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AN ALGORITHM IN A COMPLEX FIELD AND
ITS APPLICATION TO THE CALCULATION OF UNITS

MALVINA Balca

In the present paper the muthor develops a new periodic algorithm
for cermn algebraic nmober fields and calenlates units in these felds
from its, penodxuty Thi: algorithm (abbr. ACF) is a modification ‘of the
Jacob'hPerron Algorithru, where for the first time the expanding of the
complex {not only real) numbers was possible. The ACF disclases new
units of which the alréady known ones are special cases, and it has the
advanisge that many resulis in the Il'leary of units can be derived by
means of a v='7:d penadl-c algorithm. }

0. Introduction. Hilbert’s dream’ and aavice (« ahit-ericht) of tailor
inig 2 universal algorithm by means of which the e.pansion of any real
algebraic number (or any vector in E77', n = 2) becomes periodic, thus
enabling a complete system of fundamental units in the corresponding
field to be cajculated, still is, and probably will remain, far away from
realization. Though C.GJ. Jacobi invented an algorithm for totally reat
cubic fields, geperalizing ingeniously the Euclidean algorithm. he could
not prove or slsprove the periodicity of his new tool nor calculate units by
its means. Jagobl s algorithm was later generalized by Perron [11) for any
total real alveb;alc field, but even he. the master of continued fractions, -
did not succgpd in proving or disproving the periodicity of his new
algorithm, -

In his la.gt gcientific work Perron (12}, thou,,h not successfully, shows
his efforts 14 solve the penodlcuy question of his algorithm. A partial
answer to thjg quesuon in the case of cubic irrationalities gave E. Dubois
and R. Paysa.ane-Roux (6]

The title algomhm (abbr. ACF) can be interpreted as a modification
of Jacobi-Perrgn Algorithm (abbr. JPA), where for the first time the
employment o[ the complzx (not only real) numbers was possible. The

" choice of D, ='5 to be complex numbers implies also a slight modification

of the T-funcuon in the companion vector.

This pm'?' algonl.hm ACF solves :he problem of peredicity for in-
firitcly many classcs of algebraic numbers (but not for au of them) »f any
degree, and sla,l&s explicitly some units in the corresponding fields. The
penodlmtyjof ﬂ:ﬂl algebraic numbers of degree n = 3 was first proved by
Bemstein [33’ For the JPA, and later for its modification [3, 1].
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a2 MALVINA BAICA

The ACF discloses new units of which the already known ones by
Bernstein [3], Halter-Koch [7], Halter-Koch and Stender [8] are special -
cases. The latter were obtained by the last two authors without an
algorithm. This new algorithm ACF has the advantage that many results
in the theory of units can be derived by means of a unified algorithm. The
new units were also discovered by Neubrand [9}, again without using an
algorithm. Neubrand's method is quite different from the other methods,
namely alg@]‘pjaic geometric or functign theoretic oriented.

B i -
1. The 4ACF-definition, besic properties. We denote:

- Sa={dD,D,...0,), n=z2,
a set of any n + 1 algebraic numbers;
(1.2) X, =0(d, D\, D,,....D,)

the field generated by adjoining S, ., 10 Q:

f(x =SYex" =1, €ERyi=1,...,n
(1) G(x) EO, o= Lic €%,
ap irreducible polynomial in x over ;;
5{1 = (J{'L(W)'r . G(W) =0
(1.4) - { the field generated by a 1oot of G(x) in
adjunction with .
" Thus X, = @iw,d, D}, D,.....D,) is of degree n cuer v i of
degree n- [ : @) over Q.. ,
DEFINITION 1. A vector a© in ‘Jﬁ,["-' (n = 2) with components which

are functions of » 15 called a stajting or fixed vector; -the vectors
a'*! € 3.7~ obtained by an algorithi] from a'.

(1.5) &' = (al=(w), 2 {w)..... a®(w)l, e=01,...
are caiied the current vectors; the vectors
B9 = (b1, b B = Hy Y, derived from
(1.6) qf” or given by any formula are called the
éﬁ;ppanion vectors of the gt O

L4

" We shaj{ @puoduce the notation
. ,'.-l .
_(1.7) ’ af®, biP' =1, t=01,...

i
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DErmiITION 2. The ACF of a starting vector a®® is defined by the
recurrence formula '

(18) &' ={al” — s} (" — B{".....al2, — 5\, 1)

af®' — p{"l # 0; p=01,.... a
From (1.8) we obtain
a(_u-'-l)
{1.9) al®'= b + ;:_‘n; i=k...n=1l:0=01...,
‘ a

n—|
We define the matrix entries
AtD = 5}!; ij=01....n—1. 8; the Kronecker delia;
{1.10) =

n
At'n-—n‘j= 2 b}clA:rJ—}'). f=0,].....,!l - 1;02‘0.1.....
=0

From (1.10) we obtain czsily by Induction

AP ATV gy
(L.11) AP AT e gl R  (qyetem
AR AD gl

foro=0,1,....
We obtain formula
n:l a(_v]A{o-.-j]
(112) a®@ =220 0 = ... n—lip=0,1,..;

5923 alPAy=h

(1.12) ts correct for v = 0, giving on the right side,
O+ 0+ - +a®UD + 0+ .- +0) /4D = g©,

Then substitute inductively on the right the values of ¢{* from (1.10),

(1.9). , -

We shall need the formula
v n—1
(1.13) . [Iah =73 a*4f=, o=1,2,....
' J=1 =0 - ;

Proof by inducrion. (1.13) is correct for v = 1. Then proceed as m the
proof of (1.12),
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We shall need the basic formula
[ 1 AE]t:*-I} A:;:-!-Z} . AE;.--i-n—l)
a](D} AED+1} Ail:-.—ll _— AE“‘"'—” ;
(1.14) I e e
afﬂ:’,, Al AL-—‘IZ’ e AP
] : b n—1 . ~1
vin— o -
= (-1) (2 aPAY n) .
Jj=0

Proof. Start with (1.11). Multiply both sides by 272 aiF A/, add 10
‘he first column the o/’ multiple of the j+ Ist column. The result is
obtatrec ¢ induction. '

2. A'periodic ACF—notations. in this Sectic. we begin preparari~=
for the periodicity of the most general a® & J(,. This o' will be specified
later when we approach the central theorem. The choice of 2 will result
from specification of the numbers 4, D,, D,,...,D, €S,,, and the
function Gf.‘::) from (1.3). We first choose

(2.1) 'I _ GF(xj = -4 + f[ [x - D_,), n=2
=1

where Gp(x) is irreducible over % This polynomial was treated by
Stender in ]3"%;. dissertation, if the D, are natural numbers.

Gelw,) =0,i=1.....n; Letw,. w...., w,, be the roots
¥ ! -

(22)  {of G(x) is an algebraic clasure of Fo(w,.... .. ).
L € (w1 %e.nnimy)

Thus w is ,ch};sen 1o be one fixed roqt of the n-roots of Gr. We introduce
- the notaticil, *

J.=f=w=D. i=12, . n
(2.3 Tk '
) f:‘.kzﬂ,(w_-'Dj); I=i<k=<np;
=1

In &, we haye of course
(24 ¢ fix=fw), "Isi<ks=n
f ’ B
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and need not add £, , = f(w, D,,...,D,). We have, from (2.1)-(2.3)

(25) H (W—DJ) =-r|.rr=fl.l'l'(""',)-_.-dI
. Jl=|I
The followipg_ operations will be useful
1 =_1__f|.i—lfl!n; IEZkEn—I
Stw) S d :
(26) {7
—1-;fk_l" k=n-1 1 b i<i=sn
757 "4 fn d

+ur the fixed vector a'™ we now choose
2.7} a'® = (frami-fia—zee - Si2n faa)-
We shall in the sequel conduct the ACF of a®* from (2.7), getting the
current vectors a®’, v = 1.2,.... The companion vectors of the current

vectors are derived [rom the current vectors by the formula, remembenng
(2.4);

(0] — Liv . — .
(2.8) ‘b, gl (Dy); s=1...,n—1;

BOERT. 0=0,l1.....
The choice of D; € 5, ., for the derivation of 5'® from a'®' is, as we shall

later see, compietely arblirary. Any D, € S, .,,i=1,. .1, would do.
The readgr should pay pnomy-auqnuon to the t‘onnula

(2.9) {'b}m = frnms D) =[(w= D) -+ (w = Dy ] uep, = 0,
s=1l.....,n— 1.

We shall illustrate the first step in the ACF of a'®, working out all-the
necessary details of (1.8). In the sequel the curreat vectors’ result will
sometimes be enumerated directly without going into the details. We
obtain from (2,7), in view of (2.9) -

E[b}m:f.,,-(ﬂ):‘ i=12,..., n—2;

2.10 )
(2.10) ' ‘bém "fz.z(D)“}E(D) D, —-D,.

Thus
b{O} (0 0 0 D] - Dz).
. a{® - b[m =N —0=f,_,
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and by (2.6) _
(afm btm)“ = 71_%.-__1. = :%'. = .-51
a2\ =62 =fy - (D= Dy)=w— D, ~(D,— D) =w~D =,
g® =P =g —Q=g,=f . i=2..n-2
and from_Q.S); _ |
(2.11) BT AN i A PT ARPIN N TR B

oo a'“} = (dqi-fl.n—2fn' d_lfl.n'-BL“ ' "d-lflf;!' d_lf")'
3. The first fugue of the ACF of g,
DEFINITION 3, A sequence of n — 1 cumrent vectors (including the
fixed vector) viz.

(3.1) @t e =0,1,...;5=0.1.....n ~ 2,

is called the ¢ + Ist fugue (of the current vector} of the ACF of a¥; the
sequence of the corresponding companion vectors—the o + Ist fugue of
the companion vectors of the ACF of a®, is

(3.2) Cptrbesi o g =0.l,....j—0.l,...,n—2.' O
From (2.11} we obtain
(3.3) b =(0.0.....0,d"(D, - D ))

all =B =d =00 (af? - B) =
aily = bl =d~f, — d"(D, = D,) = d"f,.
@ = fo (d7yymsfyer o ond iafye A7 S, A7),
B4 @ = (Y ysfor o d i fomr e d i fym e
a7\ fys fom)-

=

We can now prove the important

LeMMa 1. The i + 15t current vector of the Jirst fugue has the form

ﬁ'—m = (d_lfl.n—:-—l n—i—1.m" d_lfi.n—i-2 n—f{=1l.pr=r---
(3.5) R A S AN & SN

flj:l'—:""l' fn‘-’i+l)
i=2,....n—2:n=4,
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Proof. (3.5) is correct for i = 2, as can be verified from (3.4). By the
method applied in calculating 2", @, the reader will now have no
difficulty in -proving Lemma 1 by induction. The special cases n = 2,3
will be obseryed separately because of their importance.

a® =w—-D,; 89 =D, - D,
g =g (w-D,}: V=4d(D, — D,)
2™ = _ D, = g )
Here we have a purely periodic continued fraction representation.

(w—D)w—D,)~d=0: w—D,=[D, = D,]. d=1.

w = Da =D, — D,.d"(D, — D)]: - d' D, — D,.

For n = 3, we obtain, d% L.

a® = ((w =D )w— D), w - D,); b =(0,D, - D,);

at" = (d_l("" - Dl)(“’ - DJ): d-l(""’ - D;))i b\t = (0' d_l(D| - DJ));
am:(d-](*?_Dl)(W"Dz)‘W_Dz); 6 = (0, D, ~ D,); |
a? = ((w—D)w=D),w— D); b3 = (0, D, — D,);

g = (d_l,(“’ - D1)(W_" D). dY(w=D,))7 6 =(0.47(D, - D.)):
a@ = (d(w—D)w-D)w—1D);  b9=(0D,~D,);

a9 ={(w— D) w~D,),w— D,}) = a®.

The ACF of g™ is purely periodic, and the length of its primitive period is
m=6.
Ford = 1 we obtain

a®=({w~D)w=Dy),w=D,); =(0,D, - D,);
a® = ({w=D\)(w—Dy),w—D;): M =(0,D —D,).
a®=a (w—D)w—Dy)w~D)~d=0, generally.
As a numerical example in the casg # = 2
(w_—t-i)(w—Z)-2=0: chPosew=3+ﬁ: D =4
D=2 d=2. ¥,=0: %,=03);
a9 =w-2=[-21/24 =32
3 +3-2=[21); y3=[1,172],

a very simple way of constructing the periodic continued fraction of V3.
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4. The first fugue of the ACF of 2, continved. From (2.7, (2.11)
and (3.5) we have completed the calculations of the first fugue of the ACF
of arm, viz ‘ ’ .

(a‘a', a‘”,...,a‘”....,a""z’), i=2,...,n—2

altogether the fixed vector o™, followed by n — 2 current vectors. We
obtain for the n — 1st vector. substituting i = n ~ 2 in (3.5), )

(@.1) a0 (2 AVt fiSrese e fifor ).

From (4.]) we obtain, calculating (in. detail becanse of its essential
pattern) th¢ pext current vector ¢!~ ", For this purpose w= have

(42) b= = (0,0,0,...,0, D, — D,)
-nd from (4.1), (4.2)

n— 2 — - . n— n= U f
(a3 (AT 0T =Y f (ol - pma) =
alt? - bl =w— Dy~ (D, — D) =w~ Dy =1.

From (4.1)—(4.3) we obtain, by virue of Definition 1,
(4'4) ) at"=h =f2(d_lflf;.n—h flfa.n—z"-- Jihis S I)
aﬂ-l.= (d_lfl.n— 1t fl.n—!" r. rfl.:‘.' f!)‘

(4.4) is important. If we compare the latter with (2.7} we obtain

(4.5) - a'® (é’a(n-n

which means 10 say that a'® = 2"~ in the case 4= 1. We have thus
obtained the interesting

THEOREM 1. The ACF of the fixed vector »'® from (2.7). with the
notations (2.3} and (2.5), is purely periodic in the case d = ), and the length
of the primitic: period equals m = g — 1,

The latter has the form

A R T ) T ey

a® from (2.7), ™ from (2.11). a'? from (3.5) (j = 2,...,n — 2), substitui-
ing in these formulas d = 1. The corresponding companion vectors have the
Jorm: - :

b® =(0,0,....0, D, — D)),
(4.6) 16" ={0,0,...,0,D, - D,),....,
¥7=(0,0,...,0,0,~D,_,,,). i=2..p~2 o
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The reader is reminded that while 4 = 1 in Theorem 1, the other n
elements D,,...,D, of the set S, , may still be any algebraic numbers. It
is surprising that in the case 4 = 1 the ACF of the fixed vector a® from
(2.7) indeed is purely periodic with the astonishingly short primitive
period m = n'— 1. In the case 4 % 1, the ACF of the same 2" is also
purely penochc but the length of its primitive period equals m = n(n — 1).
This will be ,provcd in the next sections. But already, we have learned
from the preyous section, that in the case n =2 the ACF of 2 from
(2.7) has primiitive period of length m = 2 = 2(2 — 1) when 4 # 1, and
m=1=2r] when d=1; and in the case n =3, m—-6-—3(3-—-2)
- when 4 # I, andm‘2—3— l whend = 1.

5. Periodicity of the ACF of a‘“‘—completed. We shall use a new
manner of writing the vectors of the primitive period of the ACF of g'®
rom Thcm-c.:iri. Y(wath d = 1) mﬂ mtroduce

(5.1) g = (g“’ gh g, i=0,1,....a~2n24.

Tt will be usefyl, for later purposes, 10 write out in full the values of g}
from (2.7), (2.}1), (3.5) whete d = 1,

3(0’ = (g% g.....e2,) = (Nt frnmzse-afh20 o)
gV = (g g ...82))
= (fl._n—z.ﬂ:- hoa=shareofialo hlfar fi)i
(52) | g = (g™, gi".... 82,)
= {flnmic Vomis v Dinmi=2 Jami 1o
fu.ﬁ. it fifamimims Nfomistn=1s
hifo=iens L-,+|)

With the notation (5.2) we shall now write out in full a few of the fugues
of the ACF of a® from (2.7) with 4 = l

a‘m (g}m. g;m.---- },ml
g = (d—lg{l}' a’"g;‘!” gtn )

(5.3) ) Q_-‘i_) = (d—lgsl’), d"g{n..- g )

(41777 = (478l d7lgy ™™, g2, g?).

(5.3) 1s the first fugue.l
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f - . = = :
.a("" n+0) - (d 1g|m)r gims ggm" " ’g"'_)l)’
q(lin—”"'” = (glm. g-_s“;- .- »Sfr‘—’ )

G = (g g o),

(5‘4) ’ n—1j+ - -
| gD = (g-lg® g ‘g;”.....d 822, 82, ).
.q‘ltn— pra-1) — (d" N R A N :nn-.z, :

(54)is tpt second fugue
rq'?""“ 140} = (d—‘g{m: 3435% gJ{mv' . igrgo—)l)'
gt D e (gtg g ot ),

R G N
- (53) 1af=f"-".*3’=(d-'gP*.d-'g;”,.. g,
alrTI0 = (a0, glgth, | aig, g )

qm,,..”,.,,_.z;_. (d-lg[(n—ﬂ"“!d tgtn=2) gl ‘g’fln-ri))_

(5.5} 1s the third, fugue:
The reader will'now have no difficulty in provipg

‘LEMMA 2. The factors @+ appearing before the g} in the currens
vectors of the ACF of a® from (2.7) with d = 1 appear subsequently one
after the gther siarting with the first component of the vector: their 5 Jrequency
of occurrgnce in a veeror is *0=<k=n-—1:ifina vector the Jrequency of
d~' is k, then in the next vecior ir Isk=—1, :f its frequency in one vector is
zero, rhen in the next vecior, it isn — ). N

For the jth vector of the / + 1st fugue we shall use the notation

. (5_6) an‘tn- i (k)g‘“

where (&) denotes the frequency of the factor d~' in this vector g/, Of
course, (5.6} does not say how to stats explicitly any such vector gir—+J),
For this PRrpose a functional relation between i, j and k is necessary and
most 1mpg§rtant This is: '

(5.7) li{f-jEk(”)‘ k=01,...,n~1:

Fork <0, taken — %, J=01,....n—2.
The proof of (5.7) is entirely based on Lemma 2.
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If in a certain fugue we have the vector a®*~7*%/ then in the next
vector we bave j + 1, and since k dccre.ases by one in this next vector, it
becomes k — ], so thati — (j + 1) = k — 1(n) ori — j = k(n), as should
be. If we logk for the next fugue with the same row-vector j, viz
gl ¥+ D=/ fiien the frequency of k for the same ; is one greater, namely
k+1, so t.ha[. we have (i + 1) —j=k + 1{(n) or again, i—Jj=kin).
This proves (5;?) by induction, since it is correct fori = j = k = 0.

We are now able to write down any current vector in the ACF of a'®.
For example, let 1 =9, m=9-8 =72 and we want to find ¢®" =
a@®™N=S i =7j=357~2=2=k Hence

gt = (d"g}"". d_'lg-‘_,s'. ggs)‘___ -81‘35))_'

W now ask the decisive question: Can ACF ot a'" become purely
pei10dic, and what is the length e of the prim?:” .+ period? (Every periodic
ACF can be transformed into a purely periodic ACL-.) In such a case we
must have

(5.8) J=k=0, asina9,
(5.7}, (5.8) result in chooseing min. i,
(5.9) . i =0(n), i=n.

We have obtained:

THEOREM 2. The ACF of the fixed vector a® from (2.7) with the
notation (2.3), (2.5) and d+ 1 is pur¢ly periodic and the length of its
primitive perigd is m = n{n — 1), consisting of n fugues. (B

The length of the primitive penod of the ACF is indeed very large
but, -as it will be shown, it does not prevent us from calculating units.

6. Irreduclbillty and roots of polynomials. Bernstein {3, pp. . 72-79)
has proved lhe following result whichl we state here with some slight
alterations:

THEOREM 3. Ler
[F(x) =x"+ (fi!ij"‘f) - 4,
(6.1) d kyooonko D €Zy dlk; (j=1.,n-1),

n=32

Ikn_l]a 2di(2+ B); B=1~+ § &)

Then P(x) is igreducible and has at least one real root. ()
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If ¢ is square free 'and | d|> 1, then irreducibility of F(x) follows
from Eisepstein’s Critetion. But this would then exchide |4|= 1. Berr
stein’s i.hcorcm is valid also jor any algebraic integers 4, ky....,k .y,
d| k,_,. This we could well use, but it would take vs too long to prove it.

Wc mntroduce a polvnomial which will be central to our investigation
on units, viz

T(x)=-d+ ] (x*~ D).

' i=1
(6.2) 1d,D,€Z; d|D; i=12....k
s, 21; ifalls;=1. thenk=2;
- 0<D|<D2<"'<Dk.

We prove
LeMMa 3. T(x) is irreducible in infinitely me 1y cases and has, in these
cases, al least one read rool. C
We rearrange (6.2):
T(y)=—-d+ ]ﬁ y = L% DM,
(6-3) }) ‘?l [(- ] J.J }
y=x-=D,.
From {635)
[ 1 S ] =1 o —
%"(J‘) = -d+ (.\" + ( If]D;_r* b e 4—(5JL — ]8O ‘J’)
'.”__1
I [(J +D,) - D,"]
6.4) {
(6.4) =yt e =y ,1-—d
Al = (s - 1] + 11 I (07— D).
lﬂ"51+3~+" 5. r—l... =1 inrt,

where fgl {; since all ¢, are polynomials in D,, D-., .,»D, with rational
coefﬁ.q;gip further ¢, .., contains the highest power of D.vizs,— 1+
5+ sy L +s5,_1 = n ~ 1. Hence we can choose sufficiently large D,
so that f.{m_, {=2|d|(8,+2).B =1+E2 2[! | . Thus lhepolynomxa]
(), h,gnpe also 7(x), satisfies the condlt.lons of the polynomial P(x)
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and Theorem 3, so that T(x) is irreducible and has at least one real root in
infinitely many cases. :
In case 5, = n, T(x) becomes
T(x)=x"—D"—d,d|D,nz2; D=zl

J— o (N a—ji | — A
T(y)—y_ +EI (j)D’y J) d; d.‘DeZ.

and we havesg choose ‘
(1o 2als (o (3)o7 = 4 2]

It suffices to choose D =27"!|d|; n= 2. Concluding, we shall write
T{x) in the form of (2.1).

[ & 5,
Grix)=-d+ ] Il (x~p/"
i=1 y=t
(6.5) \ Z'm,r-_l.
p; = €Xp

. (We write vj to avoid

| confusion with the index i.)

{Dh Pi.D‘,..,.p’iI"'th Dgzu PZ‘D:"""pJZJ_IDZI
e {1 . Dy, 03 Dpre- p27'D,}
= {D,, Dy,...,D,}, foruseful notation.
Let
_ 2'.71,-'-—_]-
(6.7 (515 Sq00--25c) =5, P =exp S

G{w)=0; . wreat; Q(D,, D,....D,, W) = Q(B, w).

68) Gux)=-d+ 1 (x=D): =11 (v-5)=0.
j:] ] =1
7. Units. the main result.

DEerFINITION 4. Let
% be an algebraic number field;
(7.1) 1a® = (a®, a..... a2 ) €A, n=2, and

g, aP.....a, algebraic integers.

Then a‘® is called an integral vector.
4
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THEOREM 4. Leg

[ K, , K, be gixebraic number fields;

X, CcHKy; [Ho:HK]=gznz2;

(7.2) 1a® €K, an integral vector;

(b >:=0 a sequence of integral veciors € I,;

A% the matrix entries from (1.9).

If the ACF of a®, carried our with the companion veciors b is purely -
periodic with m = the length of the primitive period then the algebraic
number

m

{7.3) Tall, = A4™ + a4y 4 ... 0@ ,A{, SEadl
=1
is @ unit in 3, (relative to ., ). o

Proof. Since, because of peiniicity, we have g{™ = @ ;=1
n — 1. wg obtain (7.3) from (1.13). The = are algebrauc integers by
hypolhesjg, 50 are the A‘o"'"'f’.j =0, 1,...,n — 1, since the b " ~re integral
by hypott}ésis Thus 3525 al®4{"*/? in (7.3) is an algebraic integer,

Wc f.unhcr note that, by wrtqe of the conditions of the theorem, all
eniries i (1. 14} are algebraic intkgers, so that (X720 a4f™*M)" is an
integer. Thls proves the theorem.

We now rewrn (o the vector a®® from (2.7), substituting thers 7 for
a®, D, QP L, for D, D,.....D, from (6.6), and now let have the
value fm;p (6. 2) viz.d a rational integer. Theorem 2 then becomes: The
ACF of lhc fixed vector & vith & = 1 is purrly periodic and the length
of its pnnhuve period m = n{n — 1), consisting of » fugues. From (5.3)~
(5.7) we le¢ 9 a few important faci< about the ACF of a:

(i) for D, we substitute D,: altogcthe:r there arc n such choices of
subsmumnr
(i) lnurv-bcrs D,. D,.. Dy a ™ alevlyraic integers, smch =
2, (1= ﬁ 1,. 1), and P, and D. are miegers;

(m)a".@(_f=l n—l) sm:..-:D]D.

(iv) ;he product of thc last components of n — 1 of the n fugues of the
primitive Penod of ACF has the form:

-nl

(7.4) " ' d- 1_1 (%-D,);
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(v) One fugue out of the n fugues does not have among its last
components the factor 4 -!_ This fugue is that one whose first vector has
k =n—2 sothat

i—0=k—2n); i=n-—2.
Thus the product of the n — Ist (i + 1) fugue equals_(with i=n—12)
(7.5) ' 1] (W —D;).

{vi) All the entries of the companion Vectors of the n fugues are either
zeroorD—-D ord’(D-D);—Z ..... n. (j =nr — 1). Hence they

are all integers :(and s are the AM)
- {vii) Because of (7.4), (7.5), we have

atn=1)~1 ! n .
(7.6) I a2, =d""‘”[ I (w-5).
But because of penodxcuy g""~ " = 7@ | hence from (7.6)
a{n=~1}—1 ain—1)
(7.7) - I a2=1 a2,
j=0 j:

so that, by virtue of (7.6), (7.7) and Theorem 4, we have obtained the
second main result in

THEOREM 5. With the meanings of W and g, 5‘,-, as explained before,

on = f 55

j=2

is a unit in Q(W, 3). o O

8. Units {vom Theorem 5. The unit ¢ from (7.8) has a complicated
form unsuitable to practicalities, We shall find simpler forms for units in
Q(w, B) and also disclose units in Q(w). Since we took ¥ = w; to be a
real root-of -Gz{x), we could have taken any of the roots wy, wy,. . .\ Wy
of G,(x) (some, even all of which may be real) and still have obtained the
unit 44"~ "(l?[” (W, = D))", 1=0,1....n — L. Also, since D, may as-
sume any of the values

(8.1) Di=pD, i=l..,n u=0, s,....5 1,

we can obtain altogether # units of the form (7.8) for w constant, w = wy,
and altoget]:_t?:'}' n® units in Q(w,, p) among them some units in Q(w), W
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real, as we shall soon see. From (6.8) we obtain

_ "o d
(82) jgz(“' Dj)““ﬁ_gl
Hence from {7.8). (8.2)
o= d
. (#¥=Db,)"
_(F-D)
(8.3) “ETTg

is a unit in Q(w, D, ).

Since in ('8.3) we can use any of the }3;, (j— L...,n) instead of D,, we
obtain

THEOREM 6. Al the numbers

| (-5
(8.4) _ej=—-—&-—5——, J=1.....n,

are units in Q(#, ). Among them

w—D]"
(8-5) e(” o —(—}E‘T'l_,

are units in the real field Q). 0

i=1,....k: kfrom(6.2)

The product

I

w=0

(e ey,
d a*

1s & unit as a -roduct of units. Hence

COROLI ARY 1. The numbers
(w5~ Di")n

d* '
are units in the real field Q(w). 0

(8.6) et = i= Lk kfrom(62), s =1

From (8.5) we obtain
d*
[( W Di ) "] "

(et =

¥
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so that

. (e“))-"e(,") = ( [r - Dj‘l ) ’
w—D,)"

is a unit, hence

CORGLLARY 2. The numbers
(8.7) e, = (H:_ —.DD)II’I , i=1....k; kfrom(6.2). 5> 1

W o~ [}

are units in the real field A w), g

Let
(8.8) {" RiLVZI TR TI PRl

) for some i < £.

Substituting » from (8.8) in (8.6), we obtain

ple) = [(ﬁ" ;f."‘)"]" ‘

hence

COROLLARY 3. Let n = Silin S0 ;> 15, € (8, 54,...,5, ). Then

(w" — Dj)"

{Il) = L

) q

are units in the real field Q(w). 0

(8.9)

Let |d|= 1. Then we have

COROLLARY 4. The numbers
[e,_, = F"b_j, U= Yi...,m are units in Q(w, p).
el = w=D;, = 1,...,kf1re units in the reafﬁefd
(8.10) (W), k from (6.2)
V=W —Ds =1, g 5> 1; k from (6.2)
are units in the real field Q(w).
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9. Derivation of previously known units. We return to the poly-
nomial I(x) of (6.2). In the case k = 1, T(x) takes the form, 5 =mn,

5.1) T(x}=x"—-D"—d; dDEZ,D>0n=2;d|D;
) T(w)=0; wreal; # = D" + d; wof degree n over Q.

But even in this case the method leading to the periodic ACF of 2@(w),
ang the derivation of units from it is the same. We obtain from (5.1)

-+ [ (-5 =o.

/=1

(9.2) i1D,=p/"'D;  j=1l...m D, =D;
2ay-1 .= .
p=exp———; &, J; sinced|D.

.

Wik the vonditions of (9.2) those of Theorems 4 and - are sarisfed, -
weérhave

THEOREM 7. Let conditions (9.1) and ( 9.2) hold. Then the n numbers

% —p’~D)"
(9-3) ej=bl—'id'_'__)'_; j=1|_---_-n

are units in Q(w. p). The real number

_ (w —D)"
is @ unil in the real field O(# 3.
If|d|=1
(9.5) ey =% —D isaunitin @(w). - O

Let st = n. s > 1. We obtain from (9.1)
(9.6) (%) = (D*) + 4.
Since d' D, we also have d| D*, and all that was said in Theorem 7 about
wD. '

, (ﬁ':.‘.‘l’_D.f‘
= (T D)

(9.7) y
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is a unit in (). From (9.4), (9.6) e obtain
LTI E—E - A
d ' [w-py] \(F-2S

eg!jer[ =

a unit in @t w). Hence

COROLLARY 5. The (n) — | numbers

(9.3) e%:.:]:_"i..-_'?.:‘ SI=H,S>1,
(w-D)

are units in Q{w). g

*fn=p°, pprime. ¢ = 1,2,..., then inste £ 2, we have pd which
~esd| 0 T

voustemn and Hasse [S] obtained e units (9.4), (5.8) with the
additional restrictions D = (n — 2)d fo. d>0 and D =2d(n — 1} for
d < 0; n = 2. These were the restr™ .on§ Bernstein {1, 2] needed for the
periodicity of thé Jacobi-Perron Algorithm with w = VD" =d, 4. D>0,
d| D. -
In his most remarkable Ph.D. thesis Stender {13] proved tha: .. the
cases n = 3, 4, 6 the possible 1, 2, 3 uni}s from (9.4}, (9.8) form a system
of fundamental'ynits in the respective fields. This was a breakthrough, but
did not prove in general that the unity gained from (periodic) Jacobi- -
Perron Algorit _(-:' s are always fundamenial. '

The units gre independent, whether they are fundamental or not has
not been prd_végil’_ for the general case. This fact is also true for the .nits
obtained from ACF.

Later, Hi!@;i—l(och and Stender [8] proved that formulas (9.4), (9.8)
hold for 2 mucly wider class of units.

Another bréakthrough in units of this kind came with an impdriant
paper by Halter*Koch [7) who started with the polynomial
Gr(x) = H1 (x-D) Il (x—D)x-D;—d.

. j=n+l
nE9. R20, n=r+2n, d.DEZ
D, % D,> - +>D,; D, B, complex conjugate,
af'af ’ﬁjivisor of pairs of D, and the D,,
D,and D,, D, and D,.
B ;ﬁ% P At /

i
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Halter-Koch proves that G{x) bas exactly r, real roots. If w is one of
them thén '
d(w—D,)" and d7{(w-D)iw-D5)]"

are upits in Q{w). Of course these units can also be obtained from our
ACF of 4. Bernstein [4] used his so-called zero algorithm to gain these
Halter-Koch units. '

The zero algorithm (abbr. ZA) is also a modification of JPA, and it is
different from ACF.

The author conjectures that many more known uniis can be calcu-
* lated by ACF. This will be discussed in a further paper.
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