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ABSTRACT. The author uses a new modification of Jacobi-Perron Algo-
rithm which holds for complex flelds of any degree (abbr. ACF},.and
defines it as Generalized Euclidean Algorithm {=bbr. GEA) to approxi-
mete irrationals.

This paper deals with approximation of irrationals of degree
n=2,3,5. Though approximations of these irraticnals in a variety of
patterns are known, the results are new and practical, since there ias
used an algorithmic method.
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0. INTRODUCTION.

This paper deals with approximation of algebralc irratiomals of
degree n = 2,3,5.

Most simple rationel fractions are approximating irrationals,

especially of the type Az_-a-?l., ﬁl, and ?A)s_-l-l, with D = 1, leading

to the most simple form of ¥2, ?/E and ?/_ Though approximations of
these irrationals in a variety of patterns are known, the results under
discussion here are new and practical. '

The main algebraic machine-tocl which is the sterting point and
the main ingredient of this paper is an algorithm which, for algebraic
real numbers, can be regarded as a generalization of Euclidesn Algo-
rithm (abbr. GEA}.

1. THE GEA

The invention of the Euclidean Algorithm was one of the great
achievements of ancient mathematics. Its special power rests with its
periocdicity which, regretfully, holds only in real quadratic fields.
Jacobi [1] gemeralized it for the cubic reel fields, and Perron {2]
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for n-th degree reml algebraic fields. Since then, various modifi-
cations of the algorithm was given by prominent authors in the modern
methematical world. The author [3] used a modification which holds
for complex fields of any degree, abbr. ACF. In ‘the sequel, it will
be celled the "Generalized Fuclidean Algorithm®, abbr. GEA. It pro-
ceeds as follows:
DEFINITION 1. Let .
0] 0

a( ) =(a£0),a£ ),...,&1(19])_) €eE ;,n>l (1.1)
be a fixed, given vector, and

<a(v)>, v=0,1,... ,a(v) € En-l
. & sequence of vectors in En-l elther glven by some rule or calculated
from a(o),

v .
20 (o) e, o).

Let <b(v)>, vy=0,1,...3 b(v) € En-l be another sedquence of vectors In
E,_1» elther given by some rule or calculated from (V) with the '
formula
-1
+ v v
A I T I O R L/ S L } (1.2)
v = D.lpo .w ’

we say that 'thrj.-' GEA holds for a(O). b(v) 12 celled the "companion
v

vector® of a .
DEFINITION 2. Ye form the numbers
Ai"’) = SEV)' the Kronecker delia } (1.3)
1,v=0,1,...,n-1

Let & GEA of a(o) hold. The recursion formula

n-1 .
Ai““") - ;ﬂ b§v>ﬁ§_v+‘j), bé")=1; v=0,1,... (1.4)

generates the "matriciana' of the GEA of a(o). L. Bernstein [4] has
proved the following formulas for the real mlgebralc fields, and the
author proved {3] that they are aiso true for the complex fields.

At(JvJ 'A(()v+1)' . 'Ac(}v-l-n-l)

BT, D) (veed) )
-%E‘_rlr (f;_-l)!'--! (.YIn-l)
n-1
; BSV)A§v+J}
(0) _F=1 Y . 1=0.2,..5
a{® . & el ., (1.6)

Z agv)_qé"“‘ﬂ

J=o
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DEFINITION 3. Let the GEA of en al®) hold. If there exist two
numbers, s » 0, t > 1; s,t ¢ N such that a(5+t) = (t}, then the GEA of
this a(O) is ealled "perdiodich. 1If contempuraril¥ =m > 0,
min t =2 > 1, then Ca( )> v=201,...,0-L, <a >, v= mm+l,...,
m+é-1 are called respectively the "primitive preperiod™ and the
rprimitive period" of {he GEA of a(o). If m = O, the GEA of 3(0) is
called "purely pericdich.

m and £ are called respectively the lengths of the primitive pre-
period and primitive period. |

Perron [5] proved the following theorem which is a generalization
of the originel theorem on convergence of simple continued fractions.

In cur terminology this would yield

THECREM 1. Let e GEA of sSome a 0 € E 4 hold. If th? t;omponen‘ts
0

of all companion vectors are positive and the GEA of this a is
periodic then -
) A(V) .
ay =1.r—ma Eo_y i=20,1,... (1.7)
where Aiv)o (i =0,1,.0.,n~-1; v = 0,1,...) are the matricians of the
GEA of & A(V) '

The fractions —(—)- are called the "convergents" of the GEA of
a0}, | ay"

The reader should note that if the GEA of some a(O) is ]Eeriod_ic
then there exists an alV) in this GEA such that the GEA of a(V) 1s
purely periodic. With this in mind the author [3] hes proved

THEOREM 2. Let

w an n-th degree integer (n > 2}, {(1.8) -~
and ato) a fixed vector such that
al0) . (3{0)(W),a£°)(W).---,aéo)(WJ) (1.9)

a}_o)(w) algebraic integers (i =1,...,n~1).

Let the GEA of al®) be purely periodic with length of the primitive
period = 2. Let the camponents of the companion vectors be algebraic
Integers. Then
(ve}) (0},(ve+1) _(0}),{ve=2) - {0}, (vz+n-1)
Bg T aag AT g T AT T ey T A (2.10)

v=1,2,...
and units, namely the v-th powers of
(£) (0), (e+2) . (0),(5+2) (0}, (£+n-1)
‘AO +8y AO +a5 AO +---+an__1A0 . i

In thiz context we shall need the formula which was alse used by the
auther in her paper [5], viz.
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k
T (i) (k) (), (ka) {k), (k+n-1)
121 B = A ‘sap YAy +ee-4a TAY . (1.11)
If the GEA of a(o) in En-—l is purely periodic with length of the
primitive period £, then 1t follows from (1.11)

’ 2-1 n-1

e = II; alt) _ %?; ago)Aé”+3), e a unit (1.22)
since in this case au])_ = arE?)
We alsc have the formula, in virtue of (1.10)
£ _ Aéfz)+E£0)Aéfz+l)+__i+a£9%ﬁéfz+n-l) ] (1.13)
£f=1,2,... '

2. APPROXTMATION OF TRRATTONALS - CASE n = 2

Though this ecase is well known from the expansion of resl quad-
ratic irrationels as simple continued fractions, we shell :anlude it
in our discussion.

Let

, w=¢21, De N, wa quadratic irrational. (2.1)
That w is irrational (for D > 0) is banal, )

We chooae the fixed vector

(0)

a =w+ D, ' (2.2)
since here n-1 = 1. Thus a a1(10)' and we shall generally denote
a(v) =8,, v=0,1,...; a =2 (w) for all GEA of a(OJ. {2.3)

In conformity with (2.3) we shall also denote
5{V) _ b, Vv=0,1,...
For the calculation of the companion vectors we use the rule

(v) _ _ -
b ) . b, = a (D), v = 0,1,... (2.4)

and have . _ :

by'= (w+D), 5 = 2D _ (2.5)
hence, by (2.1)

a) = [(weD)-20]"11 = (w-D)"1 = wsD (2.6)
since (w-D)'l e {w+D} from weD? = l. Thus

‘ag = 8y = =a, v=01,... (2.7)

and the GEA of a5 = w+D is purely perledic with lemgth of the primitive
period £ = 1. E‘u.r-'ther', In this case,

(a,] = {w+D] = [w]+D = 2D = B, (2.8)
the GEA of w+D cgincides with the Euclideen algoritkm, and we have, in
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the notation of continued fractions
ay = wib = [ 2D ]. :
For the calculation of the matriclans of a(O) we have from (1.3) and

(1.4)
ﬂt()O} -1, Aél) -0, Ac()n+2) _ Ac(}n) . 2 (n+l}'.

-“1(0) = 0, A](_l) i’ A](_n+2)- _ A:I(.n) + ZD.AJ(_n"'l), (2.9)

n=0,1,... .
Formula {1.6) yields

Aj(_v ). {w+D )A](_v+l )

wiD = _ , (2.10)
Aé") + (w+D)Ac()"+D
(wsD)AST) + (03227 C alV) 4 Guapyalved), (211)
and comparing in (2.10) coefficients of w {namely ‘the highest
irrational power of w), we obtain
(v+1) _ ,(v) (vel) _ a(v+2)
Al = .&O + 2]3..1\0 = A:I. B (2.12)

3. EXPLICIT REFRESENTATION OF THE MATRICIANS

We shall give an explicit representation of Aév) (v=2,3,...).
By formula (2.12) which, because of (2.11)} will alse provide an
explicit representation of Alv) (v=2,3,...), we obtain from (2.8}, _
by means of Buler's function

jaa] . w
ZAéi)xi = Aéo) + Aél)x ¥ Za .&éi)xi =

1=0

oo
1. Z Aéi+2)xi+2 - .
i=o .

{D -
=1 4 ; ('A'{(}i) + Znﬁéi+l)l)xi+2 a
=0

© @ ’
1+ x2 Z Aéi)xi + 2Dx fv_ Ac()i"'l)xi'*‘l =
=o

1=0

[2e) 0
1+ %2 Z Aéi)xi +2Dx (-Aéo) + ;D A.c()i)xi).

la0

Hence
m .
(1-x2-20x) aftxt = 1 - onx,

i=0
(1).4 1 - 2Dx x°
AO X = > =1 + > '
o 1L - (x° + 2Dx) 1 - (x° + 2Dx)

Mg

oy
[1}
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0 ae)
a80) 4+ all)x . ;_2 Al -1 iz adir2)yie2
= =0
)

=1-(x2+2Ibc)’

[os]
(i+#2) 1 2 k
A = 2Dx)%.
Z_O x ;o (x-a-l )

{x sufficiently small)
Choosing i =n, we obtain by comparison of coefficlents of 2

¥11¥5 Yo 2y, +y
Aén+2) = Z (y:L;Yz) (2D) 2 x 1 2.
But 2yl +¥p =10, ¥ + Vo = B-Yy,
n-y -2y
Aér“'z) - Z ( 1) {2D) 1

i1
(3] s :
Agn""’-) - iZ ( i ) (2p)2"2 - (3-1)
=0
n=20,1,...
We obtain from (3.1), for n = 2n-2
n-1
2n-2-1
NS (1) (@22, nii,. (3.2)
1=0
and for n = Zn-l
(2n+1) & 2“'1"1) on-1-21
Ay =1Z ( 1 ) (2D) (5.3) _
=0 .
n=1,2,...

We shall verify formulas (3.2), (3.3), comparing the results with
these from {2.8).
We obtain from the latter

‘p‘c()z) -1, %3) _ A(gl) N (2) _ 2D,
PYCONNC I VY R s

a$%) = 48?4 20l < 4D + e

288 - 2%« 2mal®) - 1 4 220? 4 160%

From (3.2) we obtain for n = 1,2,3
.a.éz) -1, al®) _ 1 4 apd; Aés) =1 + 120° + 16D%.

From (3.3) we obtain for n = 1,2,3

0 -] -
2y (F57Y) em@et) _

1=0
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[

2n-1-i ‘
Ac(as) _ ( 3 ) (2p){2n-1-21} 2 2D 5 (2D)°
. ,

)]

a$?) - f.;n + 8D
K-z, (7)) 7%= @zn+ (D) + (29,

Aé"") = 6D + 32D° + 32D°.

From (3.8) we obtain
al7) - al?) s 20a{6) = 4p+8D% + 2D(1 + 1207 160%)

6D + 32D° + 32D°.

4., THE CONVERGENIS OF vZ
We cbtain from formula (1.7), since in our case n = 2,

2 V)
L0 _(0) L 4y A
1 r = m Ac(}"') ’
A(m-{-l)
wiD A_(lﬁ)" o= 1,2,. (4.1)
Q
With formula (2.11}, we obtain from {(4.1)
l
wiD R A6+ 20 47 = 2D + Ao (£.2)
L 1 *
Ac()mf ) Aém+ )
{m)
L D + —(—-—)-i.;m+l . (4-3)

We investigate the special case D = 1 and obtain from {(4.3)
m=2,;/’£m1+-]§=1.5
m=3,¢vZe1l+ -5 1.4

m=4, VER 1+ fy= 146
ne=-5, ﬂ“l+%—g=l.l}l3

m=6,rf2ﬁl+$%=1.l!—l£;

Thus for m= 5,6 we already obtain quite e tolerable approximation for
vZ.
As is known, ¢ occiples an excepticnal place in number theory.
We set D = 2, and obtain, with formula (3.6)
(m)

W=p@x2+Io(Em. (&.4)

We obtain from the previous calculations of the metriclans with D= 2:
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A82) = u, 4l <17, a9) - 72, A$®) - 305, (7)< 1204

we obtain +the approximation values
e 4 o A7 o 72 305
SE2+rn M7n s S 1w
V3 & 2.235, =~ 2.236, ~ 2.236.
Thus 2.236 15 a good approximation of 5. That (ﬁ.(m) A(m+l)) 1
follows from (1-5).
5. THE CASEn = 5
We denote again

3 .
we=yD'+1 (5.1)

and choose the fiwxed wvector

af0) . (we2p, wliDw + D). (5.2)
With a(o} (3(0)(“,) (0)(\\')), we agaln apply the rule for calcu-
lating the comnonenta of the compenion vectars

bi“) - aj(_v)(D), i=1,2: v=0,1,..-
We proceed with the GEA of amJ

5(0) 5 (pszD, D? + D.D + D?)

»(®) - (3p, 302). (5.3)
a(®) = (ws2D-30) L (w2+DwsD3-302,1) -

(w—-D)'l(w2+Dw—2D2,1) =

(w=D)"1({w-D) (w+2D),1},

a1) = (weaD,wliDwsD?) = al9), (5.4) .,

By (5.4) the GEA of at9) = ((ws2), woswDsD2), w = /%41 1s purely
periodic and the length of its primitive pericd £ = 1. We shall
proceed to calculate the matricilans of the GEA of this 3(0 .

we nave with b(0) - v(¥) = (3p,30%), v = 1,2,...

[t}

J,‘é’o) -1, Aél) =-“152) =0, aln+3) =Aén)+3%n+1) 3D.s'_),_lgnafz) (5.5)
n=20,1,.
Dm0 4 22, & i )
n).n_ A .A. n+3 xn+5
nz=oﬂo A’O + x+ x +nZ=°

=1+sz Aén+3)xn=
n=o

@
- 3 {n) (n+l) 2p(n+2)y,m _
14x EZD (a4R) + 3male+L) | 3p2alned)



APPROXIMATION OF IRRATIONALS 3ll

) © e
1430 Z Ac()n)xz'{_'_ 3Ibc2 Z A(()n-s-l )xn+1 . 3D2x Z J31.51:1-1-2)3{11+2 -
n=c Ti=0

n=o

oo 2
1437 D al®aP s 5mi? (—Aéo) 5 Aén)xn) +
n=0

n=o

+

0% (40 - A 1 3 ) -
¢ & 0 7

N =2
1+ (P+30x230%%) . Al - 3pe® - 0%,
n=0Q

:Zo[l — (30230 %) ]Aén)xn =1 - 3D% - 3Dx2,
2 2 2

M ey

o

:IL:°A5n)xn=l+l— (= + 3x° + 3D%x)

and as before

[as] D
> A6n+3)x“ = EO(P + 3m? + 30%x)K (5.6)

n=o
for sufficlently small x.
Comparing coefficients of x° on both sides of (5.6) we cbtain

; | (yl+y2+y3) (30)" 2(50?) 2
3yq+ Yp+y=n Y1:¥5:¥3

Y oY Yot¥z  ¥o+2Y
J(n¥3) _ ; (Yl 2 Ys) 725 J2* 5 | 50y -
3y, + Yot¥yz=n 1:¥2:¥3

Aén+5)

n=0,1,...5 (3) =1 _
From {5.7) the matricians are easily calculmted, finding ¥1:¥01¥3 from
the simple linear equetions 3yl + 2}’2 + ¥z = n. One proceeds in a
lexiconographic order. We have
n = 0; yl=y2=}r3=0; A{(}3) a l;
ne lj Yj’l' yluy-a,o; _qé'{*) = 5D2;
n=2; y;=0=Yy Vp=1i y1=¥5=0, ¥3=2;
48%) < 30 + o%; :
n = 3; 'Yl"ln Yz“or Y3=D; Y1=0s Y2=l: Y3“15
Y1=Y2=01 Y3=3F _
a88) 2 142:5%07 + 16,

Aée) -1 +180° + 270°.
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n=4; Yl=1 Ya‘—'os‘Ys‘—'l; Yl—ov Yz—z Y3—OF
}"1=0, Y2=l: Y3—2! Yl Y2=0: Ya—‘!"
a§7) = 2:30%4 2,527 + (3). 30(30%)2 4 34p8
Aé"') = 15D% « 810° + g10°.
One could verify these results by means of formula (5.5). From
this we obtain .
Aéa) - Aéf) + 3m55} + 3D2Ag7) = 30 + oD% 4
+ (1+180° + 270°)3D + 302 (1502 + 810° + 810°) =
6D + 108D% + 32407 4 243020,
(9} . .,(8) (7) 2,(8)
AO = AO + 3D.A.0 - 3D .A.U =
1+18D° + 270° + 3D(2502 + 810° + 810°) +
+ 3D?(6D + 208D% + 52417 + 243D10)
1 +81D° + 59408 + 12150 + 729p12.

It would be an interesting problem whether calcu_'l.ating preference.
should be giver to formula (5.5) or (5.7).
We shall shortly discuss the number of solutions of

3Yl+2}'2+y3 = 3n

RS

¥, = 1j ¥o = ¥z = 0j 1 solution
¥y =o-li yp=1, y3=1; ¥2=0, ¥3=3; 2 solutions
¥y = n-2; Y2=3s }r3=0; Y2=2. -Y‘3=2;

Yo=1, ¥3=4; ¥5=0, y3=6; 4 solutions

L}

n-3; ¥p=4, }'3=1; Y2=3: Y3=3;
Ya=2: ¥3=3i  ¥p=1, ¥3=7;
Y¥5=0, ¥y3=9; : 5 solutions

1

Thus the number of solutions of 3y1+2y2+y3 =" 3n eguals
S311 = 1+ (2+44) + (5+7) + (8410) + (11413} + +++ (n numbers)
551__L = (Ll + 7+ )+(245+8+114-22)
M ([2+((5]-1)3]+[2.2+([§]-1)3D(3]
~[ 2],
Thus, approximately

2
2n”
Sgp ™ [ o ]2 | _ (5.8)
E"orn=2, 56=7=3"_22=

From the other side, Aésn) contains exactiy 2(n-1)+1 = 2n-1
summands, a3 the reader can easily verify.
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In order to calcula'te (3n) b}(r i‘ormula {5.5), one has to calcu-
late the preceding 3n matricians A ,.A.c()3n'1), 2o the
number of these manipulations equals 3n(2n-1) The author therefore
conjectures, that it is preferable to calculate the matricians, from
e time and operation saving profit view, by formula (5.7). '
We shall now caiculate the matricians ‘A‘.I. and Ag , exXpressing
them as linear functiona of A(() ). We have, with a(l) ( )
{w+2D,w +Dw+D2), and in virtue of formula (1.6)

A:I(_n) + (w+2D)A£n+l) + (w2+D.-:+D2)AJ(_n+2)
A((Jn) + (W+2D)A(n+l) + (w2+Dw+D2).n.(n+2)

w+2D =

(W+ZD)A0n) (w+ D)A(m’l) + (v +Dw+D2)A(n+2) (5.9
alm) s oDa{™ ) o (2eowan?)a{R2),

Comperdng the coefficients of the powers of the irrational w2 onr both
aldes of (5.9), we obtain
A:Enh?) _ AT()11+1) + 3]:]_qt():n+2). (5.10)
In the same way we obtain from ‘ .
(w2+Dw+D2)(Aén) + (w+2D)A(gn+l) + (w2+Dw+D2)Aén+2)) =
= 2l 4 (w20)alP) 4 (wPipwean?)afpr?)

alme2) | plm)  spalesl) D2ﬁ(n+2) (5.11)

6. THE CONVERGENTS OF vﬁ
3
We obtein in case n = 3 with w = ﬁ,
a](_o) = w+2D, ago) a w2+Dw+D2,

and by formwas {(1.7), (5.10}, (5.11)

i} AJ(_n+l) A{(Jn) . 3m8n+1)
w+2D = 1lim —(—-—I)- = lim
n— o Aon"' n— @ .A.én"']j
Aén)
=30 + lim  —rery
n— A0n+l
(n)
Ao
well+ 1lim . (6.1)
n-> o Aot‘“I)

Substituting in (6.1) the values for the matricians Alg"')'rrom (5.7),
we cbtain with n = n+3 ’
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Y1+Y2+Y3 Vot¥z  Vot2¥
( ) J2tV5 Y2+2s

3 o Y11Y2|Y3
Vo +2Y o +¥==D
w=D+lim 1273 s (6.2)
n— o 12*3 ) yosy. yo+2y
(Yle2nY3- 2773 D am3

3yq +2Y ¥y 5=n+l
{6.2) is a very interesting end simple formula for calculating the
convergents of 31/63: We further obtain by the same method
A(n+2)

2 2 . 2
W +DW+D = 1lm =
n-=> o (a+2)

488} o spa{nel) , 5p2g(ne2)

) J:iuj o) Aén+2)
' (n) (n+1)
= 30°+1in f%—-a-)-+3n lim ;‘9(_2)_;
n= o Aon"' n-= w _Aon"'
(n+l) ‘
w2+D(D + lim 55) =
n— o Aon"'
J’L(n) A(n‘i'l)
=20% 4+ 1lm -0 + 3D lim O—,
n-> o pl0+2) n-> A((Jn+2)
A(n) A(n"'l) -
w2=D%+1im -9 + 2D lim -9
n->o Aotn+25 n—>0 Aotn"'zj
(Y1+Y2+Y3) ;2*73 Dy2+2y3 B
Iy +2¥4+yz=n=-3 ¥1192:53
w2 = D2 +1 1 273
n- @ Y+t Yotvs 3,r2+2y3
3 > 1 3’11Y2:Y3 3 D
¥ +e¥ o+¥ 20—
e (6.3)
¥1+¥pt¥3 Vot¥5 Yo+2¥s F )
3 5 > 31|Y2vY3 3 D
V1 +2¥ g ¥y g=n-
s2p 27273 _
}'1+Y2+Y3) Ypi¥5 T2V
Y1:Y2:Y3 3 D
3y #2¥ p+yz=n-1 J

This limiting expresasion for w2 takes on a special simple form forp = 1.
For D=1 tne metricians, which were calculated previoualy, became

a8 a1, Al 5, a(8) 12, 88 < as, A(T) - a7,

AE(,BJ - 681, Aé” = 2620.



APPROXIMATION OF IRRATIONALS ’ 315

With those values we obtain from the formula (5.11)

72 g
=1 +1im ,
T a0 Aozn"'lj

;3}29:1+%,1+§z.1+%§,1+14%,1+%%%,1+m631,

3
7%~ 1.3, 1.25, 1.26, 1.26, 1.26, 1.26.
Thus ?E 1.26 1s quite an exact approximation. We have

2 = 1.26° = 2.000376.
We further obtain from the first line of (6.3) with D=1

' (n) (a+l)
%x 1+ At()n+2) * 2A?n+2) .
; Ag A5
ﬁﬁl+%2+%,l+%+%§, 1+]:_|—',%-+1972?,
1 . 46, 354 177 | 1362
5 geT * BAI’ * T ®0 * B
V& = 1.58, 1.59, 1.59, 1.59, 1.58. Thus ;ﬂ: = 1.59 is a satisfying
approxime.tion %
W2 3
For D = 3 s VBL = 3V 3.
Thus also ¥5 can be easily and perfec-bly' approximated by formula
(5.11).

?- THE CASE n = 5
We denote again

w = P ' (7.1)

and choose the fixed vector
al® (W+4D,w2+3wD+6D2,w3+2w2D+3WDZ+‘*D3. (7.2)

w +13rw3 +D%12+D3w+D Y.

With a(o) = (a(o)(w) a(o)(w) (0)(w), (0)(1.')) we again apply the
rule for calculating -the componen'hs of the compenion vectors
bg")_ §_")(D), =1,2,3.4; v=0,1,... -

We proceed with the GEA of a(o and have

5{0) _ (p+4D,D +3»1:|2+61>’a D3 4 207 + 307 4 407, 0% + O + D* + D% + %)
v{®) . (sp, 1002, 100°, 5D*)
w(0) = ((3yp, )7, 07, (DD (7:3)
a) = (wst-5D)1 ¢ (wP+3uD+6DZ-1007,

w3+ 2%2Ds 3uD2rin3-10D7, WD D2 2s Dowe D - 50 1) ,
a€1) o (w=D)~1 + ((w-D)(w+4D), (w-D) (wP+3wD+6D?),

{w-D) (w3 +2w2D+3WD2+£I-D3 , (w=-11) (wi' +w3D+w2D2+wD3+Dh) 1, -
L1 L (o), , (7.4)
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Since (w—D)(w3+w3D+w2D2+wD3+D4) =w-D’=1. Thus the GEA of ato) is
pursly beriodic with lengths of primitive period £=1. We shall cal-
culate the matricians of a 0 .

With (3.6) we have

a8P) =1, A1) a2 a§?) < Al — o

Aém'5 ) - Aén ) +5mén+l )+10132A6n+2 ) +10D3Ac()n+3 )+5D4Aén+‘*) 7.5)

n=0,71,...
Preoceeding as in cases n = 2,3 using Euler's functions, we obtain

[an] jea] ]
2 AR a1 ) alee5)mes

n=y n=0

a0
=14 (s {n"l)+10D2Aén+2)+1on3ﬂg“*‘3)+5D4aé“+"*))-x’”s
n=90 .
a jus]
= g Aén)xn + 5D(-1 + p_ Aén)xn)x‘* +
n=0 n=a

o ]
+200%(-1 + 2 APy s100%3 (-1 « ) alR)a)

nN=d n=o0

@
+ EDI"'J:(-ZL + Z A(n)xn);
n=o

jae]
[1 - (Pasmc*r00%3+100%%2450%) ] > alm)m _
n=o
<~ (5D + 10020 + 100°%2 « 50%)

[os]
Z alm+5)n 1
o © 1- (x0+5Dx" 110070 +10D7x2+50 ),

o
= Z (x5 +5]:bch+10D2x3 +J._0D3x2+5D£"x) .

=0

Hence

Y1+ +¥ 337+ )
¥ ¥
almo) ; (5’1'3’2'3’3’3’4'3’5 (50)” 2(100%) 3(100%) 4 (50"
syl Y2+3Y3 +2Y4+Y5=D

Y1+Y2+Y3+Y4+Y5
- E (Yl'yz’ij?f’a’ys 5 2 Y3TVY5 Y3ty ¥or2Y 55y, vy
5y +hy 5+ ¥3+2Y+¥5=n
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I
¥; ¥
Aén_'_s} _ Z él k J 5€1 k+12Y3+Y4DY2+2}'3+3Y4+hY5 '

& Y1|Y2!Y3JY4!Y
; (5—1}Yi+1=11
=0
n.=0,1,..-
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-

[

(7.6)

J

Forgula {(7.8) i-s, indeed, & blt frightening, but it calculates

explicitiy any Ac(}nl"'s) {(n=0,1,...) just by solving the linear

4
equations ? (5-i)yy,3 = B
=0

Ve shall calculate a few matricians from formule (7.6).

When cone

of the 'y'i—s wlll not be mentioned, its value is understood to equal

ZEra.

n=1 y; = L, A_-és) - 50
2

n=2; 1)y, =1; 1) y5 = 2; Aé?)=lOD3+25D8;
n=3; 1) yz=1; 11) y4 = ¥5 = 13 1i1) Y5 = 3,

Ac()a) - 1002 + 10007 + 125DY%;

n=4; i)y, =1; 11) ¥ =y5=1;iii):r4=2; iv) y, =1, v5 = 25

v} yg = b4, Aég) _ 5D+ 1000% + 1000° + 75001 « 6250%C,

889 - 50+ 2000° + 7500 + 6250°°;

v) }'L!_=21 Y5=1i vi) ¥y = i, Y5=3; vii) YS = 5,

Aélo) _ 1+ 50D% 4+ 200D° + 7500-° + 15000~C + 500002 + 31250%C.

A{glm _ 1+ 250D° + 22500°° + 5000017 + 3125070,

We shell further calculate the matricians Ai"), i=1,2,3,4. We have

ﬂ](_n) . (w+hD)Aj(_n"‘1)+ (w2+3Dw+6D2)A§_n+2) N

+ (WO +2w2De3wD244D") A£n+3 ),

+ (WA+Dw3+D2w2+D3w+D4)A§n“4) _

(DA 4 (ustD)A 1)1 (v 3Dws602)4 (24 2)
(WO +2w2D+3WD2 4D )A c():-’1+3 ),

+ (WD +D2weeD? w-t-DZ")A{()n"lIL ),
4

+

Compering powers of w' on both sides of (7.7) we obtained

almd) Ag“*'f‘) » smalnes),

-

[ (7.7)

(7.8)
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Further
Aén)q.(wmn)agn*l)-p- cor(we -+D“)A§“+£*) a

= (W2+3Dw+5D2)[A(()n>+. +(W2+5DW+6D2)AC(]E+2)
-+ (3420203040451 ) WP DB 2Dy A L),

Aén-l-z{-) i A(_(Jn+2} . 5m(gn+3} + 10D2A3n+4). (7.9)
We leave it to the reader to verify, by the sgme method the results
agr‘*“) = Aén"l-) + 5085142 10D2Ac(,n+3) . 10D3Aén+4)_ (7.10)

Aff‘*‘*) - Agn)+ 5mén+1) + 10D2Aén+2) + 10D3At()n+3) + 5D£’Ac(,n+“). (7.11)

We thus have obtained
A](-n+4) _ Aén+3) . I(g)ﬁén#{-J

AP qf1v2) | (3)4(843) , (5y(met)

A§n+4} =At(}n+1)+(15.}mén+2)+(g)D2Ac()n+3)+(g)D3At()n+4)

A£n+l+) - Ac()n)_!_(E)Dﬁénﬂ.)_‘_(g)D2A5n+2)+(g)D3Aén+3)+(Z)D4Aén+4}

i
alne) | jZo a3y i, 11,256,001, (7.22)
To conclude with this first peper of the seguence, we shall atill
approximate the number ¥Z, ¥4. From (7.1) we have, with D = 1,
w7z, ‘
From {7.2) we obtain, with Theorem 1,
n.:En+6)

w+l = lim (7-13)
n—» o 'Aotn;gj

and from (7.8)_

Ac(ln+5 ) +5 Alé,n+5)

= 1im '
W-I--‘-'I- n.l._> o A.((Jn+6 )

A(n+5)
w=1+ 1im —(—3-)-0 .
: B=> m Aon"'

From (7.14) end (7.6) we finally obtain

(7-14)
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VER 1 + _ (7.15)
Y1+ ot ¥ 5+ +Ys . by
; v +ve) (Fx+¥s ) (¥o+2yz+3y, +by,
(Yl!Y2|}'3:Yf+rY5 5(}'2+Y3 4775 2 374 D 2 FTAILTG
5¥q +A¥ 5 +3¥3+2Y, +¥5=1 ‘

Z ;ijij;j:j:) 5(Y2+Y3+Y4+Y5 )2(Y3+Y4)D( Yo+2y5+37,+4¥s)

5y +4Y o #2Y 5+0¥ +Y 50+l

. Substituting in (7.14) the values for n = 1,2,3,4% we obtain
w=x5/§R=1+355-. 1+2%55 1+12?3B§-’ 1"'%555@5’

32 x 1,143, 1,149, 1.149, 1.149.

It seems that 1.149 is a good approximetion of ;5/2 Indeed,

1.149° = 2.
From (7.2) and Theorem 1 we further obtain, in virtue of (7.9)
alnsh) (n+3) (n+2)
2 > 5 o2 . Lim
w<+3wD+6D =r3-—i)mcn -g;)—_lon +5Dz:il-f)1cn Zganq-n—)m I(()m '

(n+3) 4(n+3) (n+2)
2 %5 602 = 10D% + 5D 2im  —d——rv + lim ,
wo+3D | D+ 1im + = e W Surolt I(m)‘

{n+3) {n+2)
2 2 A5 1p o
=D 2D lim + m
b T n—> o Aotn"'!'*j n— o Aotn+4j

with D = 1, and the approximate value of w, we obtain

{n+2}
wom L4 2 0.149 & —p—r
. {n+2)
WZ B 1-298 -+ —(E;—T .
A5
2

From here w° can be easily evalusted exact to two places.

REFERENCES

1. JACOBI, C.G.J. Allgemeine Theorie der kettenbruchashnlichen
Algorithmen, in velchen jede Zahl aus drei vorhergehenden
gebildet wird, J.f.d. reire angew. Math. 6% (1969), 29-64.

2. PERRON, 0, Grundlagen filer eine Theorie des Jacobischen
Kettenbruchalgorithmus, Math. Ann. 64 (1907), 1-76.




320

M. BAICA

BAICA, M. An algorithm in a complex field and its application
te the calculatlon of unics. Pacifie J. Mach. Vol, 110,

No. 1 (1984), 21-40,
BERNSTEIN, L. The Jacobi-Perron algorithm, its theery and

applicaticns. 5Springer, Berlin-Heidelberg-New Tork. Lect.
otes, th. 207 (1971).

PERRON, O. Ein neues Konvergenzkriterium flir Jacobi-Fetten 2,
Ordnung. Arch. Math. Phys. (Reihe 3) 17 (1911), 204-211,

- n

BERNSTEIN, L. HRepresentation of VD™ - d as a perlodic con-
tinued fraetion by Jacobi's algorithm. Math. Nachr. 29
{1965), 179-200,

CARILITZ, L. Some combinatorial identicies of Bermscein, SIAM J.
Math, Angl. 9 (1978), 65-73.

CARLITZ, L. Recurrences of the third order and related combina-
torial idencities, Fibonacei Quarct. 16 (1978), 11-18,

HERMITE, CH. Letter to C.G.J. Jacobi, J.f.d. reine anpew.
Math, 40 (1939), 286,




