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HILBERT'S DEMAND FOR THE DISCLOSURE OF UNITS IN
ALGEBRAIC NUMBER FIELDS

by

iMalvina Baica

ABSTRACT

Hilberr asked for a universal algorithm by means of which the expansion of
any real zlgebraic number becomes periodic, thus enabling the units of the corre-
sponding algebraic number field 1o be calculaed. In some previous papers the
author derived Halter-Koch (3] and Neubrand {2] units using the periodicity of
her (ACF) Algorithm. In this paper, the author uses the periodicity of the same
Algorithm (ACF) over the complex number field [1] to derive Hasse-Bernstein
'[7) and Halter-Koch and Stender [8] units. With this result the author is able ©
find all the units in algebraic number fields of the form Q{w) through the action
of a unified Algorithm. Thus, the author's Algorithm ACF gives a general frame-
work for finding units in a large number of algebraic number fields and is a sig-
nificant step toward giving a partial answer to Hilbert's question concerning
units.

Classification Number: 11 A 55 and 12 F 05

1. STATEMENT OF THE PROBLEM

In [4] Beémstein proved that the Jacobi-Perron Algorithm (Abbr. JPA)
n
applied 1o a properly chesen vector in Qw),w=Vprnyd d22,d De N, dl
. . - . _ _ n
D, D = (n-2) d becomes periodic. In [5} he proved that in Q (W), w= N pn_d,
nz2,D,de N diD, D = 2'(n-1) d, 2 properly chosen vector also becomes
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periodic by the JPA. From these resuits, Hasse and Bemstein [7) proved that in
both cases

s

wi—
(1.1) e=—"""—"—,kink>1
(w—~ D)k

_ Wk_Dk -
. G= ———kink>1
(W-D)

comprise T (1) - 1 units in the comresponding fields Q(w) and Q (W).

‘The shortcomings of these very imponant results are the restriction on d and
the bounds on D. Later Halter-Koch and Stender [8] widened the range for d in
order to obtain units in Q(w), but they did not use a general algorithm, in proving
that the expressions

- wKk_Dk
(12) e =——— oareunitsifd|Dn
{(w- D)k

In this paper we will obtain Hasse Bernstein units (1.1) and Halter-Koch and
Stender ynits {1.2) as pamicular cases of the author's units from ACF where the
restricrions on d and D in both cases can be removed. Only the reqmrement that
d i D remains.

2. INTRODUCTORY FORMULATIONS

= We shall briefly describe the background which leads to our new results. We
stait with _ -

2.0 W=mdlD,De N, deZnzZ
From (2.1) Qe obtain

@22) wLDﬂ:cL
Hence

23) (W-DP(W—=Dp..(w=Dy)-d=0
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where we use the notation
Dy =pFD, p=e@M k=1, ., 0

From the theory of the n''—roows of uniry, p¥, 1 £ k < n, these numbers form a
muitiplicative group and pp? ... p* = 1. Then the above mentioned Dy, 1 £k =n

are all different. Then also d1fferant are the linear factors in (2.3) with the nota-
tions - '

k
(24) fpw)=H(w-Dy)
s=i

fiw)=w-Dj 1<i<k<n
‘we then construct the fixed starting vecror
@5) a®=(f,n-1, f;,n-20" £, 20, f,, 207)

where the first (n — 2)‘c‘omponents. but nor the last component, contain the linear
factor w — D;. We reamrange the Dy in the sense that (D, Dy, ..., Dy} = (D, pD,
p2D, ..., p*ID}, so that Dy = piD, k, i =1, 2, ..., n. Let {Dy, Dy, ..., D,} bea

fixed permuration of (D, pD, p?D, ..., p*D].
Then we carry out the ACF of a{®) by the rule

2.6y pM=a®),i=1...0=-Lv=01,..
Applying (2.6) 1o (2.5) we Obtail:; the companion vector since
2@ (D)=0,i=1, ..n-22,0,D@) =D, -

2.7y b9=(,0,....0,D;-Dy,

and from here we obrain the vector
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a(U:(f]—n ~2%) n.n(w)l an_3(w) fn.m.(w) ;
d _ d

"‘fL 1) f g™ fmtwﬂ _
d . d /

since fy , (w)=d.

The main point is that in all further steps obtaining at¥), ), i=1,...,n-2)
contains the linear factor w — D, but 2 n(:)l does not contain that factor, that is,
b =0(=1,...,n~2) and b ;= D; —Dyor Dl;Dk. k1, leading finally

o periodicity of the algorithm with a(®) = a(— 7 for d = 1. The n{n — 1) veciors

of the primitive pericd consists of n cycles of veciors each contaiping n — 1 vec-

tors. With the exceptior of order of d -1, these cycles are 2ll equal. Fors =0, 1,
n - 1, each cycle leads 1o the product

(s m=1)) . (s(n—1)+1) s@-D+n-2)
1 '

d-la,_ - N S

where only one cycle does not have the factor d - i, The componcnts of the b)),

are all zeroes, with the exception of b n(f)l which has the form Dk or

D, - D, so that the components of the companion vectors are all algebrauc inre-
' wersmwcwofﬂID.n.m i,. _ ,

For all of this work the polynomla.l P(x) = . xn — DO — @ was considered for
the field equarion. Its irreducibility over the field of raonals was proved by the
author in her paper [1]. To obtain Hasse-Bemsiein and Halrer-Koch and Stender
units as particular cases of Baica’s units from the periodiciry of her ACF
Algontl'un we will use another polynomial to be discussed in the next section.

3. THE MAIN RESULT
We introduce
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k .
G [ Pw= (;El(xsi-nisi)) - G

k22,521 Die N diD;;

dez;i=1,2, ... kldlz21;

| 0<Dy<Dy< ... <Dy

We shall now prove a series of theorems concerning the polynomial D(x) as
" definéd in (3.1) ) .

THEOREM 1. The polynomial P(x) as defined in (3.1) is irreducible over the
field of raticnats in infinitely many cases.

Proof. We first prove

LEMMA 1 Let

(3.2) fcx) = (ilicxsi—' : ))_ e

k22,521 4de Z dif
(=12, ...k} ldl > 1; d square free.

Then F(x) is irreducible over the field of rationals.
To prove Lemma 1 we first recall Eisenstein's irreducibility criterion. Let

fK)=apx® + 2 x™1 &+ ..+ a,,x+23, 3,2 R, 1=0, 1, ..., n; let p be a prime
such that pla;, i = 1, ..., n; p2[ a® Then f(x) is irreducible over the field of ratio-
nals. If we multiply our the factors in F(x) we obtain

FX)=x@+p;x™1+ .. +b x+b,

n=S§; + 8§+ ... + 5 2 2. We have, by condition of F(x),
dib;, i=1,...,n.
bp=L ty*ty... e —d.
Now, since dl; (i = 1, ..., k) and k 2 2, we have, since pid, pity 1, ... ly hence
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Pt T ... t. If pIby, then p2d, against presumption. This proves Lemma 1.

Now if we setin P(x); D; =1 (i = 1, ..., K), ldt > 1, d square free, then the
conditions of Lemma 1 are fulfilled and thus Theorem 1 is proved for Idi = L. For
instance, the polynomial (x —4) (x3~ 8%) (x° — 64°) — 2 is irreducible, but with-
out further investigations nothing could be said about the irreducibiliry of the
polynomial (x3 — 153) (x5 — 40%) (x& — 558) — 25 or the polynomial (x — 4) (x* ~
83) (x5 — 645) — 1. Theorem 1 remains valid if the conditions of P(x) are replaced
by D; = Z, and the magnirude ordering of Di is dropped. The magnimide ordering
of Dy, 0 <Dy <Dy <... <Dy, was inroduced in (3.1) for converience.

The reader should also note rhat without the restriction ldl > 1, Lemma 1
could not be applied to prove Theorzm L.

Now let prove the irreducibility of P(x) for the case 1dl = 1 also. Since
Eisenstein's divisibility criterion does not work in this case, we must appeal 10
the magnimde criterion of Bemstein [6] p. 73-78. Bemstein proves that:

THEOREM 2. Let the polynomial F(x} be

F)=x0+k xP 1+l x" 2+ +k ,x-d

d, k5 G=1, ..., n0-1) radonal integers

(3.3 ) ' d = 0; dik;; fep >cldi (2 + B),
‘ n-2
B=2 Kkl kg=1lic2L
i=0

Then f(x) has one, and only one real roor, w, which lies in the interval

2
, 0<we = for 1
(3.4) B+4 d
=2 kn-1

<w <0 for
B+4 - .

The reader will note that all k;, j = ..., n~2, can vanish but (k,_;| 2 3 cidl.
Bemstein also proves [6] p. 78. )
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THEOREM 3. The polynomial {3.3) with Ik, ;| 2 2 IdIB, B 2 2 is irre-

ducible over Q.
We rearrange the polynomial (3.3) as

x®—Di—d=[(x~D)+DJn—Da_gd

(3.5) L
=% (%) pi@-Dm-i_q.
i=0
Our variable from (3.5) is now x - D and k; = (I:) Di,i=1,..,n-1.

We stipulate

pegl = (°) DR1220d1-28(1+ D+ D2+ .+ D)

-] =1

= 2n+l id| ,
D-1
and with
D 2 2n+t
(3.6) 2™ o™
k‘n—l = I Dn- 2 .
1
D
2
3.7 nD =202 idl, -
Thus we have

. n
THEQREM 4. The number w = ‘\/Dn +d,n22d,diD,De N,de Z, Dz 2"
is an irrarional integer of degree .

Proof. We obtain n 2 2Idl from (3.6} and (3.7) stipulating nD = n 27+ > 2t
The conditons for B in Theorems 2 and 3 are fulfilled, and thus Theorem 4 is
proved. Therefore x® ~ D" —d has a real root and is irreducible over Q for idl 2 1.

In the above proof the case ldl = 1 is included. From n 2 2 1d| it follows that
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foridl = 1, n 2 2, as it should be. The estimate D 2 2r+! is an inexact approxima-

tion. For example we assume that I‘U2n + 1 is an n—th degree irrational with D21,
ldl=1and D2 25, The use of Bemstein's irreducibility Theorem is a magni-
mide crirerion, and mot 2 divisibility criterion. In his book [6), p. 82-87, he proves
an irreducibility theorem where the condition dlk; (i = 1, ..., n=1), K from -
Theorem 2 is dropped.

We now prove the main result of this paper.

THEOREM 3. The polynomial P(x) from (3.1) has ar least one real oot w if
(1) d>0(d=2)

@) d<0(d<-2);k=1(mod?2)

(3) d<0(d<—2); Dy — Dy ; 2 20dl,

Proof.
(1) Here P =—d <0;
P(2Dy) = (2Dy — D)) Dy —d > 0.
Thus P(x) changes signs at least once between D1 and 2Dy, # Dy

(2) Here P(D,)=—d > 0. _
k :
PO) = + (1) D, "' D, 2... D, ¥, and
sincenowk=3,5,...,P(0)s -D, D; Dy 4.
But D; D, D4 2 1d%; hence
P(0) <« 4d —d =-IdP + 1dI < 0.

Thus P(x) changes signs at least once berween 0 and D, > 0. -

(3) We have Dy 2 IdiDy 2 Id, ..., Dy_y = (k-1) dl,
Dy 2k Idl.
We have again P(D) =-d>0.Letx =Dy +d
Since Dy - Dy_; 2218, Dj< Dy, i=1, ..., k-1, Dy —D; 2 2 ldl.
Fusther _ "
oS- =m kﬁi (x-Dp,
=

i=1
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me N, m 21, Thus

k-1 o . k-1
‘1'[1 (x'-D; ) =m II (Dy+d-D)=
1= -

i=1

- k-1
Zm (2 idl+d} 2 midl

1=1
Thus -
k 5 5
Px) = _1'[1 x -D;)j-d=
1=

k-1 . . :
=[E1 "‘sl‘Dis"J (x*-D ) —d.

[k_l ) s.}
=[ X & 7-DY) =Dy t-d,

i=1

te N,t21 Hence, since x =Dy +d,

k-1
55 8
Px)=dt II (x '=-D; ) —d,andsinced<0; 1< t,

1=

k-1 5
I (x'-D;Y2midimeNm=21,Id>2,
i=1

P(x)<dtmldl ~d<0.

Thus P(x) changes signs berween D, and Dy + d # Dy, which proves (3) and

thus Theorem 5 is proved.
We did not succeed in eliminating the conditon (3) arached to Theorem 5.
Thar this conditon (3) is only sufficient, is shown by the following exarmple:
Let —d=Dj=3D,=DeN; D22,
Px) = x-D) (x-2D) + d.
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This parabola cuts the x—-axis in X1 3 = % (3D = ¥ D2 - 4D). Here Dy ~Dyy =
2D -D = D<2ldl, but P(x) is stll ireducible if D is square free. We have
obrained the significant result that P(x), defmcd by (3.1) with the restriction (3)
of Theorem 5 18 ireducible in infinjtely many cases, and has at least one real
root in each of these cases. Denotng

Sy +5+ ... T8 = 1,

.8
5 from (3.1)

we see that W, being a root of the irreducibie P(x) from (3.1) which satisfies con-
dition (3) of Theorem 3, is ah n— th degree irratonal. If P(x) is formed as srated
in (3.1), it can have at most I real jrrational roots. P(x) cannot have repeated
roots nor rational roots in the above case.

We now factor P(x) from (3.1) and introduce the notation:

k . e
69 o= 0 G-Dp koD b T D).
2m;
_ 5
P@)=0;p;=¢’;
5

< - " ' —'1
310 | {-Dyp 5D PPy P By .}

= {51,52, ..-.Bn} :J = 1. ...1k. '

From (3.10) we see that any number of the first set of (3.10) can equal any num-
ber of its second se We shall construct an ACF involving the numbers Dy, Do,

..., Dy, 'and once 2 pairing of these numbers with those of the first set of (3.10)

has been fixed, we must retain this choice during the process of applying the
(ACF) Algorithm, We shall verify that the pumber of the two sets in (3.10) are
all different so that these sels are indeed well defined. For let be

- pEDy=p D v=1, 0k
a=0,1,....5-1b=01 . sy~L.

We obrain Ip,? Dl = 1p,® Dyl => Pu = Dv, against presumption. Since we shall
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need the fact that the sets in (3.10) are well defined, the ordering of thc D in
(3.1) is more plausible. We sha]l operate with an (ACF) on the numbers w, D,,
Dz. . Dn,P(w) 0, D G= ., o) from (3. 10) Letthe 1.em. of 8y, $o, 1uvy Sy
?.:rr
bem = {51, 59, ....sk].5=em : Q(w, Dl,Dg. ...,Dn)=Q(w, p),whereQ(w,D,):
= Q (w, Dy) =...=Q W, Dy) = Q ). We shall now construct a fixad vector a (9 g
Q(w. p) and then proceed with an ACF in complete analogy vwith the ACF of
a(0),
Eet construct the stamng vector

,

7O = (f, -1, £, n_ztﬁ)', e 520, £

- k. —
™= I @-Dy,
—1
(3.11) 4 _ -
‘fi.i'{w)=w_Di' 1€i<k<n

P(w) = 0; P(x) from (3.1)
\ and irreducible in infinitely many cases.

For the generadon of thé companion vecrors we use the formula

(3.12) M=, M O)i=1 .., n1,vy=01... .

THEOREM 6. The (ACF) of 2 (@ from (3.11) with the generating formula
(3.12) for the companion vectors is purely periodic and the lengrth of the primi-
tive period of the (ACF) equals m = n(n—-1) ford = 1 and m = -1 ford = 1.
Apart from slight changes in notation, the proof of Theorem 6 follows those of
Theorem 1 and Treorem 2 of [1] verbatim. We further obtain, as in the case of
the ACF for a(0), :
Corollary 1 to Theorem §.

The product of the n—1-st components of the n(n—1) vectors of the primitve

period of the (ACF) of 2 ©) equals
(3.13) ¢ D((w-DyWw-Dy)...(w-Dy) "

In the same way we obtain
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Corollary 2 o Theorem 6.
The components of the n(n—1) companion vectors of (ACF) of 2 equal

_bi{v)=0. i= 1, ey D—Z; v =-0| 1‘! ey n(n_-l)

(3.14y 4B =D,-Dui=2, ...nor

5.V =d"! @;-Dphi=2...on.

LY

Thus all these companion vectors (3.14) a.rc_alg_ebraic integers,
We now am [o get unis in the field Q(w, p) of type K
‘We obrain Theorern 7 from Coroltaries 1.and 2 to Theorem 6.
THEOREM 7. A unic in the field Q(w, p) is given by the expression (3.13), viz.,

(3.15) e e (H-Dy G—Dj) ... -D "

Since (w—D;) w-Dy)... w-Dy) =d,.

=1

W-Dy) W=Dy ... @-D))"
(3.16) (w-D) (w-Dy ... ( 0 )
: o
5o that the expression on the left side of (3.16) is equal 1, and-is, therefore a unit.
Dividing this expression by the expression (3.13) we obtain:

W —Dyn
@17 =~ isauwitin Q (. P).
Since D; could be any number out of the n numbers Dy. Dy, ..., D, . we have
generally (changing each time the fixed staring vector 2% and the generating.
rule for the companion vector of the ACF of 20 accordingly):

T=@-D)t=1"..1,
(5.18). _
are units in Q (w, p)-
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Choosing for _Dt =Dy, Dg, ..., Dy (from P(X) in (3.1)), we obtain the important
result

_ w-Dym -

= ——— i=1,2,..k,
(3.19) d

are units in Q(w).

Thus the k units (3.19) are units in the real algebraic number field Q(w) of

degre-e . (3.19} are the Hasse-Bemstein and Halter-Koch and Stepder units with

the only resmictdon diD. .
From (ACF) we obrain more units and now we choose the §; units in Q(w, py),

(. &-Dp
g;g= ————
1,0 d ’
@~ p; D)
J S

f»

(3.20) d

— bl
W —p; "D
ELZ = -"—d'—- TN
W —p; i DY

S

In (3.20) only the wumits e;  are Hasse-Bemstein and Halter-Koch and Stender
umrs, If we multiply all the units of (3.20) by each other we obiain the unit

. (B-D)@-pDy...@-p; D))
g = :
i 4 .
wi— D; o

(321)  § = — (=1, .... k) are k units in Q (W).
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If we raise (3.19) 1o the power's; and divide by (3.21)

@-Dp%t\ 7
— '(1

\'ir’i—Disi =1, ..., k) are unirs in Q (w).

(322) el = (

. Y . - )
Therefore, since Ve, are units in Q (w), we obtain that

(w =Dy
(3.23) g = — ‘G=1, ... k) are also units in Q (#).
wi-D; 5i

) = . G—Di
Fors; =2 we obtain e = —
W+Di_

. Here we shall terminate our

investigation of units in Q (v, p} and in the real algebraic field Q (). We must
stess that onty the units (3.15) were originally obtained by an (ACE); all the o-
thers were first obtained by simple algebraic pumber theoretic considerations.
Including these results and some previous results in other papers the author was
able to obrain ail of the known urits and other new units in the algebraic number
fields of type Q (w) from a common algorithm {ACF). :

The conclusion is that even with those significant results we are stll some
distance from the tealizaton of Hilbert's daring dream 1o find the full group of
fundamental units of any algebraic number field by the means of an universal
algorithm.

REFERENCES

[1] M. Baica, An Algorithm in a complex field and its applicaton © the calcula-
tion of units. Pacific Journal of Math., vol. 110, N® 1, 1984 (21-40). '

{2] M. Baica, More units from the periodicity of an algo-rithm. Buli. Numb.
Theory. vol. XTI, 1988 (81-89). T

[3] M. Baica, Halier-Koch units from the periodiciry; of (ACF) Algorithm. Bull
Numb. Theory, vol. XIII, 1989 (73-89).



163
[4] L. Bemstein, Periodical continued fractons for irraliongls of degres n by
Jacobi's algorithm. J. reine. angew, Math. 213 (1963), 31-38.

[5] 1. Bemstein, Representation of n‘VDﬂ ~dasa peﬁod_ic continued fracton by -
Jacobi's algorithm, Math. Nachr. 29 (1965), 179-200.

[6] L. Bemstein, The Jacobi-Perron algorithm, its theory and applications.
Springer, Berlin-Haidelberg-New York. Lect. Notes Math. 207 (1971).

(7] L. Bernsiein and H. Hasse, Einheitenberechnung mitteis des Jacobi-
Perronschen Algorithmus. J. reine. angew. Math, 218 (1965) 51-69.

[8} E Halter-Koch and J. Stender, Unabhingige Einheiten fiir die Korper
K=Q (n\‘D“ + d) mit dID™. Abh. Math. Sem. Hamburg 42 (1974), 33-40.

Dr. Malvina Baica

Deparment of Mathematics and Computer Science
The University of Wisconsin

Whitewater, Wisconsin 53190

U.S.A



