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INTROOUCT ION -,

In one of his papers[3] Bernstein invesrigarted zhe F(n) function. This
funccion was derived Erom a speclat kind of numbers which covld well be de-
fined as J}-dimensional Fibonacci numbers. The original Fibonacci numbers
should chen be called Z-dimensicnal Fibonaccl numbers. The prasenc paper
deals with n-dimensional Fibonacci acumbars in a sense to be explained in -the
sequel. In a2 lacer paper [+] Berasrein derived an inceresting idencitcy chac
was based on 3-dimensional! Fibonzcel numbers. Alse Carlitz in his paper [5]

deals wich this subjecc.
If we remember thac the original Fibonacci numbers are generaced by che

kd

= fn - i
F = - . =1, 2, ...,
R EED( ; ) n
then the function

f=0

can he regarded as a generalization of che firsc, and the author thought that

- _pyifrm - ki -
Fn) = Eu(_ 1) (," } "), k=1, .2'

-y

could serve as a &k - l-dimensional gemeralizacion of che original Fibomacei
numbers, but, regretfully, this consideration led nowhere. From the facc
thac . the Fibonaccl numbats are derived from the periodic expansion by che
Euelldean algorichm of v5, there is opened a new horizon for che wanted gen-

eralizacion. )
In a previous paper [l], thé aurthor had followed che ideas of Perren [9]

and of Bernstein [4] énd stated a general Algorichm thar leads to an n-dimen-
sional generalization of Fibonacci aumbers.

In chis paper, the author is introducing the GEA (Generalized Euclidean
Algorichm) te investigate the various properties and applications of her k-
dimensional Fibonacci numbers. TIc firsc turns out chat these k-dimensicmal
Flbonaccli numbers are mosc useful for a good approximacion of algebraic ir-
rationals by ratienal integers. Further, the aucher proceeded o Invescigate
higher-degree Diophantine equatcions and to scate identities of a larger mag-
nitude than these investigatad before, in an explicit and simple Form.
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. n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS
1. THE GEA
ELet 1 be the irrational
[u = YD" F1;n22, DEN; 2™ (=), .., =2 W),

(a(")) , (b(”’> sequences of the form z™®), » =0, 1, ... .

(1.1

The' GEA of the fixed vactor amJ is the sequence (a"”) obtained by che recur-
rency Eormula .

2Vt (c(") EU)}-l(“SJ) b(u\ e, aivJL _ bil’z“ 1) 2
B maPoys tel, i, n -l v =0, 1, o al?E B0,

The GEA of z!® is called purely periedic if -:here exists a number m such that

2® = 2@ m is called che length of (1.3
che primitive period )

The following formulas were proved in [2]). Lec

k=g
)] g J :
A7 = §%; §; the Kronmecker delta, - (L.4)
T, Jwol, 1, ....,n-1;8=0,1, ..., n~1; )
By = a@); k=0, Ly .ouy n - ;@ = B m g

Af,”’ ara called the macr;'_t;ians of GEA; r.hen'_l:h& three formulas heold:

fv) for+1) (U+n-~1]
4, 4, e A u
-1
Atlu) A(Lua-l) ... .qr'f” L oy
= (-1 (1.5)
vy - v+ 1) {vtn-1)
a0 A 47
E a(v)ﬂ(wk)
a4 -_-—-——-—, =0, 1, vouz 820, e, n=1. (1.6)
z aiv) A(S'J* ky .
z={
nm-1
n al, = Eai"ldg""'k) _ (1.7)

Perron proved rhe Eollou:.ng theoren which, under the conditions of the GEA
& ? 1), becomes '

286 . I (Nov.



n-DIMENSTONAL FISONACCI NUMBERS AND THEIR APPLICATIONS

Theorem 1

The GEA is convergent in the sense that

lim A‘;J
{0) o == = - ] -1 1.8
g ()] & e ’ (1.8)
Lim 4,
- A% ; 2% 1s called the pth convergenc OF GEA.

¢« In [1], the auther proved

Thearem 2.

if the GEA of a9 is purely perit':‘d_ic with m= Lengch of the primitive pe-
riod, then '

m=1 rk ) (r"i-.-()
. CH Z afay
A= x=0 (1.9)
is 3 unic in Q(u)-

From {1.9) the formula follews, in virtue of (1.7},

. .
(11 ”") - Z ".4“”"**’. v= L1, 2, eer . (1.10)
=0

2. A PERIODIC GEA

In thls secrion, we construct a periadic GEA, with lemgth of primitive
period m = L. The. fixed vector x¢®} must be chosen accordingly, and thls may

look complicated ac firsc. We prave
Theorem 3 : . ) ’ "

The GEA of the fixed vestor

Z%0) = [a(O) atzﬂ'l ey a_gO)' .eeh ﬂs.ofl)

1+ 4y a-1.% 2.1)
T, -f.;u( i ' )w ? ( .
s=1, ..., n-1
is pureiy -periOdic and che length of ics primitive period m = L.
Proof: We shall Eirst need the formula

i(n-s;l+i)_(:),s=l,..‘..n-l.- | (2.2)

E=g -

1563} 287



- n=-DIMENSIONAL FIBONACCL NUMBERS HND THEIR APPLICATIONS
This is -E:lrcwed by induction. The proof is lefc to che reader. We have, from
(2.1), the following components of al® which we shall use later:

n-1 . .
aiﬂ) -w + (2~ 13D; (U)l "Za LA LTS _ I(Z'})
Sioce w" - D7 = 1, we azlso have
- 4 M=l - )
. Y utTi it e - 7 (2.6)

. =D

The vecCors bm (£ =1, ...y n-l;v=0,1, ...} obrained Erom cz"”(u) by
the defining rule (1.2) are called their corresponding companion vectors. We
ghall calculate the companion vecktor 59 of al® and have

3 ~ - LY e o ol - _ -
bim=):(n-3_;1+1.)ps 'D'FDJZ(R _s"'l+1,)'
{=a L <=0 ) =

so that, by (2.2),

E:"[JO) - (‘E)D-"_‘g =1, 2, ..., n- 1. ) (2.5)

o - (o (350 (7))

e shall now tcaleculakte cthe vector g, From (1.2), it Eollows thac

Thus,

0)y - 0} .
20 = (@@ - B Hal® - B L 29, - B0, 1), (2.6)

From {2.3), (2.4}, and (2.5), we obrcain:

a® - p® =w+ (- 10 - ()0 mw-Ds

- L2
t _ ik
&, = @-m7? =-E,a:q" 1-ipt 2 g |
e can prove the relation )
(@@~ 5@ - EN) = al®, 62, e - L (2.8)
Since the preof is elemencary, we leave it co the reader.
From (2.6}, it Eocllows that
@ - @, &, L, ) - (2.5)
a® =ag®, v=1, 2, ... .
_This proves Theorem 3.
2848 [Nov. -




n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

v+ )

3. EXPLICIT MATRICIANS 4,

We shall proceed cto find an explicic fermula for the "zero-degree matri-
cians" A(”" , v=0, l, ..., and shall make use, for this purpose, of the
deflning formula (1.4), and the fact that the GEA is purely periodic wich
length of the primicive periad / = 1. Taking irto aceount (2.5) and (2.9},
we hava :

n=-1

g Y .

.__1{’.-1-.): Z ( )D' NELF! Cwa 0, Ly aes s (3.1
deg V% .

f . .

We shall now make use of Euler's generacing fuaction. e have

‘z.ﬁ.cﬁxi - _‘(a) + zﬁ( }:, + Z .‘:.)_.

=0 =1 ie1

"I (.-1( 2 (T)D"‘-‘QH” + (;)5)‘4‘05-‘-:] o 4 (”i‘ l)aﬂ-1'4i+"-l)

[}
+

X R LTy mel (MY at i Tl w2 B (Y Q2 (i (i D)
U A et By e B

w ” L EEn D tene
o +I.Z(p_|_)Dﬁ l.o.l-r D ien-|
[ALR 1

1+ (:" + (‘;{)DI"'L + (:)D:.r"'i et (n’-il)D"lz)_iA(;."’xb

(o e e e e (7 o) - P,

T =0

= z + 1,
Rl I -
k.q ( ) n-k
< f:” +‘.Z-:l APzt - g :Z-:a(-};u(k)ok:n_k)e 1,

(”+1r-‘1“.r:’“+---+A('_n "'1"'24-1: ='-"-'12( ()kak)
(-D

Z=n . --u
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" n-DIMENSIONAL FIBONACCI NUMBERS ANG THEIR APPLICATIONS

For r sufficiently small. Thus, since Ao A7D 2 6, we have

0\ xag

;,,'q("ﬂzi .z 3 ("z':l(:)akzn-k)‘.

> Art dgnei =.=HZ’: ( "il(:) Dipn- rc)’,

fw2 E=0 ) k=0
L Ay - n-L -
EA(,,"”J::" - Z(H)D“x"'k ; (3.2)
twg E=p \ k=D k _

and comparing coefficients of powers zv on both sides of (3.2), wa obtain

by F b+ oy u.
(vrn) ) . vl s ik T O --1)""
Ag . E: ; ' ) n ((‘.:)b (3.3
..1-..5"_l+5r.‘-) PR _:J..- o

AR ol 8 PFECT gi» 5

or

nol '
Y; Yy, v oy, -;:ih- =L opayE;
A(;""")= Z ( 2 )D.-: ! )‘nl(:)' . (3.5}
1 N im0V

a-l Y., v o meey L,
pACEESINPAIL AL L
i-9
=0, 1,
Formula (3.4) looks very complicared. A?+")cah also be caleculated by the
recurrency relation (l.4). Ir is conjectured thac ir 1 easier to do so by
formula (3.4), and would be a challenging compucer prohlem.

4. MATRICIANS OF DEGREE 5, 5 = 1, 2, ceiym- 1
" In this section, we shall axpress "s—degfeg macriciang,"
A?03 §=1, ...,n-1,

by means of zero-degree matrieclans. This is not an easy task. Now we shall
' prove a very impercant theorem.

Theorem 4

The s-degree matcricians are expressed through the zero~degree matriclans -
by means of the relacion

. s . o .
A?vﬂ-l}=- (:)DIA:+= aw% !{y =0, 1, ...; (4.12
=0 a=1, ..., n-1.
Proof: From Formla (1.6} it fellows that
m-1 m-1 ' .
A aUte b L T O 2, o, m -0 (.23
Py k=0

v=0,1, ...
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n-DIMENSIONAL FIBONACCI NUMBERS AMD THEIR APPLICATIONS

")

Oz, wricting a; for.g;, © w 0, ..., n - 1, and subscitucing their values frem

,__": (2.1), we oi_:cain

x —_ - - -
3. (n _& . l+z’)...:""“ Z:. A9 o Za A(“k) (6.3)

¢ i'=0 b L9

We shall now compare coefficisncs of 7! on both sldes of (4.3). The power
of w*~! appears, on the right side ealy La

R TR PR -l

;é'.nd lts ceefficiencs is

dren-1j)
o . {4

So tha whele problem i3 £o find the :oefficient of w”~! oa the lefcside, and
this 1s ir2 problam. We shall starc wicth che First puwer of w in ay, which
15 w* {in the left slde). XNow in :

.1

"s-\ -t L4
L Ty
-1

we have to look for thuse .1, 's which have the powers 2?3l this appears in
- (r frsr cerm, ¢u2fficlent = A{;.,..,.._;-;))
Cr_e (,-.'..-cond term, coefficlient = (T)DA%”’"-”)
- SR (l:hir:d cerm, coefficlent ='(§)Dzr‘.?+""+”)

(- S ((l tr)eh term,.coefficient = ( )D“A{°"+”-l’).

Thus, we have obtained the partial sum of coefficleats of w” ! in the left
-s5kde. '

{(v+a-a~-1) (u+n-s) z(v+n-s+t) 3 2 v+rn-1)
4 + (l)mu ) (2)9 L - (S)D AL .

Nou the next pouer of g, on the laft side is w'"! wich cdefficienc

o e (7
L
To obtain ¥v"~ %, w*~! must be mulriplied by = - 5, S0 we must start with cthe

first term of g,_, the second term of g,_ s, -.-, 2cc. Compared with che
previous sum, .¢ has to be replaced by & - L. Thi sum ¥ill then be mulciplied

[}

by (n I S)D. and tha aumber of susmands will be smaller by one. We then ob-

tain the partiul sum:
*—-5 (V== g=l\ fyra-a+l)} =1\ s fovrn-3+2} =L\ pm=1fr+n-1)
(e o (7 nden e s (5522 S o el

1981} ' : ' ‘ 291



n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

Proceeding 1In this way, we obtained the partial sums

__7_...._.3 E?-J?: .qf:v H
._.._...__!..._H.,._:q .Jr ' '_.u v
LTTE R _Ar.:vﬁ_ e - L '

T RTA A ﬂ HHV?HL *e

fyi).n |=rlo-._._4=ﬁuu +

:u__;o-w_ran ““ ﬁu.— I ”u |_..V +

£ -usapfe! ? =Vﬁa+..=-:u+= ....___

___._.a..__.__-nAn Mu?&.”r:u ¢ :.u._...__—..m

:u_.-:_.t_-... .nu”VA__.—HI—_.U + . i1

TPREA (e | RN I

fi~u ...-_____._....A”V +

-

e areaae gy

- +::......__: A_. ___.:_.. *m .:u rveewral ._“A xm.-: _._g .

| H:H? _L_* :.-._...._"_...uﬁ_ m__:nuzu + ¥,

Wedawaa)

+

ar ...:___ .,n_ﬁ..__v + ::f....:—__—nﬁnv

+-
+

.-aA. ||__ :«.:-:._L
504 AR WRTIN

SR 3t A R

¥

.__-..:__um_.-__ﬁ_ - nl.__u

:._...__”._.‘.e.ﬁ_.“:u boee

(pamiiunag

A...nax.r.r .L (Lél-0an) .:T ux_ 4o -cv +: -y :_.._\.nﬁ. ..:vf L] a_ ..L *

a( L L)+

:___\aﬁa __u +

1 R () R
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n~DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

Thus the general term in the Sum of coefficients of w1 on the left side of

(4.3) which contains D*4{'*"~9=1*%) a5 3 consranc factor has the form, adding
up in (4.3) the column with this factor,
b - . .
m-a-1+d\Va - g\ xlvrn=-a-k+k)
):u( p )(k - T'.)z:' A . (4.6)

The Ecllowiné formula is well knowu:
Lfr-—B=-1l+\fsg-1\_ {n :
(TR - (R) «
. =0
which becomes formula (2;2) for & = s. Now, since in )

L - - . -
a =3 (n. 4 L+ “)w“"n‘-.
=G )

the expounent of D sums From { m0co =g, we have, Finally,

I £ T e r=l=-g+ X
A(;-* 1) - Z (Z)Dk‘qto.;-rr L ‘..:r+<)
- oayd -

-7)

whlch is formula (4.1) and proves Theorem 4. From formula (4.1), we have the

single cases

and - ‘
A(::In-l:l o A[uu-i-ﬂ)_ _ {(4.9)

(4.9) is a very sur
Similarcly,

1) 7% 2

5. APPROXIMATION OF IRRATIONALS 8Y RATIONALS

prising felatioﬁ and will be applied in rthe mext sectien.

AF;+H—[]_ A(ﬂu+n-1) + (?‘I)DA(UJ-J:-ZJ_'_ (H)Dzdfun+n—a), eta. (4.10) .,

We shall invescigatéuespecially the case 0 = 1, bur produce First formu—

las for any value of J. We obrain from (4.8) and (1.6),’

© &EE Jffurl) 'm?+u-2)+ m&ﬂ;*”"l’
@ T }im (btn-1) '
uw - - r =
bim A , 4y .
Ap+n-D
. W+ (n-~ 1) =nd + lim ———,
: pem (Demn=1)
A, :
A('H-H-Z) A(u+n—1}
] 1]
WwaD+ lim———— = D + lig ———, , (5.1)

p== fu+r-1l)
M

Uwa o)
[ Ap

1283}
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n~-DIMENSIONAL FEBONACCI NUMBERS AND THEIR APPLICATIONS

For D=1, um G/E, and from (3.4) and (5.1) we obtain the approximation for-

mula
[ .':!1"'92"'"""9" L

E(n—i)yhl-u. t~0, ..., n-1 Y0 Hys v ¥y

V2 =

yl +yz + - +y" n-1 Yret

kE(”_i)b‘g,l'U""|-|f;":)..--|!'.|.-|. yl' yzl e Yy

bk=(:),k=0, cies =l By = 1.

The approximations are not very close, and we would have to continue a few
steps further to ger a closer approximation. Formula (4.9), surprisingly
simple as it is, does not yield any news. It enables us to calculace w?~! by
means of the powers wy, k= 1, ..., n - 2.

We have approximately, expanding V2 = (1 + l)”rl by the bilnomial series,
VT a1+
n
According to our approximation formula (5.1} with D= 1,
Ay
V2 mw= 1+ A—(nﬂ);
0 .
{rn+1) (n n (¥3] n {n) n {n) n)
A Al +(1).4,, +"'+(n_1)flo -=("_I)Ao = = n,

since 40 =~ A 4+ a7+ e 4 T JATY e aQ iy, VE a1t % as should
be. - .

6. DIQPHANTINE EQUATIONS

We shall construct two types of Diophantine equations of degree n in »n
unknowns and state their explicit solutions, which are infinite in number.
We have from (1.5)

{v+n) (v+n+ 1) (v+n+2) (v+en+n-1)
45 Ay Ay ce. Ay
{v+n) (+n+l) {(u+n+2) (v+n+n=1)
Ay A, A Ay e Lo
= (-1) ' (6.1)
{v+n) (v+n-1) (v+n+2) {r+rn+n-1)
Aﬂ—l An-l An-l Al'l-l.

p=0,1, ... .

Substituting in (6.1) the values of Agﬂ from (4.1) we obtain, after simple
[OW rearrangements,

294 {Nov.




n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

A(npm)' .Ag”"'”*” Agui-n-i-i}_.. A(:-I-nd-n-l)
Af,"-"‘” Agu+n) A(;u+r:+l.)-” A(Du+n+n-27
A(:+n-2) : Aguu-.—l) Alﬂu+uJ ... A{:+n+n-3)
P R = (-1)fn-De (6.3)
' - AE,”-J) ‘4(901-” Acu-.-+_5) (g:;i-m-:)
.‘ A_(ou+.2) ASJL.+J) A(ou+£.) L. A(nu+rr1-IJ
A(ODH) A(uv+2) aﬁ“" A(o-;-;-n)
We Ilntroduce the notacioms
| Xy om0 ka1, 2, 1., n (6.3)

LR . - PRI N | K+ 2= f k-
A(.,H")"A(.;“‘ n)_'_blA(a-hc +0, bz.ri(:"- + n}+ +5n—14(uu+ 1)

s (6.4)
bk=(k)5'-lk=0) L, ...,ﬂ"_].,’J:']-) 2, ...

We introduce chese notations in (6.2) and then make che following maoipula-

tions in chis detarminant.

Frem the first row we subtract the b; multiple of che first row Erom be-
low, then the &, multiple of the second row from below, ..., then the b th
mileiple of the xth row from balow, ¥k =1, ..., n - 1. ’

Then (6.2} takes the form, in virtue of (6.4),

’ n-1 .
Xu.n "kzlbkxv.k Xu.l Xu,z - x|.-.u-l
Agu+.-1- 3] Agu-'!-n)‘- -Agu-l-n-i-l)“. A(:+n+n-ZJ
) Aiu+n_2) At:+"-l) A?"-n’ o A(:+n+n-3] - (_1)(,,_”" (6.5)
;1(:1-2) : 1‘1(;”) Acnoq-a) . Agu+r|+l).
Xg, 1 X,, 2 X, 5 D

“We further subtract from the second vow che b, multipleof che Eirst row from
balow, the b; mulciple of the second row from below, ..., the by multiple ot
the (X = 1)ch row from below; the decetmlnant (6.5) then takes the form (k =

2y, .o, - 2):

-~

295
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n-DIMENSIONAL FIBONACCI NUMBERS AND THEIR APPLICATIONS

rl q-ll = A
N DY-P X LR Yo voees Toina
: il
I M =1 B
EAET D I T B Mo gy Km T B Xy Tua ¥ 2Ky e Xy m-a* 2o 40
L k=1 il . (56)
T T T L b AR
‘:?u.l rIr ) xv.] X;, & .- -x'.'.n
;. [=l)n-n7
.3

Continuing rhis process by another step, the third row of determinant (6.6)
will have the form . : .

n-1 n-3 . LR

-z OproXuze1 Xuyn = 2 Dxaa¥y k42

X-.'.r:-Z - Z :"k+2'(u._-'\: '{t;.n-l
k=1 kel kel

Xy i +0%,,2 + byXyq Ky o + Brky 3 + bkuy

X'J.r:-;l + lb:_Xt\.l'.n-z + bzxq.n—l-

Generally we subtractc from the th row in (6.2) the B; mulviple of the firstc
row from below, then the H:,, multiple of the secoad row From below, ..., che
b,., mulziple of the (n- i)}ch rov from below (Z = 1, ..., n - 1). The reader
can verify, that by these operarions the determinant (6.2) transforms into
oneg containing only' the unknowns Xj ¢ (£ = Lo .o.om), which yialds the Dio-
phancine equation of degree n in these unknowns. ’ ’

7. MORE DIOPHANT INE EQUATIONS

The GE& of a'® 1s purely periodic with length of the primitzve peried
m= 1. Since

n-1 - - _ n-1 - .,
as?l-n T (n 1 c: n + i)wn-l-toc - S yni-ip
=0 : - i-u

we have by Theorem 2 and formula (1.10),
n-1 . ;
Wt D ke + DTN a3 a®UP, v =1, 2, Ll (7-1)
E=C
We Find the morm of (W% + Dw"% # --- + 0771)'. We have

" - w? = -1,

LI .
D - wt = = (0 - pw) = ~N(D - w), (7.2)
k=0 :

p, = €M, k=0, 1, .o m = L.

296 ) o > s .. [Nov.



n-O0IMENSIGNAL FIBONACCI NUMBERS AND THEIR APPL‘ICATIONS
" Buc w?el . gte? ... + D07 - (D - u)'l;-hence,

L & Ahio L B o S L L U SN s (7.3)
’ a=2,3, ... ,

He have ’
-1 . F - s - -
Y A R O TN AN LT Py

« Tal

. + |w? o+ ("I N 3):.:20 + (" 5 2)5;92 + (’! - l)D’]A{:‘”J + -
1 2 3 .
* - n-t l-)_.-:-l. (2 r=-1pm2 ("'-"1) a-Ll| dv+n-{}
+[u +(l 2o+ (2} D+t (17 )0770 .
Denoting . -
. r—l-k
. - mo- L RNt rsExy
'(U,‘: = zﬁ ( s )."1.“ FK_DI',I
e
’ {(7.4)

k=0,1, ....m - 3.

This X, , is noc the Xy, Erom (5.4). We have irom (7.1),
. \ LICRY
(0770 + Dw 4 .. PPy . 2 K, ywk = 2¥, 2 a unit. (7.5)

k=0

We shall find the field equation of
L] '
qu_ ku".
=0

. The free member of it is the norm af gY, and since ev 15 a unitc wich the noarm
(-)"=Dv - according to (7.3), we find easily, by known methods, that

-?'.'.D Xu.l Xu;Z e Xu.n-z Lo matt
2y no1 Xevo _zv._t s Xomay Xu,nog
. yn-2 Moall Xeg ... Loon-u  Xonay -1 .
; = (- (7.6)"
TR T XU AU X,
&, mK, 3 My eee A plr Xy .
It 'Ls noc difficult ce ses that, in the case n =~ 2m + 1 (m=1, 2, ...}, che
highest powers of the n unknotmns of che discriminazat (7.8) as
IR S b m"'lX;_,:_l,
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while the lasc unknown, Xy,n-)| does not have the exponent xn, but a smaller
one. In the case n = 2w (m= 1, 2, .:.) these n - 1 povers are the same,
but with alcernaring signs, viz.,

x:'u, -mz:.l, 'hﬂzX:'z, »aa ow
In the-case n = 2, the expanded discriminac (7.6) had che form

X! - py? = 21,

and in the case n = 3, it had the form

2w mr? e mz? - Yz = 1.

. The Eirst 1is Pell's equaﬁion.

8. [DENTITIES AND UNITS

We rerturn to formulas (7.4) and (7.3), and have

f . Aleky, - I\ (T E+R)
T e e
amg

4 k=0, L, ceaym -1 (8.1)

' Aa=1
(w"-l + 0wt L+ Dn-l) .J;ZCI xnv.kwk‘

\

We ccompare powers of wk (k. = 0,1, ..., n~1) on boch sides of (8.1) and take
into consideration that w"® = m® = (D7 4+ 1)¢. We have, looking for the ra-
ticnal part of cthe right side, kX = 0, and the value of che right side equals
X,,,,'o, and by (7.4), ' -

n-1 - ’
Xnu.ﬂ = z (’: )‘4(,“’1-3)9’- v = 0: | (8'2)

=0 g

On che left side,we have to look Eor the coefficlents of w". Since che high-
est power in the expression

(U"Tl-l' DUP:—Z 4 = +Dﬂ-l)nu
is n(n ~ 1)y, we have the exprassion

n-1 a-l
y, Fy, s +y, _Zl(u-i)y‘ ‘_gtsym
w" I =Xy (8.2)
A=l L] y mm=g
Ef""')yc-mﬂntn—nu. I ¥ I
-1 -

-
‘;liy‘u-n(n- Du=an, g=0,1, ..., (n -1}
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We want to obtain in this way the racional parc af

(w'r—l + Du-.-z e Dﬂ-l)ﬂ‘u_

At che same time
- n

-1
Zl£y£+1

in every summand of
AR I e
I

the sum of the exponents of piy™"l-f (f = 0, 1,..
highest exponent Im che expansion if n(n - 1)y, we haye

n-1 LY
>(n -~ Dy, - Ziy“l = n(n - D,
tal - ial

which explaias the lefr side of i8.3). We further have

n=1
(0~ 0y, + .01 = nin - v,
so thac i-4

¥y, ty, e+ Y, = nv.

Now, rtaking iuto acc&un: thac the expament of w under the 5;
foroula (8.3) takes the form

(8.3) equals sz, WS am9, and D = m - 1,

f nv
. A m!(m _ 1)(n—1)u—8

n-l .

Z(ﬂ—i}y‘-m ¥is Has ooes Y,

=l

.- N P
- ( )D A(m.r-!-x)'
k a
k=0

§=0,1, ..., (n - Dvs; v=0, 1, ...

) YLt F oy, =ow

(8.5) is an interesting cowblndterial idencicy.

¢« 1s the sum of the exponents of the powers of Yooy (£ =1, ...

thac

= Xav, 0

s = 1),

Since

ve? = 1) isr - 1, and che

(8-4)

mmation sign in

(8.5)

., Elclents of the pewsrs wt,
identicies have a somewiizt
coefficients of wt, £ = 1,

From (8.1}, n - | more ideaticles can be obtained by cowmparing the cogf-

~

iel, ..., m =1, on botn sides of {(8.1). The
complicated form; however, they will axpress the
«««y # =1, in the -expansion of

@™ F DU w4 gty

with wh =@ = p* + [
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ny rr;’(m _ l){ﬂ-l)v-d—laﬂ't = er .
nai FroHaneens Yy

‘E(u- =i+ e nin - Do

=L

A

Awl
‘zawi,t-utn-l)u—(an+r) (8.8)
LER TN .
n=1l - tweive J
- . A o
.;'-Za ( J )"
. F=0 4 v ==L tal, ime L

We wish to explain che appearance of the factor 2°~° ynder the summation sign
on the lefr side of (8.6). The powar of p in the expantion of

. L

equals
nal
ey A= D = (en + )
' -n(rjt-l)u-an—n+(n-t)

=n({n-VDv-g-1] +n -~ g.

- Thus, the power of P equals

(pmyntn-Dy=a-1 , pn-c Liep pn =m - 1.

The power of w ig

1

n-1 )
DR Y, =en +t = (WhTyt a mewt,
i=1

so m* is the coefficient of w® as desirad.
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