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SOLUTION OF GOLDBACH’S CONJECTURE
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Abstract. An exact expression is derived from the Hardy-Littlewood function v(t)
by means of the Laplace transform. The application of the generalized final value
theorem allows us to prove a result that essentially is the hypothetical asymptotic
formula for the Hardy-Littlewood function v(¢), with corresponding remainder term.
The final step of this paper is to evaluate the difference between the exact and the
asymptotic value, in order to prove the validity of the hypothesis.
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0. Introduction

Goldbach’s conjecture is an open problem from 1742, when Christian Gold-
bach, in a letter to Euler enunciated it as a conjecture that ” every even number
greater than two can be expressed as the sum of two primes”.

Aldo Peretti wrote several papers about this subject published in the
Bulletin of Number Theory (B.N.T.) [3] and in Notes in Number Theory and
Discrete Mathematics (N.N.T.D.M.) [6], [7], [8].

In order to prove the Goldbach hypothesis, it is necessary to proceed in
two steps.

First, to prove the Hardy-Littlewood hypothetical asymptotic formula,
which was proved by Peretti in his 1997 paper [8].

Peretti [8] used an incorrect formula

(0.1) v(t) = L7He (1 — ) L* (W (u))}
for 1(t), instead of
(0.2) v(t) = L7H(1 — ") L*(V(u))}

or
v(t) = L7{L*(A0(u))}
which we found to be correct.
However, Peretti’s proof for (0.1) is valid for (0.2).
Also, we found an incorrect statement in theorem (B) of [8], which we
should state as follows:
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If F(t)~ G(t) when t — oo, then
f(s) ~g(s)  when s — 0, where
fls)=L{F({t)} and g(s) = L{G(1)}

and, conversely, if some Tauberian condition is fulfilled.

In step 2 we determine the error of the Hardy-Littlewood formula. This
is the most dificult part and cannot be done by the circle-method.

Thus, we use the Laplace transform as a principal and crucial tool, which
makes 1t possible to solve this problem.

As we can sce, Peretti’s long and hard work on this problem with some
corrections and some final modifications brought us to the final proof of this
very challenging problem.

1. Derivation of a basic formula

Using thie Chebishev function ¥([u]) defined by

(1.1) Z log p

p<[u]

where p denotes the prime numbers, we have:

(1.2) AY([u)) = d([u]) — H([u - 1]) = { log p %f [u] = p

0  any other case

Hence, if we form

(1.3) v(t) = Y AI([w]) Y Ad([ua))

where the sums are extended to those values of u; and wuy such that
t=wu + uy

evidently, v(t) is the Hardy-Littlewood function

(1.4) v(t) = Z log py log ps.
p1tp2=t

Iinmediately, from (1.3) we can see that we also have:

(1.5) v(t) =Y AI([w]) Y Ad(u)

uy <t uy <d—uy

or

(1.6) v(t) =Y AI([w]) Y AV([t —w])

uy <t uy <t
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In fact, in the first sum of (1.5) we choose arbitrarily any integer u; < ¢;
while in the second we are forced to restrict the sum to the u, < t — u;.

As Y(u) is a step function the sums on the right-hand side of (1.6) are also
step functions, that can be replaced by the corresponding integrals, so that we

can write:
(1.7) v(t) :/OZAﬂ([u])du/UxAﬂ([t — u])du.

Here, the question of what value z must assuine, has to be examined.

We have that

, atl loga if a=p
(1.8) /a Aﬂ([u])du—{ 0 i oadtp

Hence it is useless, to put * =t + 1 in (1.7) because t cannot be an odd
prime, as it is assumed to be an even number. In conclusion, in (1.7) we can
choose z = ¢ so that

t—uy

1.9) u(t) =A M([u])du/OM([t—u])du :/Aﬂ([ul])dul A ([us))dua.

0 0

{This is the integral version of (1.5).)
Evidently, the right hand member is, by definition, the convolution of the
two functions

(1.10) V(1) = AD([u]) * Ad([u])

with current notation.
Consequently, if we take the Laplace transform L of both sides, by usual
rules, we obtain

L{v(t)} = L{AV([ul)}L{AY([u])} = L{Ad([u])}
(11) L{v(t)} = L*{Ad([u])}

and this is our basic formula needed.

2. The evaluation of L{A¥([u])}

According to {9], vol.4, p.2, formula 8, we have:

1 _ —8§
(2.1) L{9([u]) c 219 e ks
From this it follows that

(2.2) L{AY([u])

when we take into account (1.2).
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3. The poles of f(s) = Z logp e™P°
P

5

Setting e”* = z we have:

(3.1) Zlogp e P = Zlogp zf = F(z).
P P

It is known that F'(z) has infinitely many simple poles on the circle |z| = 1.
Hence, f(s) has infinitely many poles on the line o = Re(s) = 0.

For further calculation using with the Laplace transforms, we are inte-
rested in the residues of these poles at 2 = ¢*™*/7 as a primitive root of unity
of order q. Consequently, we must assume that (b, q) = 1.

The answer is given by Theorem 248, Ch.5, p. 212 of [4]

p(q) plg)e*m /e
3.2 F(z) ~ —— = — .
o O S e i)~ T g — )
where p(g) (is Mobius function) = (—1)" if ¢ has r factors and ¢(q) (is Euler’s
function) is the number of integers < ¢ and coprime with ¢.
More exactly, as h can take the values A = 0,1,2,...,q — 1 with the

restriction (h,q) = 1, we can write that F(z), in the surroundings of the
©(q) primitive roots of unity of order ¢, is as

! 2mih/q
S pla)e
v Hee o)z ezmibiay
h:O,(h,q):ﬁO(fI)(I — e2mih/q)

When we extend this reasoning to all the roots of order ¢ < N, we get the
approximation

p(g)em™/e
P e — AT

N gq—1

(3.4) Fla)~ =)

q=1 h=0,(h,gq)=1

If we desire an error term for this approximation, we can use the remainder

term given by Theorem 248 of [4]. However, for our purposes it is sufficient to
put in evidence the number and the kind of the poles of F(z) only.

Next if we put z = ¢7* in (3.4), we obtain:

q—1

oy R plg)ermh/a
(3.5) Fe™)=fls)~=> > :

{ -5 _ o2mih/
q=1 h=0,(h,q)=1 elg)(e € 7)

Again here we are interested in the calculation of the poles of f(s), and
in the value of their residues.

We have that the residue of

k)
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at the simple pole s = —2mih/q is

‘_C—Zm'h/q’

Thus we can write (3.5) alternatively as

(3.6) flo)~Y

g=1 h=0,(h,q)=1

p{a) ,
w(q)(s +2mih/q)

The right hand side of the formula (3.6) is known as the Farey dissection of
order N of f(s).
Replacing (3.6) in (2.2) we get:

=y

q=1 h=0,(h,q)=1

& {(q)

(3.7) L{AY([u]) e(q)(s + 2mih/q)

and taking into account forinula (1.11) we have:

-5

1-e N LC)
(3.8) L{v(t)}~< S ) Z Z o(q)(s + 2rih/q)

q=1 h=0,(h,q)=1

If we wish to pass from the asymptotic sign to the equality sign, we must write:

-5

(3.9) L{v(t)} = (1 — ¢ )2{ lim B2(s )}

S N—oo

where By (s) is given in the second bracket on the right hand side of (3.8).
The importance of formula (3.8) lies in the fact that it exhibits the poles of
L{v(t)}, which is the basis for the evaluation of v(#) by the residues method.

4. Abelian and Tauberian theorems concerning the Laplace
transform

Suppose that
fls)=L{F(u)} and g(s)= L{G(u)}

and
(4.1) f(s) ~ g(s) when s —3 0% means that hmf s)/g(s) =
and similarly

(4.2) F(t) ~ G(t) when t — oo means that (lim F(t)/G(t) =
[ —y o

An implication from (4.2) to (4.1) is valid under rather general assumptions
(that are fulfilled in our case), and is called an ” Abelian theorem”.
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In the theory of the Laplace transform it is called the generalized theorem
of the final value, which also is valid even for discontinuous functions.

The converse implication from (4.1) to (4.2) is true under additional as-
sumptions only, and it is named a ” Tauberian Theorem”, which is available a
wide variety of cases.

However, we shall not appeal to such kind of theorems.

5. Application of the Abelian theorem to (3.8)

Let
vi(t) = tlgn v(t)
be such that
V(1) ~ v(t).

Then, by the Abelian theorem, we get

L (0} = Jim L0} = iy (=) B

where By(s) is as defined before in (3.8).
This reduces to:

(5.1) L{v*(t)} = By(s)

from which it follows

(5.2) v (t) = L7Y{B%(s)}.

More exactly, the passage from (5.1) to (5.2) should be written as

t+40)+ vt —0)

. = LB ()}

(5.3) v (t) = v
because v*(t) is a discontinuous function.

6. Evaluation of v~ (t) according to (5.3)

Due to a well-known theorem [12], we have:

1 fetie
(6.1) v (t) = / B3 (s)e'*ds
2me c—100

where the contour between ¢ + ico is a Bromwich contour, that contains all
the poles of B%(s).

In the usual way, it is evaluated as the sum of the residues of the integrand
at their poles, within the Bromwich contour.

Now, we have that:
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_ #(q)
DL D= vy e v

a=1 h=0,(hq)=1

-1 q2—1

fi(qu)p(g2) _
+z Z Z Z ¢(q1)¢(q2)(3—|—27rih1/q1)(3+27Tih2/QZ)_

@1=1 hy1=0,(h;,q1)=1q2=1 hy=0,(h2,q2)=1

(6.2)

q—1

#*(q)
P (q)(s + A)?

q=1 h=0,(h,q)=1

#(a1)n(a2) 1 1 1
+ZZZZ a)(a) AZ—AI){s—}-AI_S—}-Az}

with the obvious notation for 4, Ay, A; and the sums.
The residues of the integrand at the double poles 1/(s + A)? are easily
found to be

wa), -
v*(q)
The residue of the integrand at the simple pole 1/(s 4+ A;) is found to be

‘u(i)_e—"ht
e(q) '

Hence, collecting partial results, we have:

Z /'L q e Aty
q
a)plge) et — e
_|_
> Z X Claete) A&
In a more simplified way, we can argue alternatively that the inverse Laplace
transform of the finite sums in (6.2) is the sum of the inverse Laplace transform
of its terms, and after that we appeal to the tables.

The quadruple sum in (6.3) can be maximized as follows. The minimal
value of Ay — A is 2mi(hy/q1 — h2/q2) where both fractions are contiguous

Farey fractions.
It is known [10] that

(6.3)

. (hl h2> 1
mn| ——— ) = ——<
q1 q2 N(N - 1)

N(N -1)
27 .

so that
1

A — Ay

<

Furthermore
,e—Alt _ G—Agtl <2
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Hence:
a1 —At _ —Agt| q1—1 —Ait _ —Aqt N(N -1
Z € € < Z € € < elq) N( )
Ag — Al A2 - A] ™
h1=0,(h1,q1)=1 hy=0,(h,q)=1
(h1.q1)=1 ~
with a similar result for the sum along ho.
It follows from the preceding inequalities:
e—Alit _ o= Ast N N 1
I BB R R DD DE- T L
@ h 2 h Pl )i 2 ! q1=1 g2=1
1 6
= SNY(N-1)< —

(6.4) = 3 %e—mmﬁ

where —1 < § < 1. But

is Ramanujan’s sum Cg(¢). Hence (6.4) can be written as:

6

q) N
Calt) - t+6=

q)

(6.5) HMOEDY ZE

where —1 < §; < 1.

7. The evaluation of v (t) and fn(t)

Once we have evaluated

v (t) = L*{Bn(s)}

it will be easy to evaluate

(r1) i = 1 { (A=) BN<s>}2

S

whose connection with (3.9) is evident.

Let
L7 (fi(s)) = Fi(t) and L7 (fals)) = Fa(t)

(12) fits) = Lo wnd ) = B,
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Then F,(t) = v (t), as was seen before.

In regard to
1—e*)\?
fils) =
s

and from the tables of [9], Vol.5, p.59, formula (15), we obtain:

(1—e) t if 0<t<l
(7.3) Fl(t):L‘l{———}: 2—t if 1<t<2

2
S .
t otherwise

By the convolution theorem for the inverse Laplace transform we have:

Fu(t) = L fu(s) - fuls)} = / Fu(w)Falt - u)du.

Replacing the values given by (7.2) and (7.3) in the above transform we obtain:

TA) falt) = /OtFl(u)u;(t —w)du = /Oluy;u — u)du +/12(2 — ) (t—u)du.

8. Finding the limit of v} (¢) when N —
Now we find:

8.) a(t) = Jim (1)
For this we need:

Lemma 1. This lemma proves:

5 o

g=N+1

log® N

(L.1) < 10240 V%

Proof of Lemma 1. According to [13]. p.35, formula (3.23), we have:

> 2 2
L2 CACIPRIE e () #aq) |
(L-2) q;, “q) at) 7 »ld) \/dqzm):l ©%q)
Now
#(q)
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for every n > 1 [2], so that

1 1 2 o] 1 2
(L.5) R VR G PC 64/ % Y du
NJd<q ©(q) NJd<q q Njd-1 U
end log? log?Q  2logQ _ log*Q
“log” u og og og ) 9
du = + <3 i Q> e’
/Q u? Q Q Q
Hence
S| 2 N/d 2 ] 2,
/ % 24y :/ log v +/ 2 Y <
(L6) NJd-1 U Nya-1 N/d Njd U
log?(N/d — 9) 43 log?(N/d) <5 log?(N/d)
(NJd = 9)? N/d Y TN/d

where 0 < ¥ < 1 and the last inequality holds for every N/d.
Replacing it in (L.5) yields:

1 log?(N/d)
(L.7) N%;q g < TN

From (L.2), (L.3), and (L.7) follows:

L log?(N/d
Z <Z'u 320 Og]\(f 1/)<
N<gqg SO (] d/t /{

Slog d log*(N/d log d log*(N/d
(L.8) <320y 2 8 /):2ssozw<

N/d N
dfi d/t
el (VD) log' N
< 25602T < 2360 d(t) ——
dft
where d(¢) denotes the quantity of divisors of ¢.
According to [3], holds that
(L.9) d(t) < 4 V¢,
Replacing this value in (L.8), we obtain (L.1).
Combining (6.5) and Lemma 1, we get
. L 1t (q) NS log® N
8.2 Vi(t) = 45 8, 10240
(8.2) ; 2(q) +To1 — +02 Vi N t

If we choose
N =5,0246 t'/2'1og®" N
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-hen the second and third terms are equal (except for the §’s).
In order to round the calculations we adopt

$.3) N = 5t'/2,

Then (8.1) becomes

YI)

o 10240 1 3
Z @ )t 46, t2/7 8y =242 (1og 5 + —logt ) .
p q 5 21

Thus, in our evaluation we have included every possible pole at the primitive

roots of unity.
Now

56 10240 1 3
S T g, T —logt)| =
Lt e g RERETR
1 3
= §; 1583,14 2/7 4 §, 2048 2/7 (1,60943 + o logt> =

= &; 1583,14 t*/7 4+ 63 2048 t¥71og®t = 64 3631,14 t2/7 log>t

—1<é;<1) for t > 6.
Hence (8.4) reduces to:

(¥
(W]}

o~ 19
) Z q ) -t + 64 3631,14 t27 log®t.

We know that due to the multiplicative character of its terms, the infinite
series can be transformed into an infinite product, and therefore by [1] the
final result is:

— £(g) orrl. L p—1_ p—1
$6) > 2(q)Cq(t)_2g(1 (P—1)2>gpf2_1’3203§1’

q=1

AY)

Thus 7n(t) consists of a first dominant discontinuous term

(8.7) =1 3203H

p/f

and a second remainder term C(t), for which we have the bound
(8.8) C(t) = 8, 3631,14 t¥7 log®t
with

(8.9) n(t) = D(t) + C(¢).
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Recall that on account of (5.3) and (8.1) we have:

n(t) = lim LB ()},

9. Bounds for v(t)
From (7.4), letting N — oo due to (7.1) and (3.9) we obtain:

lim fn(t) = p(t+0) +v(t=0) 2/0 un(t — u)du +/1 (2 —u)n(t — u)du.

N—oo 2

Here we apply (8.9) in order to obtain:

”(tfo);”(t_o) :D(t)/olu-du+D(t‘1)/12(2““)‘11”'

(9.1) . R
+/ uC(t —u)du +/ (2 — u)C(t — u)du.

The last line can be evaluated by the mean value theorem of integral calculus,
and we have

v(t+0)+v(t—0)
2

_ w+550(t—65)+(1+56)0(t—1‘56):

D(t+0)+D(t-0
_ D@+ ); ( )+367C(t), 0<ér<1,0<6s 6 < 1.

Hence:

o(t) = D(t) + gmu).

-

Appealing again to (8.7) and (8.8) for t even, we have:

1
v(t) = 1,303 [ | ]%Qt +1,5 67 64 3631,14 1¥7 1og® t

p/t

from which follows the lower bound
(9.2) v(t) > 1,303t — 5446, 71 t*/7 log>¢

for every t > 6.

At this stage we can ask ouselves which is the greatest value that v(¢) can
assume 11 the case that there is only one solution.

This solution can range from p; =¢—3, p, = 3 up to p, = /2, p; = t/2.
Hence maxv(t) = log®t/2, or, better, since we must take into account the
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.rder (because the golution p; + p; is counted differently from p, + p1). Thus
maxy(t) = 2log?t/2.
Consequently, if we know that

9.3) v(t) > 2log”t/2

-ve can be sure that there is at least one solution.
Replacing the lower bound (9.2) in (9.3) we have:

9.4) 1,303 t — 5446.71 t/7 log®t > 2 log? /2

which must hold if there is at least one solution.
Now, it is a numerical fact that (9.4) holds for ¢+ > 10. (Actually, if
- = 10", we have t*/7 = 1389, 5046, log t = 23,3284, log® t = 16248,94324.)
But the existence of the solutions has been proved up to ¢ = 4.10'* [11].
This is more than sufficient to prove the truth of the hypothesis.

10. Conclusion. 75-

.. . A
Tsing the same techniques, we can prove that every odd number 1s the sum
of rhree primes.

Acknowledgement. By writing this paper I am honored to place on record
iy gratitude to one of the most distinguished mathematicians in this subject,
Prof. Aldo Peretti. Without his generous help, advice and encouragement I
could never have begun to work on this challenging problem.

The solution of Goldbach’s conjecture in this paper is based almost entirely
on his long and hard work about this problem, work which was published in
some of his important papers in this matter.

In conclusion, the assistance and suggestions given by Prof. Peretti while
writing this paper were valuable and very important.

To Prof. Aldo Peretti I address my warmest thanks.

References

[1] HarDY, G., LITTLEWOOD, J., Some problems of "Partitio numero-
rum”, HI: On the ezpression of a number as a sum or primes. Acta

Math. 44 (1922), 1-70.

[2] KraweYK, A., On some property of the function ¢(n). Acta Math.
Univ. Comenianae (1980}, 91-92.

[3] LaNDAU, E., Sitzungber, Ak. Wiss. Wien (Math.) 121, Ila, 1912, 2223.

[4] LANDAU, E., Vorlesungen iber Zahlentheorte, S. Hirzel (1927), Leipzig,
vol.I1.



200 M. BAICA

[5] PERETTI, A., The solution of diophantine equations by means of the
Laplace transform. B.N.T. vol. II, april 1977, no.1, 1-12.

[6] PERETTI, A., The Goldbach problem (II). NNN.T.D.M. vol. 2 (1996),
no.2, 53-68.

[7] PERETTI, A., The Goldbach problem (II). N.N.T.D.M. vol. (2) (1996),
no.2, 1-26.

[8] PERETTI, A., The Goldbach’s problem (III). N.N.T.D.M. vol. 2 (1997),
no.4, 194-204. ‘

[9] PrRUDNIKOV, A., BRYCHKOV, YU., MARICHEV, O., Integrals and Se-
ries. Vol.4. Direct Laplace transforms, vol. 5. Inverse Laplace Trans-
forms. Gordon and Breach Science Publishers (1992).

[10] REDMOND, D., Number Theory. Marcel Dekker, Inc. N.Y. (1996),
Problem Set 4,2, p.202.

[11] SiNISALO, M., Checking the Goldbach conjecture up to 4. 101! Math.
Comp. (1993), 1n0.204, 931-934.

[12] SNEDDON, L., The use of integral transforms. Tata Mc Graw Hill Publ.
Co. Ltd. New Dehli (1974), §3.10, p.174.

[13] VAuGHAN, R., The Hardy-Littlewood method. Cambridge University
Press. 1982-1997, p.35, Formula 3, 23.

Accepted: 20.03.2000

Finito di stampare nel mese di giugno 2001 per conto di Forum
presso la CLEUP di Padova



