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ADSTRACT, The general diophantine eguations of the second and third
degree are far'from being totally solved. The equations considered in’
this paper are .

i) x° - my2 =+1

11) x34-my3-+m2 20 - Fmeyz =1

111} Some fifth degree dicphantine equations

Infinitely many solutions of each of these equations will be
stated explicitly, using the results from the ACF discussed before.

It is known that the solutions of Pell's equatlion are well .
exploited. We include 1%t here because we shall use a commen method to
solve these three above mentioned eguations and the method becomes very
simple in Pell’'s equations case. '

Some new third and fifth degree combinatorial identitles are
derived from units in algebraic number filelds.

KEY WORDS AND PHRASES. Dicphantine equations, identities, an algorithe
in a complex field {abbr. ACF), units in the algebraic number fields.
1980 MATHEMATICS SUBJECT CLASSIFICATION CODE. 10B10, 10Bl5, LOA30, 12A45,

0. INTRODUCTION

In this paper we shall investigate Diophantine equations of the
second and third degree of a speclal type. The general equations of
the second and third degrees are far from being totally solved. It
suffices to look up Mordell's book on Diophantine equations, to leamn
how little we actually know about the general second and third degree
Diophantine equations, in spite of the many numerous resulis on this

subject that have been gained by greet mathematiclans with no litfle
effort. The famous Thue theorem stating thet the equation

- -1 -1
agx  +a;x Ty 4 eee 8 oxy" ra y =c

(ai,c rational integers, 1=0,1,...,n; nd 2)
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has only a finite number of (rational) solutions is an amazing dis-
covery. It leaves open the question how to find these solutions and
what 1s their exact number, and one would conjecture that it will
remain open for (all) times to come.
The equations considered in this part of the paper are:
1) The equation, kmown (wrongly) as Pell's equation, namely

xz—my2=_-|;1,

ii) The equation x3+my'3+m223-3mxyz= 1,

ii11) and
x . ¥ z u v
mv X Zz u
mu mv x Y z | = 1.
mz mu ov x ¥
my mz mu mv x

Infinitely many solutions of each of these equations will be stated
explicitly. Now, it is known that the solutions of Pell's equations
1s well exploited. Still, we found it necessary to include it here
because of the simple method we shall use in solving this equetion
here, which has such a wide range of application in varicus branches
of exact sciences. Also, we will derive some new combinatorial
identities. -

Since we are going *to use some formulaa obtained by the author in
some previous papers [1] and [2] we introduce them here

Aéo) -1, Aél) -0, A(n+2):=A(n)-+2DA£n+l)

Aio) -0, A](-I) -1, A(n+2) ‘“1 Zml(ml) (0.1}
n = 0,1,7 ..
AJ(.V-;-I) - AéV)H‘ZDﬂc()Wl) - A:EV+2J_ (0.2)
-1 . -
alE) ffZ:o (330 (apy2-2-28 ;g o, (0.3)
for n = 2n-1.
=1
A((}Zn+l) _ :Z=0 (En—ii.—i)(zn)zn-l-ei, n=1,2,... (0. &)
f=Aéf‘8) +a](_0) A[gf‘z"'l) I +ar(£])_.ﬁ(gfj+n_l). £=1,2,... (0'5)
1 -1
A((JV), Aé“”' ) ..., Aé‘”“ ) ,
AJ(-V}, A](_Vi-‘l)'.-._' A](-wn-l) - (_l)V(n—lJ {0.6)

Aéo) =1, Aél) - Ac()2) -0, Acgn"” - Aén) ‘ 313%“*1) " 3D2Ac(}n+2) (0.7)

n=20,1,...

-
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+2 {n+l _ (n+2
A:En ) ﬁ‘OrH- )+3DA0"‘+ )

A(n+2) _ Aén) . 3Dﬁén+1) . 3Dz‘ﬂ‘én+2)

= '.ﬂ_ék) + a{k)Aékd-l) e as_ﬁ]).nékm—l)

5 A5 Y youys yor2y
Aén+9) = ;; (yl.yz.y3 ) 52°3p23

n=0,1,...; (g) =1 J

L 2 4
A50J=1, a8t 2 al2) (30 _a(8) _ o,

(n+5) _ ,(n) {n+l) 2,{n+2) 3, {n+3) 4, (n+h)
AO = .-'-\0 + 5DA0 + 10D AO + 10D AO + 5D Ao
n=20,1,...

PELL'S EQUATICN
Ve denote

w2=D2+1=m, w=p’6§+ ,

D ¢ N, m not a perfect aguare.

We obtain from (0.6} with n=2,

{n} (n+1)
A A
0 0 = (_lj(2-l)n

(n+l
A](-nJ Aln )

n=20,1,...

and from {0.1), (0.2)

Aé“) Aén+l)

Aénﬂ) R{(Jn+2)

Aén) Aén+l)

altd) Aén)+2DAén+l) )

2 2
Aén) +2Dﬂén)ﬂén+l) —Aén+l) - (Aén) +m{()n+l)_)2 _ (D2+l)ﬁé

2
(Aén)+mén+l)> - A(()n+1)2 LY

We ha’v_e obtained Pell's eqguations

xnz‘myn2=("l}nl n=0,1,...

X, = ‘ﬁ‘rgn) . Dﬁ.én"'l), ¥y = ﬂén+l}

2n R
Xop = .ﬁ.é ) + DAézn*l) s Yan = A(gZI'Hl)
xgn —mygn—_- 1.
_ al2n+1) (2n+2 2n+2
X5n41 = A0 + DA, )=Yaul=“é +2)

2 2
¥on+l =™ Yapsa1 = 71

757

(0.8)

{0.9)

(0.10)

\L (0.11)

=

F (0.12}

> (1.1)

> (1.2)

n+1)2
r

(1.3)

(2.4)

(2.5)

(1.6)
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Thus we have gbtained infinitely many solutions of x° - my.2 =+1, and,
as is known from the theory of continued fractions, these are all
solutions of these two equations, the so-called rlus and minus cases
of Pell's equations.

With (0.3), (0.4), formulas (1.5), (1.6) take the forms

n-1
Xon = 120(2!1-12_—.1.) (2D)2n—2—21 + %_(211_1__1)(2]3)2“_21,
n=-1
Yon = Z (2 1-1y(ap)2n-1-21
l=0
xgn -mygﬂ.=l' n=0,1,...
n-1 _ -
*onsl = Z (2!1-%_1)(2]3)2“_1_21 +Z (ani'i)(zn)ﬁul-zj..
i=0 o
ps| ] } -
y2n+1 = izltani_l)(an)zn—ZL' n=0;1:-..
2

-1.

2
Aons) "B Yonyy <

¥ith the calculations of ﬂév) from Ch. 0, we have

{0) (1) _,{0) _ 4. 1) _ _
xo = 4600 +magt < a0 - 15 alt -y - o,
xZ = my2=22 - (0P1) - 0= 1.

_ at1) (2) _ ;. _ at2) _
¥ = Ag7 #DAGT = D5 vy = A7 = 1,

£ -omy? - 0Py - 1 - 2.
2 (3) 2. -
x2=A(() )+m0 = 1+20% y, = 2p,
¥ ~my2 = (1+20%)2 + (11P) « 4D? - 1.
x5 = Ac(]3) +mé‘*) = 3D+4D%; yg = 144D%,
x§ ~ny3 = (30+40%)% - (1407} (144D%)? < 1,
X, = 1+8D2+8D4; Yy = £+D+8D3,
xp -my2 = (1 +80% +8D%)2 - (140%)(4D+8D%)2 - 1.

2. UNITS IN Q{w)}, w = (/€5§+l

It is ¢lear thet

e=w+D (21)

is a unit in Q(w). For e is an integer, and e low- D, an integer.

The ACF [1] of a(O) =w+D 1Is purely periodic with length of its
primitive period £ = 1; hence we have from formula (0.5)

& = (D)™ = a{™) ¢ (wip)a{mL), (2.2)
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From (2.2) we get an interesting combinetorial identity
(wsD)Z2 = Aéan) + (w+D)Aézn+1)
(w+D)2n Aézn)-+DA82n+l)-pr82n+l),
hence from (1.5)
2n
(w+D)=" = Xon + Yo W- {2.3)

With wz = D2+l = m, the readér will easily verify the formulas

n-1
(w+D)2 & (Z Gl 1) " (izzotaf‘jl)n‘?i*lm“'l'i) we o (2.4)

From (2.3) and {2.4), and using the expressions for X,y and y,. from

the previgus paragraph, we obtain the combinatorial identities
n-1
2 LRt anye22t 2oty (ap)2a-2)

n (2.5)
- 255 (310t (%2 )P,

n-1 n-1

Slmiiar jidentities are obtainable from

(weD) 2+ Xon+1 * ¥onsy ¥

3. THE CUBIC DIOFPHANTINE EQUATIONS
We shall need formulas (0.6), (0.7), (0.8), (0.9) for n=3, viz.
(n+1) (n+2) {n+3)
4 4 A5

A£n+l) A](-n.i.z) A£n+3) -1 (3.1)
2

afnr)  y{ne2) Aén+3)

a8 -1, AP sl Lo,

Ac()n+3) - Ac(]n) . 3DAén+1) . 3D2A8n+2); (5.2)

A:“(-n.p.j) ='A(n+2) + 3m(n+3)

A(n+3) Aén+1) 3DA(n+2)-+3D2A(n+3)

Substituting in (3.1) the values for A{i), A(i), i=n+3 from (3.2), ve
obtain, after simple rearrangements

. Aén+1) Ac()n+2) A(n+3)
1- (a{®) 3pan) Aén+l)+3mén+2) 45n+2) zpg (+3)

Aén+1)+3mén)+3n2ﬂén+l) Aén)+3DAén+l)+3D2Aén+2) AE+1+5MS+2+3D2Aén+3)
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Aén+1)_ Aén+2) Aén+3 )I
A(()n) J’,‘{()rwin‘.) Aén-i-Z)

-1 (n+1)
Agn ) Aén) Aon-i-

We now denote

=Aén)' 2 =Aén+1)

-1) )
x=a8"), y (3.3)

ns= 1,2,. v
and obtain for the above determinant

z  x+30y+30%  y+3Dz+30°A50*D)
1= |y : = A{(}n+2)

x v z
Subtracting from the first row the 3D multiple of-the third and the
302 of the second, we obtain,

2-30x-3D%y  x y
¥y - z  x+3Dy+3D%z| = 1. : (3. 4)
x y z

We leave it to the reader to expand the determinant in '(3.4) to obtain
the Diophantine equation of the third degree as

%3 + (9D741 )2 + 22 + (9D°-3 Jxyz + anzy + 3D0%%%2

(3.5)
+ 120%°x + (9D%-3D)y°z - 3Dz%x ~ 6D%22y = 1.
Even for D=1, equation (3.5) has a complicated form as
X + 10y‘3 1234 bxyz + 6x2y +3x%z + 12y?1c

(3.6)
+ 6yaz - 322x - Gza_,' = 1. ]
In [2] we have calculated the solution triples A(()n), A‘gn'*l),
alm:2) o
0 H = Mylyers

(x,v,2) = (1,0,0), (0,0,1), (0,1,3), (1,3,12),
(3,12,46), (12,46,177).
We shall check the solution
- (x3lY3’zj) = (1,3,12).
Substituting these values in (3.6), we obtain 1 + 270 + 1728 + 216 +
18 + 36 + 108 + 648 - 432 - 2592 = 1, 3025 - 3024 = 1.

For larger values of D and n the verificaticn of (3.5) is only
possible by computer, and without knowing (3.3) even a cémputer would
have its problems. -

43 we shall soon see, there is a much simpler third degree
Diophantine equation which can be regarded as, and indeed in a certain
case represents, a generalization of Pell's equation to the third
degree.
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4. UNITS IN THE CUBIC FIELD -
As we have seen in [1], the ACF of the vector 2{0) € Ey, with

3
W= VSB:I, De N, ato) = (w+2D, w2+Dw1-D2), is purely perdcdic with
length of primitive period £=1. Hence, by theorem 2 in {2] and
formula (0.10}

e =Wl s+ Dw + D2 (4.1}
is a unit in Q(w), and
eV = Aé"}+-(w+2D)Aé“+1)-+(w2+nw+D2)AéV+2) (4. 2)
v =0,1,... .

Thus
2 2. v (v) (v+1l) 2, (v+2)
(w=+Dwa+D=)" = AO + 2Dﬂ.0 +D AO

{4,
N (A£v+l) +EM6V+2))w-rD2Aév+2)w2. (4.3)

We shall find the field equation of the expressions {1.3) in Q{w).

We denote
x, = ASV)4-2Dﬂév+l)-+D2Aé%+2), 1
v, = Aév+l) N DAév+2) ' > (4.4)
2, = ﬁév+2)' : )

and have
eV = Ky + FoW + szz 3
we' = mz, + X, W + vaa ' L (4.5)
woe¥ = my, + DZ,W + wiz,
m = w0 = DO4l. J

Hence
*v Yy Zy
Bz, X, Yol = 1, ' (4.6)

my, o me, Xy
since N(e) = 1, as the reader will easily verify.
Expanding the determinant in (4.6), we obtain
xe + myz + mzzg - mevyvzv =1

X, 1Yy 2, from (5.4), v = 0,1,...

(4.7)

The Dicphantine eguation

x3 + my3 + m223 - Zm xyz = 1

is indeed Pell's equation generalized to the third dimension. It is
simpler compared with {(3.6) and it has as solutions (4.4).

' We shall verify formula (4.5), first line for v = 1,2. We have,
from (&.4),
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xl = ﬂél) +2DA32) +D2A83) = DZ,

= Aéz) +ﬁné3) = D,

o3
|

Zl = Aé5) = 1.

(02)3 + (D%21)0%+(0%:2)2-1 - 3(D51)D%D =
p® + 06 « D3 + PP + 20541 - 30° - 3D° = 1;

(2 (3) |, n2.(4)
Xy = AO +2DAO +D AO

Xy = 7.-1D+D2 . 3D2=2D-+ BDa,

v, = 483 e pal®) o1 4 303
22 = Aéa) = 3D2.
We obtaln substituting (xz,yz,zz) in (4.7)

1 +18D7 + 9900 4 1620 + 8102 - 3(6D° + 330° + 540° + 27012) - 1,

We shall now extract a few interesting identitles from Formula (4.3).
We have, by the binomial theorenm,

inl
(w2eDwiD?)7" = ii (w2 (pw + 0?1 -
=0

n i
_ S (3ny 6n-2i i 1-3.23
- iiot 1 :.E=o(3)(m) p2d -

3n
- iZO (in)WGF_zi(ﬁ)Diﬂwi_‘j -
3=0,1,...,1

3n . .
- 2. (31n)(3)"6n_(i+3) Di+.j.
3=0,1,...,1

in the sum'Z (in)(‘jji)wsn'(i*"j)th, 1=0,1,...,3n; j=0,1,...,1; we

want to find the coefficient of powers of wjn, so that since
w3 =m = D3+5, this sum becomes rational. For-this purpose we have to
get 1:+) = 0(3) and obtain '

(w‘?‘ + Dw + D2)3n =

Z (3ny (1), n-33p3s (4.8)
i+J=35 i én i J
8=20,1,...,2n
0£J<ig3n
{4.8) 1s an appealing formula for the expression (w2+Dw+D2)Jn, though
this expreasion could also be caleculated by the nultinomial theorem.
We have, in order to illustrate its application; n=l, s=0,1,2.
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s=0;1=]3=20;
s=1;i=2, J=1; 1
s=2;1=3,3=3"

Hence we have for the rational part of e3:

(Bowsd?)? = BOWE + EWD + (DD +

IA\M

y J =
3).

I-'-II

¢ DED° = W8+ 3 B°,

[woe(DwsD2) P = w5+3w‘*(nw+n2) 3w (DwsD2)2 + (Dw4DZ)> =
W 3Dw5+3D W +3D W +6D3w3+

+ 3w 13 +D3\-r3 + 3D1+w2 + 3D5w+D6.

The rational members of this sum are w6 +6D3H3+D3W3 +D6, as was cal-
culated above, with w2 = m = D+1. Thé formula (4.8) is easily
applicable since there is no difficulty to solve the linear equations
i+] = 3s.
We shall still find the rational part of €® = (w2+Dw+D
formula (4.8), with
n=2, s=0,1,2,3,4; i+j=3s, JL1<6;
s =0;1=73=0;
s=1; 1 =73,
i=2,
i=6,
i 5,
1= “-I-,
i
i
b
i

28,y

0,
= 1;
=0,
=1,
2,
=3
=3,
= 4;
= B;

s = 23

- 3,
6,
)
- 8,

5 = 3;

£ £ Gk Cn B G G O O
[}

8 = 4;
we obtain
G Owt? + (& + QA1 +

GG+ D+ § D+ DM

+ 16E) + &1 + @@ -

- w12 4 50wOD? + 1429508 + 50w2D? 4 D2 -

a m4+50m3D3+l41m2D6 +5OmD9 +D12!

m = D3+1 = Wj-

n

We thus have the final resul®, viz. The rational part of e =
(w2+m+32)3n equals

Z (in)(é)mZn—sDZts' m= D4l (4.9)
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We shall now find the coefficient of w in

n

3y 1y Bn-{1+3) pi+d

E;g CRYGw D
3=0,1,...,1

and demand, to this end,

bn - (1+j} = 1 (mod_s),
i+d = 2(3), i+d = Is+2 (4.10)
s = 0,1,...,20n-1,

and obtain thus, that this coefficient equals

) %?: ) (3p)(i)w6h-(3s+2) p3s+2
i+J=35+2 i

g=0,1,...,2n-1,
0< 5¢1i¢3n.

But w6n—(3‘1s+2) - an—(3s+3)+l -
_POlen-(sa)]sL _ pen-(s4l)

m = vr3 = D3-1-1.

(4.11)

Hence,
The coefficient of w in (w2+Dw+D

;3 D5S+2 m2!1-3—1(3;1)(3)_
i+j=3s5+2;
§=0,1,...,2n-1
0¢Jj<igin
Tllustration of (&.12):
n=1; s=0,1; 3=0; £=2,3=0; 1=1,)=1;
s=1; 1=3,)=2.

2) 0 equals

(4.12)

The coefficlent of w in the expansion of (W2+DW+D2)3 equals
p2al(3)(3) + G0 1+ L D] = 60°+ 307,

as the reader can verlify.

n=2; s=0,1,2,3; n=6 > i.
g=0; i=2, J=0; i=1, j=1;
s=1; 1=5, 3J=0; 124, J=1; 1=3, 1=2;
s=2; 1=6, J=1; 1=5, 3=2; i=4, 3=3;

s=53; i=6, J=5.
The coefficient of w in (w2+DwsD%)® equals
(62 + Gy HI?a? + (DB + P IWPa® +
FI1EE + GG + OGP QW -
- 210203 + 120%a2 + 1260%0 + 6D

The reader will now prove without any difficulty that:
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The coefficient of w° in (w2+Dw+D2)3n equals

2 et a2me , (4.13)

But by (&.3) we have
(wo+DwsDZ)P o [Ac()m) +2D._Aé3n+l)+ D2A53n+2)] +

N [A{(:}3n+1) . m83n+2)_]w-+ D2A83n+2)w2.

With (4.9), (&.12), (4.13) we obtain the identities

Z (an)(é)mZn—s p3s =A83n) m(3n+l) +D A(3n+2)

i+J=3s ¢ 6n (4.24}
0£J€i<3n
n-s-1_ ,{3n+l) (3n+2)
M (P2 g -4 +DA :
i+j=3s5+2 ¢ 6n-1 J -0 o0 (&.14a)
0£Jjgigan _
CPHGID?eH n?st o pZagined), (6.143)
1+3=3s+1 £ 6n-2 )
0<¢j<i<n

If we substitute in (4.14), (4.14a), (4.14b) the values of A(sn)
A(3n+l), A(3n+2), we indeed arrive at some new comb:.na'torial identities.
We proceed to obtain further identities for the third dimension.
5. MORE IDENTITIES

We return to formula (4.2)

(w2+D-n-.'-¢-D2 W= A[gv_) + (w+2D)Ac(]V+l) + (W2+DW+D2 )Ag‘”’z) .
and have with {w-D) (w2+Dw+D2) =1,

(w-D)V = 1 . (5.1)
Aév}+(w+ZD)Aév+l r+(w2+Dw+D2).ﬁév+2) '
We want to rationalize the denominetor in (5.1} so that
[a57)+ (we2D)al 1) (w2 Dwa0?)85Y42) I (avbusc®) = 1. (5.2)

We obtaln, with a,b,c ratiocnals,

(Aév)+2mév+l)+nzﬁc(1v+2))a+mév+2)b+(_Aév+l}+naé‘-'+2))mc =1
(Ac(lv'i'l ) +D&év+2) )a-+ (Rc()v) +2DA6V+1 )+D2ﬁ(()v+2) )b+mﬂév+2 )c =0, (5.3)

Aév+2Ja+{Aév+l)+mév+2))b+(Ac(Jv)+2mév+l)+D2jAgv+2))c =0

The determinant of this system of egquations (5.3) equals, with
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(v) (v+l) 2.{v+2), (v+l) {v+2). (v+2),
=45 +2DAn +D7A5 H yv=A0 +DA0 ; zv=."t0 H

X, @z, oy, .
_d I 1
Yy Xy DZ | =X 4myg+mUzy ﬁmxvyv v o L

Zy, Yy X

Hence we obtain from (5.3)

I mz, my,,

a=|0 x, mz,| = xtzr - ﬁJszv
0 Yy *y
x, 1wy,

b=y, 0O M2y =mz§-—xvyv
ZV x\"
X, Bz, 1

c = 1Y, X 0 =Y3-KVZV-
Z, Yy 0

Thus we have obtained the identity.

(w-D)Y =x —myvzv-z-(mz xvyv)w + (yv-xvzv)w or

3v
(w-D} ‘x3v Sy 3v+(mz"v 3v5’3v)""+(Y3v 3y 3v)“
Expanding (3-D)°Y, we obtain, with w2 = m = (D41)

v
(w-D)7V = Z (-1)i(gI)mv_iD3i +
(Z (- 1) (31+2) v-l—-:LD31+2) w o+

- 141, 3 1135l ) L2
+ (;0(—1) + (Bizl)m o ) we.

with (5.4), (5.5) we obtain some new identities

; {- 1) ( )mv"iDsl = x3v-my3vz3v;

v-1
=1-1.3i42 2 .
; (-1)H (527 pda DR e - x5y 5y

v-1
141 v-l-i i+l 2 .
Z (-1) I(;~i+l) D3 = Y3y = X3, 85y7

v=0,1,...5 X.Y,,2, from (&.4).

>

>

(5.4)

(5.5)

(5.6)
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Substituting for Xyr Yoyr 2y the values from (4.4), and the values of
AY) from (0.11) the identities (5.6) take the form
&. FIFTH DEGREE DIOPHANTINE EQUATIONS

We return to formula (0.6) with n = 5, and obtain

A{(Jn+l+) A 8 n+5} Ac()n+6) Aén-i-'?) Ac()n+8) )
A£n+l+) A£n+5) A](-n+6) A:'I(-n-a-’?) _&](.n+8)
JuL£n+lx-) A£n+5) A:(an+6) J,,L:Sn#?) ‘Agm's)
Agn#;) A§n+5) A(m+6)  A(n+7)  4(n+B)

3 3 3
Al(}n#})_ Al(;n-i-S) A£n+6) AL(:HT) A£n+8) (6.1)

= (-1)(5"1)(11#‘) =1, n=0,1,...

-

Substituting for AEV), 1=1,2,3,4%; v=n+4,...,n+8; their representation
as forms of Aén"'j), 3=0,1,2,3,4, we obtain the matrix eguality.

Aén+ﬁ) Aén+5) Aén+6) Agn+7) Aén+3)
AC(Jn+3 ) Aén#i ) Aén+5) i tgn-x-G ) Agn-r-'?)

%mz) Ac()n+3) Aén#&) Aén+5) J|gl‘gn-;-G) o1 (6.2)
Aén+l) Aén+2) Aén+3) Aén+4) Aén+5)
1 (n+2 3 {n+4)
Ac(}n) Aén+) Aon+) A6n+) A0n+
¥e dencte
Aé‘n+4) -v, _Aén+3} -y, Agn-z-E) -z, A(gn+1) =y, Ac()ﬂ) =% {6.3)

and with formula (0.12), viz.
{n+5) _ ,{n) {n+1) 2, (n+2) ‘(n+3) &, {n+4}
AR) < a88) opa +100%A7 +10D3A0 + 5D A5,
We willl alsc denote

5D = a,,, 100% = aj, 200° = a,, 50% 2 ay, i
_ (0). (0), . _ +(®) (0)y y
(34 = bl Fl a; = bz 1 5.2 = h3 ¥ al = bz‘ )-

We then proceed as follows (in order to represent (6.2) as an expression
in powers of X,v,z,u,v):

i} from the first row we subtract the a; multiple of the second row,
then the a, multiple of the third row, then the az multiple of
the fourth row, then the a, multiple of the fifth row.

i1) from the second row we subtract the a, multiple of the third row,
then the 8, multiple of the fourth row, then the az multiple of
the fifth row.

iil) from the third row we subtract the a, multiple of the fourth row,
then the a, multiple of the fifth row.

iv} from the fourth row we subtract the 8, oWl tiple of the fifth row,
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and obtain, slways applying formula (0.12) and the notations (6.3),

(6.4);

v-alu—azz—a3y-a4x x

u—alz—azy-an

Z-8;y-a,x u-a; z-a,y
y-a;x z-ay
x Y

¥

ﬁ-alu—azz-aBy x+a,y

- —2 A2 M-
v alu 22 p.d
u-alz

Z

4 u

Y'i-ahz z+a4u
a4y+332 Y-'3.42+ﬂ3u
V—alu x+a4y+332+32u

u v

=1 (6.5)

with the vailues of 81, 8y, 33, 8, from (6.4), X,¥,2,u,v from (6.3)

where n=0,1,...

The expansion of the determinant
v it will st111 pe Very complicated.
U=v=0, the determinant in (6.5} becomes

the expression, Even with b = 1
hrn:O,x:l,y=z=
-, 1 0 o o
-33 0 1 0 o0
-a, 0 0 1 0 =1,
-a, 0 o o 1
1 0 0 0 o
amiﬁrn=1,u=z=y=x=0,v=L'medﬂe
1 0 0 0 0
Q 1 G 0 0
0 o 1 o) o] =1,
o o o 1 0
o Q 4 0 1
but these elementary determinants
for formula (6.5), Fop n=2 the test is a3l

- Let try for n=3,
(a§2), a{"), a9), 4(6)

a2+af-a§—a2 0
178 32+af‘af"az
1 ay-a,
0 1
o Q

487 - (o, o, 1, 8y,

can hardly serve a

roinant becomes

S0 simple.

1 a;
a, 1+3134
85 ah+a1a3
a2+af-af 8348, 8,
2y a2+a§

{6.5) would yield

5 8 verification

2+ a7) = (x,¥,2,u,v):
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0 0 0 1 8y
Q (8] o aq_ l+a1a4
=|1 0 o a3 34+ala3 =
o] 1 0 ay a3+ala2
2
0 D 1 = a2+a1
and subtracting the ay multiple of the fourth column from the fifth
0 Q 0 1 0
o 4] 4] a, 1 .
= l 0 0 33 aﬁ =
Q0 1 0 2y a
0 0 1 a; a,
1l- 0 0 1 o)
1 0 1
0 o} g, 1
=2 1 o] 33 = 1.
1 0 a, 33
4] 1 a,
0 1 By &,

7. FIFTH DEGREE IDENTITIES
As we have seen, the ACF of the Fixed vector

a(®) - (atD, w2+ 30ws602, w35 20024 30% 4407, W v 40P 2 Dwa )

1s purely periodic with length of the primitive period £ = 1. Hence we
have the formula

el = (wk+Dw3+D2w2+D3w+D4)n =
Aén)+(w+QD)Aén+1)+(w2+3Dw+6D2)Aén+2} +
+(w3+2Dw2+3D2w+4D3)Aén+3)+(w&+Dw3+D2w2+D3w+Da)Aén+h), (7.1)
n=0,1,2,...
Aév) (v=5,6,...) from [1].
From (7.1) we obtain
(w#+Dw3+D2w2+D3w+D4)5n =
- 335“)+ADA85“+1)+602A85n+2)+an3ﬂé5“+3)+D“Aé5n+4) +
' (7.2)
+(Aé5n+1)+3DA55“+2)+3D2Aé5n+3)+D3Aé5n+4)}w * 1

+(a§77+2) app (5043) 2y (Srek)y 2

-

+(A85n+3)+DAésn+4))w3+ﬂ85n+4)w4.

We shall now arrange (w"+Dw3+D2w2+D3w+D4)5n in descending powers of w.

The first step will be %o achieve this arrangément in powers of w55,
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5=0,1,2,3,...,4n, since the highest power of w in that expresailon is

w20n, so we look for the reticnal part of it. We have by the multi-

nomial thegrem : -
(w"’+Dw3+D2w2+D3w+D4)5n =

VI Vs s N 4y 43y e2yaiy, Vor2¥m 3V thy
Z (Yl:!fzv'.'f}l}'z‘,lyS w i 2 34 -D 253 5775 N (7.3)

by 3y 2y 5y
y2+2y3+3yq+i’+y5=20n-k ,k=0,1,...,20n

o

since the sum of the exponents of w and D in the above expansicn equals
20n = k + (20n-k). We also have from (7.3) '

4yl+4y2+4y3+hyh+ﬁy5 = 20n
Yy +Vp + ¥z + ¥y +¥5 = 5. (7.4)

Since we are looking for S5-multiples of the expenents of w — hence also
of D —we obtain from (7.3), (7.4):

-
The ratlonal part in the expansion of

( wh+Dw3 10w D w+ D"’) on quals

5n i .
Z (Yl,yz.yyyh.%) n®p20n-78 > (7.5)

4

Z (5-1)y,=55 £ 20n

i=1
le,m:wss(D5+l). »

The equation y2+2y3+3y4+hy5= 20n-55 follows from Y+ otY 3t Y5 = Sn in

the multinomial coefficient.
As an illustration to (7.5) we shall find the rational part in the

expansion of (wh+Dw3+D2w2+D3w+Dl")5, n=1. We obtain from (7.5) that
this equals

5 _ .
Z (}'1.}'2.}'5.3(4,?5) mSD20 5s {7.6)

A
Zl(B-i)yi=5s <20
1=

We solve the equations, s=0,1,2,3,4
5 =0; 4y +3y,+2y5+yy, = 0, ¥74Yp4¥54Y, Y5 = 3

Y1=Y2:| Y3=y£|-=0' Yy = 5.
The corresponding member in (7.6) equals

(g) 0p20-0 _ p20,
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= 15 by +3y,+2y3+Y) = 5y Y1+YoHY5tV,iYs =
Y1 =Y4=1i ¥Yp=¥3=0i ¥g5=3-
¥1=0i ¥p=¥z=1i ¥,=0; y5=73
=0} ¥p=1; ¥5=205 ¥;,=2; y5=2
¥Y1=¥5=0; ¥5=1; ¥,=3i y5=1
¥13Y5=0i ¥y3=2; y,=1j ¥y5=2
Yy =¥p=¥3=¥5=0; ¥, =5-
The correspending member in (7.6) equals

5 2 5 D
[(1,1,0,0,3) * (0,1,1,0,3) * (0,1,0.2,2) * (0,0,1.3.1) *

2 5 15 5
(0.0.2.1.2) v (0,0,0,0,5)] wp'? = 121 mp'7.

$=2; by +3V,42¥54Y, = 107 V) #4345 = 5,
We shall write (yl,ya,yj,ya.ys) for the solution of the above linear
equations.

{2,0,1,0,2); (2,0,0,2,1); (1,2,0,0,2);
(1,1,1,1,1); (o,3,0,1,1); (0,2,2,0,1);
(0,1,3,1,0); (0,2,1,2,0); (0,1,3,1,0};
{0,0,5,0,0); (1,0,3,0,1); (1,0,2,2,0).

The corresponding member in (7.6) equals

5 5 5 . )

[(2,0,1,0.2) + (2,0,0.2,1) + (1,2,0,0,2 1 1, 1 1 1)
5 5 5

+ (0!3]0,1,1) + (0,2,2,0,1) + (0,1,3.1'0) 0 2 ]_ 2 )
5 5 5 ’

i (0’1’3'1'0) * (030!51010) * (lr0|31091) (l 0 2 2 0)

—(30 + 30 + 30 + 120 + 20 + 30 + 20 4+ 30 + 20 + L + 20 + 30)n?D'0 =

= §§l maDlo.

8 =3; by 3,427+, = 155 ¥y +¥p#Yzi¥y+ys = O-

(3,1,0,0,1); (2,2,0,2,0}; (3,0,1,1,0);
(z,1,2,0,0); (1,3,2,0,0); (0,5,0,0,0).

The correspending members in (7.6) equals

[(3,1,3,0,1) * (2,2,(53,1,0) * (5.0,:?,1,0) * (2,1.3,0,0) *
(13100) (05000)] n’p” -

= (20+30+20+30+20+1)2°D° = 121 moD°.



772 . BAICA

5= 45 by +3yp+2y54yy, = 205 Y HYptY5tYstYs 2 5
The only solutlon 1is (5,0,0,0,0) and the corresponding member in (7.6)

equals
5 4 4
(5:01010:0) B B E"'.

Thus the formula (7.5) yields, for n=1, the sum

n*+121 m30%+ 381 220%0 4 121 mpt? + DO, (7.7)
From the other side we have
(T.nrt"q-ij+D21.\12+DE'1.-.'-1-D4)5 = A
- 429,541 9.1 51802 35w TD2 470w 6% 4
+121w15D5+185w1 AD6+255w13D7+320wlzD8 + | (7.8)

+365wllD9+381D10w10+365w9 Dll +320waD12 + .
1255w D3 4185wE D 441210 D L7 470w DHE 4

+35wDL 7 +15w2D 8.5wpt 74020, J
That the expansion in (7.8) is symmetric (the coefficients of wiDZO"i
and wzo"iDl, 1i=0,2,...,20, are equal) is clear. The rational part
equals
w29 4 1216250% 4 381w 0010 4 121w + 020 -
- o+ 121m70° + 381m2D2 + 1210 + D20
as should be by (7.7).
Comparing formulas (7-2) with {7.5), we obtain the identity
' L L5 (sned) ~
5n sp20n-5s _ i,(on+i
Z (Y13Y2:Y3:Y4s5'5) ™D - :LZ=0 (i)D J!‘0 .
4
0¢Y {5-1)y;=5s<20m c (7.9)
i=1
n=1,2,..-% Ac()v) from (7.6), v=5,6,.-. )

Substitution of the values of Ac(,") from (7.6) in (7.9) would yield a
new expression for (7.9). The reader can prove the statements:

The coefficients of w in the expansion of
( Wh-i-DWj +Dowe +D3w+D“ ) 5n equals

En
Z (yl!Y2:Y3;Y;+;Y5) msD20n-5s-1 {(7.10)
%
j_Z]_(S-i)Yi=55+l € 20n;
a=0,1,...,4n-1.

Fu.};thermore, the coefficlents of w: in the expansion of
(w*sDw2+D2 % DwsD*)M equal, with 1=0,1,2,3,5,
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tn e
E (}']_-}'2:}'3;}’4.:{5) mSDZOI.] 58-1

4 (7.11)
i¢ {5-i)y.=5s5+i ¢ 20n )
_i§1 ¥i <
§=0,1,...,4n-1, 1=0,1,...,4.

Comparing (7-2) with (7.11) we have finally the five identities,

5n ' Ea - )
Z (yl.yz.yyyq,ys) m®p20m-s-1 .
4

i< 3 (5—j}YJ=5s+i_<_20n L
J=0 - (7.12)
_ ohody 5, (5n+d+d)
- 3 h ol
1=0,1,2,3,4. -

We shall give a verification fer formula (7-12) with i=0, formula
(7.9), D=1, n=1; we have m=D7+1=2, AC()O) =1, Aél) = A{(}z) =A83) =Aé‘*) =
(n+5) _ 4 (n) (n+1) (n+2) (n+3) {n+t)  L(5) _ (6) _
0E a;\o —_-.?0) +5A0 ( )+101\0 +10A0 +5A0 N AO =1, AO =5,
7 8 9} _
AO = 35, AO =255, AO = 1580.
This yields
16 +121-8+381-4+121-24+1=1+20 + 210 + 940 #1580 = 2751.
Tt is also easy to verify the identities (7.12) for n=2.
8. MORE ABOUT UNITS AND IDENTITIES
Since Ww-D° = {w-D) (w4+Dw3+D2w2+D3w+D¢) = 1, we have also,

(w2 = D7+1)

-v v 1
e - = {w-D}" =
(W +Dw"+D° wesDPwaD 1Y

and with formila {7.2), and setting v=>5n,
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(W_D)5n = 1 3 > 7
as+a4w+a3w W e, w
4oy ) o (8.1)
35_i=;§0(‘*31)DJAé5“+”J), 1=0,...,4 (from (7.12)),
We shall now rationalize the denominator in (8.1) and demand
1= (a-5+34wm3w2+azw3+é1wh)(c1'+02w+c3w2+04 +c5w5). (8.2)
Expanding (8.2), with gy~ D5+1, we obtain
a5c1 + malc:2 + ma2:33 + m33c4 + m3405 =1
akcl + a‘:lsc2 + 111?;!.;,_(‘.3 + mach + m83c5 =0
a5c) + A5Ch + 3503 +ma ey + macg = 0 {8.3)
=0

apey + azCp + 8,05 + a5°4+ma1°5
8¢y + a2c2+ a3-_::3+ 34c4+ a5c5 = 0,
The determinant of the System of linear equationg (8.3) equals, inter-
changing calumns with rows,
ag 2, as a, a8,
me, ag ay, az a,
4 = (ma, ma; ag a, agl . {874) _

maj l:llB2 IllEll 85 aq

ma 4 ma 5 ma a mal a 5

Now, the reader will verify that the fleld equetion of

e’ = a5 +a,w +33w2+32w3+alw has exactly the free element =1,
since e is a unit, as in case n = 3. Ve thus obtain
) 4
(w—D)5n= c1+c2w+c3w2 +Cpw + CoW {8.5)

Expanding (w—D)En we obiain the rgault, _The rational part in the
expansion of (8.5) equals

n
ZO(_1)1D51w5n-5i' (8.6)
i=

Comparing (8.6) with ¢) and calculating ¢, from (8.3}, (s. 4), we obtain
the identity, with =m = +1
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1
> (-1t on - =1,
=0

For the right side we calculate
(5} _ (6) _ (7} _ = (8) _ (9) _
Ay =1, A3 7 =5, Ay'T =55, AgTY =235, A577 =1580.
Thus the determinent (8.8) becomes, with the values from (8.1}, viz.

i
85 = > <f-,-‘>né5*3’ =1+ 454635 + &+ 235 + 1580 = 2751,
3=0 ‘

3

a, = dzo(g)nés"f’) = 51335 + 3 235 + 1580 = 2595,
2 -

8z = < O(%)A(()?*'J) = 35 + 2+ 235 + 1580 = 2085,
1 I

a, = Z (%)ASB'*J) = 235 + 1580 = 1815,

[}
Il
o

Me

aq (g)ﬁ.(gg""j) =1580, m=2,

[
1]
(=}

2751 2395 2085 1815
3160 2751 2395 2085 _ g
3630 3160 2751 2395
5170 3630 3160 2751

Thus formula (8.8) has been verified for D=n=1. The entries in the
right hand determinant become a challenge for n,D > 1.

On the combined subject of this paper about "Diophantine Equations,
Units and Identities' there is not much literature, but I cannot finish
without naming the literature in each of the three above mentloned sub-
Jects without indicating at the very end, some papers which have been
most useful in my paper.
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