there is at least one solution.
Combining (13.2) and (14.3), we have that
(14.4) v(f)> 1.3203 t =2 &> d() (log log 1)’ 777

5+42¢

_E{‘]_(I_FDI—UES ~1601 75 >21{)g2h’2.
T

Solving for d(1), we sce that this holds if

13203 (M7 w0 et
2¢" (log logt)® 2me” (log log 1)°

(14.5) d(rn <

or if
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r]r"}'.S

(log iugr)3
which according to E.R.H. that 8 = '3, strengthens to

(14.6) d () < 0.05846

I”&S
(14.7) d(t)<0.05846 ——— .
(log logt)
Landau (ref. [5]) had proved that
dn<4¥t
From (14.6) and (14.2) it follows that the Goldbach hypothesis is valid for every
value of ¢ such that
(14.8) d(t)=dy ().

If we adopt the equality sign, we have an equation whose root 18
(14.9) t=ty~10° 180 < B <190,

Hence the hypothesis is true for even f > 102 . On the other hand, the conjecture has
been verified numericallyup to f =, =4x e

Besides, it is known (from Dirichlet's divisor problem), that the average value E@
of dft) is:
(14.10) d{t)=logt .

If we put this value in (14.5), we then have an inequality that is valid for
>4y o 1040 . The distribution of the values of d(t) around the average @ is not known

at present, but at any rate it is evident that values as high as (1 4.2) are extremely rare, and
that due to (14.7) the Goldbach hypothesis is valid for most cven values of 1 between 75
&TICI l'.:] :

Better approximations of the formulas involved will allow us, in the coming years,
to imporve the proceding bounds and, eventually, prove the hypothesis for every even # 2.
By way of comparison, it can be mentioned that in the ternary Goldbach problem (that
every odd number > § can be written as the sum of three primes) the existence of Ny, a

qumber such that every odd number not 3 or 5 which is > Ny, is the sum of 3 primes, was
proved only in 1937, by LM. Vinogradov, and only in 1989 was it proved that
Ny =exp(expl 1503) (ref.[8]).

Improved Lemma 1

According to ref. [9] we have:

1)) $ 4l -peld 5 s

o>~ 97 (q) ai ¢4} wid<qwly)
1

Now
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| !

w2 g WP
{N!dﬂii‘PE(g)

0y st =L

But for ¢{n)} we have the bound

R

<e'loglogn—+ :

U oln) 2loglogn

b

valid for every m 2 3 (with one exception), so that

Nd<q 0*(g)  Ma<q0°(a}

2 -
1 2y {loglogn)” 3 1
.-Z 27 & Z N 2 T4 3 3 1
Mig<yg ! vid<g H wigd=g WELDE
Wideg ©°1a)  Nideg 7 2 Nideg n* loglogn
5y 2 (logloguy , 5 9% du
vl | S |
Mid =1 i < M- 4 loglogu
- ? .'l -.E -
wy e eyloeNidf s L
™/ d) 2 loglog N/d-N/d
Replacing (1T4) m (L2} we obtain:
) )] oy Goglogidy?:
115; T | Y :{82:_,r[\t:>.;. & Dvid e o
’ \rl‘:TJ !w‘.fﬁ "I ]“I 2 l{:af_-" Eog e
B L% e

w | 3¢y ] e 1 Gn2a s .
o pp gt ! L T e e e B =
L [ o !,r?‘\ Lo M i J? ] 2y 1"11.,-_:3_-('}:._-1“, d i - ad
e e T A FETE U o A RTT. e
L-rx}‘;\,r | I,"."'{L.fi:_:l i Al @{{..J' !l ™ L :\‘s g L}g ™
L T o 7‘l? ¢ - \'-I
zry og 1og I "ﬂj' w1 ; 5 . 2 |
Rz ® = e’ ) log log d 4 ———— |
oo log o
dli i L Zioglogda )

3, (log log N)*

<d(t) e : log log 1.

=

Lemma 2, Evaluationof ZZZ T
o{g1) @{g2)

We have that

#(g) play) &=

1L _ 1 ! _ 91 92
Ay—Ay 2ri i/"’: MYy 2milmai-ha)
\92 9




Hence

1 9192 9%
Ay-Ap 2x|la—maa|” 27

because |h; ¢, —hy g3| is an integer whose least value is 1.

Furthermore
||=."'A1r _E—A1r|52
so that
E—Alf _e—Azl Sq q
Ao - Ay T
and
a2 92t |Gy wigy) M —e A | g0
hy=0 hy=0 }'?3(‘}'1) @(492) Ax—A T

because the double sum has @(q1) ¢(g2) terms.
It follows that

E ey % 727! I#(ql)}i(‘h) gt g Rl -
L MZ0 ga mmo |P(@) @@2)  Az-A

N N N N2 2
& % > q]%:lN{NH} (“~I+l)z (N +1) _

ql_l qz_l T 2 2 47
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