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1. Introduction,

Many times w} poactice. especialiv m dechnelom . vos moet situations
when some g ml cal representations s contours ol mechunical

1 1t R Y P B T
consist in putting together s symmety rically of some carves s Cwhich can'i
3 L1
be mathematically mod ing!
These curves fouether are not represen ted By s

they are “fracturcd”™ at thelr contact poy
the attached functicis 10 these curves are foprosant

xamples of this Kind are the twoted whedd protles

Ay and mthe

AT UL

wefdes of some

n ‘\i ar fullows, we find a way o represent ‘1 c WO equattons which

conmmenly are :c;;:c;c;ziui ‘c-‘y a0 algehraic svouncinic functions, by an unilied
equafion. For exampie. we will anabvse some of such cases, starting with the
511;:;33: st one, namely the case of o fracured line segment represented by the
equation v = @.X (a const) i the domain ¢ . x ~ 2. accepted as the basic

function” (the segment OM of Hgure 1) The .Symetric Fusction” of the
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respective basic function 1s characterisne to the segment MN {correesponding
to the domain 2 < x -2 22) of Figure 1.
With this goal in our mind, we will analvse this first case as well a
me others i which  intervene cquations ol supertor degree and also som
paramgommemc functions.

=y

2 The case of the basic function y=a ., x.

neral the symetric functions

! n order o sviplifv what
alvsis we will accept as the svimeiry axas a hine paraliel wilh
Oy axis situated at a distance 7. from 1L

From the begining we mention that in ge
have tor 's\‘n*'e*ri* axis the ordonate Ov axity 141
follows i our an

In Fgure ! s represented the basic function ddenoted by g,
characteristic to the segment OM ( corespondimg 1o the nte ra‘a} gl T g and
the symetrie function (dm{»tui 3, characteristic to the hne scgment MN
ve have shown ahove,

{coresponding to the mterval - X7 20 as
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Thus we have:
Vi d g, {24
Iwe conaider that it for <7 2 we have v, o the equation (2.1

hecomes
VEELN A (2.2
YWe menton that by xy we denoted the curent abscises for the tunctions

represented by the equations (2.1). and (2.2) respectively and thus js refer
the segment OM.
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ses for the functions
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As we have shown, the line segment MN is symetric with OM. with
respect to the vertical line which passes trough M. The general form of the line
equation where the scgment MN belongs is:

y;=b.xs+c (2
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We mention that by x; we denoted the curent variable refered to the
segnient MN. The constants b and ¢ can be determined using the values for v,
and X; at the himits of the interval Ax<24; thus for xe=7 we have voom. and
for x=2.2 we have v.=0. Intreducing the above values n the cquation (2.5
we obtam b= -(m/2) and ¢=2m and the respective equation becomes

vo=2m - (1n/A). % (2.4

The equations (2.2) and (2.4) for the basic function and the symmetric
function respectively are different at the {irst glance. they can’t be written under
an unified form,

[n order to do that we see that in Tigure 1 ihe value ol vy at the point P is
equal with the value of v at the point R, Thus we have:
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In the other side, the abscise values of the 1wo cases are different, but
between them there exist the relation

C =) . .
S SURNE I (0.0)

This means that these two equations (2.2) and (2 4) could be uniticd under a
general fuin
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I we can find a way that for the interval 07x-0. the sign of the factor
(m/1) could change from ~ (minus) 10 + (plug) and to dismiss the term 2m.

This think is possible if we infroduce ithe factors A and B which we

me . Binary Operators”™ motive which we will further cxplain. These

ai H
operators are given by the following relations:
A=(x-2)/1x-A {(2.8)

B={(x-2)+x-1 211

-
b

o)

e

i Vw7




In the above relations (x-lrepresents the algebraic value of the
diference between x and A, and x-i| represents the zhsolute value af this
diference. We can see that for 0 <x <A, we have A = -1, and for » <x < 2% we
have A = --1. Now, what happen when x = % 7 In some Mathematical Works (4]
is shiown that a function of x. as it is A, does not have a limit for x=A. In other
words saying, for (x-k-¢), where ¢ is a positive value infinitely siall, we have
A= -1 and for ( x-A+&) we have A=+1. On the other side we observe that if in

the relation (2.8) we make x=i, for A appears an indetermination A=0/0. 1t we

apply 1"Hospital Rule to ¢ ‘mm?k the indetermination for the point M (when
X0y we will have  d(x-7)/dix-Aand thus for this point t‘w eperator A 4 L
With another way sa};mg the point M belongs to the segment MN. and the

segment OM approaches o the point M up t© Hs 1 mm%un neighhorhond.

Thuswecansavthat A=-Ttor0<x <, and A= +1foran - x 720

reascn and because of what we have mentioned before, we used ihese
coresponding himits,

Appiving the same reasoning from above for the operator B ocuse 1t
resufts that for 0 < x <2 wehave B=0.ondYor £ <x < 2L we e B =

We named A and B as L Binary Operators™ since for these two value
mtervals of x above mentioned, they c"m;« their valuge {rom -1 w =1 (for
operator A case) and {rom O to +] {{or operator B cased ov inveisely o see Table
Uin continnation .

These facts being established i order o grve to the formuda (2.7 an
upique general form for the two analized v metric fanchions, wo use I a prope
way these two operators A and B and we obtain the equanon

= - A(m/2)ox + 2Bm (110
For the mtcr\'al 0 < n =7 . wehave A -land B o= 8 and the cguation
th bf:f‘omc\ the cquc.. il For the inerval /0 x 0 2 we have A =)
dnd B land vhee quatm (2.10) becemes the equatnn {27

These operators me nt joned above | S A or By ware wsed by e wathors in

(\
D 1(
their paper i;,} when %1 ¢y osolved some problems o the domans ol the
Paratrigonometry

3. The case of the cireie segments ( quarters.

In Figire 2 we represent as the basic function graph the quarter of the
cirele OM.
The graph ot the sywetric function is the quarter of the circle M

o
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5. The case of

P — - /,”‘"‘ We accept as a basic fi
eng A ,//j L ~
Oy o :‘J , «?/ L “'“’\& and also we accept tha
“t s /f"'/j '\\*«..\ PN
& j : ; N from where «= 0.9m/%
b : AR
v T‘” ¢ e A - For the interva
" of Figure 4.
Fig. 3. Hyperbola segments OM and MN symetricaly situated s
In these conditions the euvation (4.1) becomes .
=] 0. 560m/) N C).44(‘m7"'7,}><'}"!3 (4.2)
Proceeding, as in the previous cases, now for the segment MN of the hyperbola.
symmetric with the segment OM, we have the equation
y=l0.36(m/A) %" ~ 2.68(m™ hx + 21 2m7] - (4.3 N,

fm

fn order to make the unification of equations (4.2) and 14,34 possible we write
the equation (4.2} under the form:

vl 0.36(m/ Py - 2.68(m* 7 = 3120k {4.4) . L
i . L0.36¢ o , - ! Fig. 4. Qubic
We see that in the cquations (4.3) and (4.4 the first two terms are identical, ‘
: - o ey . o o f e SIE T JS T T T - . ‘
Thus, we need operators of type A md B from above o obtain solutions o . svmetrie parabol
miake active the thivd term from cach of thesc equations.
In this way we car write the unified eguation for the symmetric functions
atferent to the hyperbotic segments OM and MN as

the eguation

. , \ . Comparing th
roz NS AN R ‘M bR bl 4,[;« ATAF S W o ! ) i Sh
v (036X~ 2.08m7A)x + 32N R - A e 12 SRl (1.5 the operators A and |

For the mierval O=x<, when B=0 and A= -1 s (8 - Ay <fL the two symetric parabol

cquation {4.5) becomes equation (4.2), For the merval o024, when B! and y=A1
{B—A)=0, the equation (4.5} becomes equation (4.3). For the inter\.
In Table 1 we give syntheticaly ail the posibilities in the change of the (5.5) becomes equal

ebraie signor or the annihilation of the binary operators A and B which can and thus the equatio

(
apear alone or togheter in our present analysis
6. The case

Tab. 1. The values of the Binary Operators A and B X
. . e S in this chd‘o
- . : erato ! : sonts
P The intervel - Jhe perRer B I ALy (B Ay graphical represent
i | N | - - ! (A - - ; = :
, - | A LA B 1 -B ! (A-B) ; (B-A) ; way that in the bdbl
P <X < i - - | i - S ; g o »
)..‘X A ; *l ; 14 9 ; 0 L 1 ; Lo the value of x mere
ETCE A N B N A
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5. The case of the cubic parabolas.

We accept as a basic function a cubic parabola having as equation
vi=ax” + b (3
and also we accept that for x=00 vi=0.1m, thus b=, im. For x4 we will have

Is

} =Y Im FE- el
R aﬁ “a oidin [
\ from where 0+ 0.9m/A and thus the ’cquat m S 1) becomes
S T yp=(0.9mA 7 U.!m (3.3)
o X . L )
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of Figure 4.
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Y vty DT el o i 2 { [N
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For the interval &x<a, we ha\"@ A= - and B0 and thas the cguation
the dmw SHRETS (5.5 becomes equation (334 For the tierval oo ave AT :m;i B*!
cand Bowhich can and thue the equation (5.5 becomes cquation {54y

6. The case of the evhonenfial funcfians,

In this chapter we will analvse two symetrie functions of which the
graphical reprecentation is distinet from those of the previous chf;ptcr: i the
way that i the basic function the value of v decreasees at the

e the value of ¥ increases.
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domain 0 < o < 90°. The corresponding curve is represented in Fi(:,ure 6 and its
portion n the domain mentioned gbove is comprised between e poiats O and
M, in order to enter in the same notation systemi used in this paper. In other
words. we represent the basic curve i, by the curve OM.

. %
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Vie. b, Symmeiric Paraivigonomeire Funchion
For symplification. 1 was represented 1n a such a way that its maximum value
{for o =907 is 1 (one).
From | 3] we remember that 1and 1, respectively.
by the relation

P Jase 1S pIvet
&

—

e

1)
where, sqo is the function .sinus paratrigonometric of order k=1 of the angle
o7, which 1s the same thing as _sinus quadratic of the angle ¢ In its turn. pisa
function of the angle a. given by the relation
p=1.3-2245 10" - 109 (7.2
Since. as we have shown, the rc"}mion o1 ovalid for values of the angle o
comprised in the domain 0<a="90”, in the paper [3] was mentioned that. tor the
domatn 0021807 the form of the curve s obtained applving the
rigoriometrie rules for vihe suplimentary angles.
I what foilows. for the domam Y0 <u 1RO7

W= s’ {

i

we will soive this problem
applyving the method developed in the ["lc\l\\li\ chapters,
thus, for the portion MN of the curve in the tunction Lo that is for

—~
=
8

svmetric portion OM we will have the relation
. r P L P
57 {sq(1807 - u)} {7.3)
where
6= 13-2245107(170" - ) (7.4
Ticnse the hinare aneratare o “tha tyne A undd T V”IW‘NY%&'}HMWI ahove e
Using the binary operators of the type A und B mentioned above
can write this unified relanion for 1, which is valid for the entire inferval

(-1 807, under this form:




or using the relation (7.1) 51 (7.3):

=B~ A% .(squ)" + B .[sq(180 - t)]? {7.6)

where A” and B"are the bynary operators A and B, conform the relations (2.8}

and (2.9) from above where the measure x was replaced with  a[”}. and the
measure 7 was replaced with 90°compatible with our case.

For the inteval 0<a<90” we will have (B - A”= +1 and B°=0 ( “CC
Tab.1), and thus the rcla‘uor (/ 6) becomes the relation (7.1). For the imerval

00"=a<180" we will have (B” -- A"=0 and B"= +1, and thuS the relation (/.0%
becomes the relation (7.3).

8. Conclusions.

From what we have discussed above we cun mention some important
conclusions:

&.1. There exist some situations when seme symetrie functions apear
and they have graphical representations symetric with respect (o some svmetric
axis, These functions were before represented with distnet equations,

8.2 Introducing some special mathematical operators mamed binary
operators™. we can re}ati\/’el};’ easy formulate wnified equations for the
syminetric funetions. The diterent values of the respective operators (=1, -1, ar )
mtoduced n the unified eguations will particulapse them. making them vahd
for the Basic function respectively for the . Symetric function™,

8.3 We analvsed for example, functions of degree 1, 2 and 2 ax well as
exponential functions and aiso a paratrigonametric function.
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