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A CYCLOTOMIC FIELD TO DERIVE
SOME TRIGONOMETRIC IDENTITIES

by Malvina BAICA

ABSTRACT. In this paper the author obtains new trigonometric identities of the form

(r-blp=2) ,_, 5 \P1k
2 2 I1 [1*005l] - p‘u e which are derived as a result of relations in a
k=1

cyclotomic field R(p), where R is the field of rationals and p is a root of unity.
Those identities hold for every positive integer p > 3 and any proof avoiding cyclotomic fields
could be very difficult.

0. Introduction

. The trigonometric identities which are being obtained in this paper are,a result of
Fitonales in a cyclotomic field R(p), where R is the field of rationals and £ 1s aroot
of unity. The reader will be familiar with the primitive p-th roots of unity which are the

p - 1 different roots of the irreducible polynomial.

R PR s e p aprime > 2 (0.1)

which we shall denote by p. As is well known
L =cosg+ising, ¢=2—7€k+, ks bdivmb=1 (0.2)

P

Since the p —1 entities p, pz,..., p? 1 form all the different roots of (0.1) we shall

choose

£ =cos@+ising, ¢:g£, (k=1) (0.3)
r

The cyclotomic fields have been substantially investigated and the author will make use
of some comments. ’
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1. Identities

The following important formula has been proved by Pollard [3] and many other
authors and gives the discriminant D(p) of the field R(p) in the following explicit form

: : 2 A

D(p)= I1 (p‘—pf)z,pzcos—ﬁmﬂsingz,
I<i<j<p-1 p P

p-1 (1)

xR |
D(p)=(-1) 2 p? 2,—£=¢,pprlme>2,p=€/f
12 .
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We shall first investigate

1= M '-p): =Dy (12)
We obtain from (1.2) i
1= (o-2?)(p- %) (o-p*) - lp-p71)

(92—93)(92~p4) (pz—p”‘a

i pp_zpz(p3)p3(p—4)___p(pHZ)(l_p)p~2(1qp2)P—3(1_p3yg_4...(l_pp—:l)

oy i i3 Ty Pl -2 p-2 |
_ kn PP =0k (=p" I o1k T (1_ pk)P
=1 k=1 k=1

We shall calculate
2 piz( k—1)k
P pP—r—
I}_‘[ p(P—l—k)k = pk=I (1.3)
1 =1
We have
p-2 p-2 p-2 p-2
Y (p-k-1k="% pk-Y k-3 &
k=1 k=1 k=1 k=1

= 2-D)(p=2) Q2p-3Hp-D(p-2) (p-1)(p-2)

" 2 2
i p(p—l)(p~2)_[(2p—3+3)(p—1)(p—2)
2 6
= 2p-D(p-2) plp-D(®-2) _pp-H(p-2)
2 3 6
_2 p(p-1}(p-2)
pH pP Bk _p, 6 | (1.4)
£y - B & &
Now
P
pzcosz—x+fsin2—ﬁ; pp=(c052r*+isin2l) =
p P p p

= cos2m+isin2xr =1
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plp-p-2) (p-D(p-2)

We shall presume here p > 3 and shall return to this case later. (In the case p = 2, the
primitive unity roots are + 1). We then have 3*p ,hence (p - 1) (p - 2) = 0(6) so that
either p— 1 =0(6) or p -2 =0(3) and p -1 £ 0(3).

Of course, since p is odd, p — 1 = 0(2). So any case 6 | (p-1) (p-2), and since

ey
pp=1)(p-2) (p-D(p-2) (p=D(p-2)
o 6 :(pp) 6 =1 6 =1, and from (1.4)
p—2
fe e el (1.5)
k=1

We thus remain with
e ~k-1
T="T1 (-p*f (1.6)
k=1
From (1.6) we obtain, since
k 2nh .. 2k A oia o 290

[ =08 —— IS ,—=k¢ , and from (1.6)
P p P p

=)
k= pl_[ [1 - (coskeg +isinkg)]P~1-*
k=1

§:
[ e

[(1-coskg)—isinkp]P~'~*

=
]
—

p=2 p-1-k
I [2 sin? ﬁui 2sin k¢ oS @]
e 2 2 2

p-2 L\ Pk
Il (—2 i sin —¢) [cos Bé+z‘s’in @«]
k=1 2 9, 2

p-2 p-2 p-2 p-l-k
T=T] (P I PR (2 sinﬁﬂ]
k=1 k=1 k=1 2

=9 p-1-k
p]—[ (cos%g+ isin %jj (I

k=1
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We further have

po2 (r-2p-1)
Tl (—1)“’4_”c =(-1) 2 and since p is odd (-1)” % = -1, hence
k=1

p-2 p-1

kH )Pk =) 2 (1.8)
=1

n (r-1Xp-2)

klil1 e (1.9)

; p-l1-k
P_.z p—l—k p—2 t_kf
T (cosk—¢+isinﬁj = 2.2 -
k=1 2 2

£y iz. p(p-1)(p-2) iz (p-1)(p-2)
=p ez(p ) i 6 ‘- 5 :
k=1
p-2 p-1-k -1{p-2
(cos@ +isin ﬁé] = (— I)LDMEPJ’
k=1 2 2
: (1.10)
(»-1)p-2)=0(6)
With (1.8), (1.9), (1.10), (1.7) takes the form
21 (p-2)p-1) ( Sk
AEEARY p-1{p-2) p-2 P
T=(=) Sl 2 5 (21 L7 ]C]_[.(Zsin];—qﬁ) (1.11)
={
But from (1.2) D(p) = T, so with (p-1) (p-2) = 0(6)
(p-2)(p-1) (p-1)(P-2) ,,_» =
D=cr'?) 2 (92 s 1 27t 2502 2
k=1 el
(p-1)
-z p-2 p-2 p-l-k
D@)=(-1) 2 I 27t (2sin2k—¢)
k=1 k=1 2
Pl (p=2)p-D) , p1
Dip=(-D 22 2 T U-coskp)? " F=(-1) 2 pP2 from(1.1).
k=1
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Hence we obtain our identity

P-N-2) ,
D 2 1‘[ (1-coskg)P 1% = pP-2 (1.12)
or
(p-D(p-2) ,_ 2463
.2 (pcoszﬁJ = pP2 (1.13)
k=1 P

It is interesting that the identity (1.13) is valid also for p = 3. We have p=3k=1,

(p=1)p=2)
2 2 =2l-2

1 1
2 [1—003%] =2(1~cosl20°)~:2{1+—1—)=3=33_2.
b 3 o

But the proof is not valid here, since 3 Ip. We find directly, with p = cos 120° + j sin
120° from (1.1)

D(p):Lo—pz)zxp2(1-2p+p2)=(p2—2p3+p4),
since o =1,(p-1) (0" +p+1)=0, and for p#1,
prp+1=0,F+p=-1.
Thus p2-2p3+p4=p2*2+p=—2—1=~3,

D(p)= (-1)23*2=3,

2
Also (cos-z—stinz—ﬁ]— cos4—ﬂi+z\siniﬂE =
3 3 3 3
2
=[2isin2—ﬁ* =w4-é——--3.
3 4

Now consider the Vandermonde determinant:

1 1 1 1

V=l p%  pt . pAeDIL . !
T Ry E T

| (pf_p ) T. H (1 p) T as in (1.6).

O<i<j<p-1 Jj=1

Multiplying this determinant by itself we obtain

13



p 0
0 p K]
V2= =1 2
0 p-
0 p 0 0

In view of

-1 -1
S A U {0 A

j=0 j=0 pifp |k+l

p-l .
Since [] (x—p1)=1+x+x2+...+xp*1, for x =1 we obtain
Jj=1

. ' 2 2ilra 2
Fl (1— p’ ): p. Consequently V = pT. Hence \T ’zp” ‘V ‘:pp “<. From the
=1

i sgspibl il b
definition of T we obtain: [T*|= [] ({l-p v=Hut
k=1

2km e 2hkm Pl
5 Cld . ol
‘l—pk‘ =2/ 1-cos # |, and then ‘T2’= IT1[21-cos ? . Hence:(1.13)
k=1

follows.
Here we did not use the assumption that p is a prime number. Therefore (1.13)

holds for every positive integer p > 3. (1.13) is an interesting identity and any proof
avoiding cyclotomic fields could be very difficult.
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